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To the Honourable

Sir RICHARD GROSVENOR,
of Eatofty in the CountyPalatine

ofi Chefter^ Baronet.

s 7 2?,

WHEN requefted by fome Bookfellers in

London^ to revife and prepare this Trea-

tise for a New Impreffion, and once re-

folved to anfwer their Demands ; I was not long

confidering at whofe Feet to lay it.

My Memory may indeed be impaired by Age,
Misfortunes, and Accidents ; nay, I am fenfible it

is fo: But it muft be entirely loft, when I am
forgetful of the great Obligations I lie under to

Sir Richard Grofvenor.

Your Hofpitality and Generofity make you ftand

unenvied in the i^bundance of Fortune. Any
Upftart may contrive to fpend a Great Eftate ; but

it is a Felicity almoft peculiar to Great Birth to bcr

come One.

Were I now to defcribe Liberality, without Pro-

fufenefs j Steadinefs in Principles, without any pri-

vate View 'y Candour and Affability, Good Nature
joined to found Judgment, and a Serenity of Tem-
per, which your Enemies will always find the Com-
panion of true Courage ; and then pronounce that

you are poffeffed of all thefe good Qualities in as

high a Degree as moft Men living ; No Gentleman
that knows you well, would think I flattered you.

A 2 €ir,



The DEDICATION.
Sir, Give me Leave to fay, I honour your Cha-

radter, and love your Perlbn ; My Expreflions are

uncourtly, my Stile unpolifhed, and therefore more
proper to be prefixed to aWork wherein the Matters

related are indeed clad in a plain and homely Drefs;

but they are true, and defigned to propagate Ma-
thematical Learning amone fuch as defire to be in-

trorluced into that Sort of Know ledge ; and I am
extreamly pleafed they are permitted to be fent into

the World under your Protedlion.

That you may long live, to promote the Good
of your Country, and that City in whofe Intereft

you have fo heartih^^engaged yourfelf j and that you

may ev'er fucceed in your own private Affairs, and

live to enjoy all the Eleflings that attend a quiet

prudent Life, is the earneft Prayer of,

Honoured S I Ry

l^otir 7nojl Obliged^ Hu??ible^

and Obedient Servant^

4

J.
W A R D.
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To the R E A D E R

I Think it needUfs (and almofl: endlefs) to run over all the

Ufefulnefs^ and Advantages of Mathematirks in General-^

and foqll therefore only touch upon thole two admirable Sciences^

Arithmetick and Geometry ; which are indeed the two grand

Pillars (or rather the Foundations) upon which all other Pans of

Mathematical Learning depend

As to the U/efidneJs of Anthmetick. it is well known thai no

Bu/inefs^ Commerce, Trade, or E?nfhyment whatfocver, even from
the Merchant to the Shop-keeper , &c. can he managed and carried

without the Ajjiflance of Numbers.

And as to tkeUfefulnefs of Qtovn^iry, it is as certain, that no

curious Art, or Mcchanick-JVork ^ can either he invented, improved^

or performed, without it's ajftfling Principles ; though perhaps the

Artilt, or Workman^ has hut little (nay, fcarce any) Knowledge in

Geometry.
Then, as to the Advantages that arife from both thefe Noble

Sciences, when duly joined together^ to ajjlfl each other, and then

cpply*d to Pra^ice, (according as Occafion requires) they will

readily be granted by all who conftder the vafi Advantages that

accrue to Mankind from the Bujinefs of Navigation only. As alfo

from that of Surveying and Dividing of Lands betwixt Party and
party. Bcftdes the great Pleafure and Ufe there is from Time-

keepers, as Dials, Clocks, Watches, he. All theje^ and a great

many more very ufeful Arts, (too many to be enumerated here)

wholly depend upon the aforejaid Sciences.

And therefore it is no JVonder, That in all Agesfo many Ingenious

and Learned Perfons have employed theinfelves in writing upon the

Subject MaUiematicks ; but then moji of thofe Authors feem to

prejuppofy that their Readers had made fome Progrefs in that Sort of
Learning before they attempted to perufe thofe Books, which are

generally large Vilumes, written in fuch abjlrufe Terms^ that young
Learners were really afraid of looking into thofe Studies,

Thefe Confiderations firji put me (many Years ago) upon the

Thoughts of endeavouring to comt>ofefuch a plain andfamiliar Intro

"

du6iion to the Mathematicks, as might encourage thofe that were
willing (to fpend fome Time that Way) to venture and proceed on
with Chearfulnefs ; though perhaps they were wholly ignorant of it's

firfi Rudiments, Therefore I began with their firfi Elements or

principles.

That



The PREFACE.
That is, I began with an Unit in Arithmetick, and a Point in

Geometry ; andfrom thefe Foundations proceeded gradually on^ lead-

ing the young Learner Step by Step with all the Plainnefs I could, &c.
Andfor that Reafon I publiftied this Treatife (Anno 1707) by the

Title of Young Mathematician's Guide 5 which has anfwered
the Title fo well, that I believe I may truly fay (without Vanity)

this Treatife hath proved a very helpful Guide to nearfive thoufand

Perfons ; and perhaps mojl of them fuch as would never have looked

into /Z?^ Mathematicks at all hut for it.

And not only fo, hut it bath been very well received amongfi the

Learned, and (I have been often told) fo well approved on at the

TJniverfities, in England, Scotland, and Ireland, that it is ordered

to be publickly read to their Pupils, Sec.

The Title Page gives a Jhort Account of the feveral Parts treated

of, with the Corrections and Additions that are made to this

Fifth Edition, which I /hall not enlarge upon, but leave the Book
to fpeak for itfelf ; and if it be not able to give SatisfaSfion to the

Reader, I am Jure all 1 can fay here in it's Behalf will never re-

commend it : But this may be truly faid. That whoever reads it

over, willfin(i more in it than the Title doth promife, or perhaps he

expeSis: it is true indeed, the Drefs is. but Plain and Homely, it

being wholly intended to inJiruSi, and not to amufe or puzzle the

young Learner with hard Words, and obfcure Terms : However, in

this I Jhall always have the Satisfaiiion ; That I have fincerely aim-

ed at what is ufeful, tho in one of the meaneji ways ; it is Honour
enough for me to be accounted as one of the Under-Labourers in

clearing the Ground a little, and removing fame of the Rubbifh that

lay in the Way to this Sort of Knowledge. How well I have per-

formed That, muji be left to proper Judges.

To be brief ; as I am not fenftble of any Fundamental Error in

this Treatife, fo I will not pretend to fay it is without Imperfenions,

(Humanum eft errare) which I hope the Reader will excufe, and

pafs over with the like Candour and Good- Will that it was compofed

for his Ufe-, by his real Well-wijlier^

J. w A R a
London, Odloberioth, 1706.

Correaed, ^c. atChefter,

January 20th, 1722, '
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Part I. t
I

A N

INTRODUCTION
TO THE

PART 1.

PRMCOGNirA.
TH E Bufinejs of Mathematicks, in all it's Parts^ both

Theory a7-id Prad^ice, is only to [parch out and determine

the true ^antity ; either of Matter, Space, or Motion,
according as Occafion requires.

By Quantity of Matter is here meant the Magnitude or Big-

nefs of any vifthle thing.^ whofe Length, Breadth, and Thicknefs,

may either be meafured^ or ejiimated.

By Quantity of Space is meant the Dijiance of one thingfrom
another.

4nd by Quantity of Motion is meant the Swiftnefs of anything

moving from one Place to another.

The Confideration of ihefe^ according as they may be propofed^ are

the Subjects of the Mathematicks, but chiefly that of Matter.

Now the Confideration of Matter, with refpeSl to it's Quantity,

Form, and PoHtion, which may either be Natural, Accidental, or

Defigned, will admit of infinite Varieties : But all the Varieties

that are yet known ^ or indeed pojffible to be conceived^ are wholly

comprised under the due Confideration of thefe Two, Magnitude
^«^3^ Number, which are the proper SubjeSfs of Geometry, Arith-

metick, and Algebra. All other Parts of the Mathematicks being

only the Branches of thefe three Sciences, or rather their Application

to particular Cafes,



,2 PR^COGNITA. Parti.

(BtOttlttxV is a Science by which we fearch outt and come to

knowy either the whole Magnitude, or fome Part of any propofed

Quantity ; and is to be obtained by comparing it with another known
Quantity of the fame Kind^ which will always be one of thefe^

viz. J^m [or Length only) ; A ^UtfaCt [that is. Length and
Breadth) ; or a ^OltD [which hath Length, Breadth, and Depth,
or Thicknefs) ^ Nature admitting of no other Dimenjions but ihefe

Three.

is a Science by which we come to know what
Number of Quantities there are (either real or imaginary) of any

Kindy contained in another Quantity of thefame Kind : Now this

Confideration is very different from that of Geometry, which is

only to find out true and proper Anfwers to all fuch ^uejiions as

demand, how Long, how Broad, how Big, l^c. But when we
confider either more Quantities than one, or how often one Quan-
tity is contained in another, then we have recourfe to Arithmetick,

which is tofind out true and proper Anfwers to allfuch ^ejiions as

demand, how Many, what Number or Multitude of Qiiantities
-

there are. To be brief, the Subje^ of Geometry is that of Quan-
tity, with refpen to it's Magnitude only; and the Subjeil ofArith-

metick is Qijantities with refpecl to their dumber only.

3ilQtbXH is a Science by which the hofl abjirvfe or difficult

'Problems, either in Arithmetick or Geometry, are Refolved and
Demonjirated ; that is, it equally interferes with them both

;

and therefore it is promifcuoufly named, being fometimes called

Specious Arithmetick, as by Harriot, Vieta, and Dr Wallis, ^c.
Andfometimes it is called Modern Geometry, particularly the in-

genious and great Mathematician Dr Edmund Hal!ev', Savilian

ProfeJJor of Geometry in the Univerftty of Oxford, and Royal

Aflronomer at Greenwich, giving this following Inflance ofthe Ex-
cellence of our Modern Algebra, writes thus

:

' The Excellence of the Modern Geometry [faith he) is in

* nothing more evident, than in thofe full and M^c^Md^iQ Solutions

* // gives to Problems ; reprefenting all the pcffible Cafes at one

* View, and in one general Theorem many times comprehending

* whole Sciences ; which deduced at length into Propofitions, and
* demonjirated after the Manner of the Ancients, might well he-

* come the Subjects of large Treatifes : For whatfoever Theorem
* folves the mofi complicated Problem of the Kind, does with a
* due ReduBion reach all the fubordinate Cafes.' Of which he

gives a notable Inflance in the Doctrine ^j/^ Dioptricks /or finding

the Foci of Optick Glafles univerfally. [Vide Philofophical Tranf-

adions. Numb, 205.)
7hus



Chap. I. Of Cfjacactcrsi. 3

Thus you have a Jhort and general Account of the proper Suhje^s

of thofe three noble and ufeful Sciences, Arithmetick, Geometry,

and Algebra. IJhall now proceed to give a particular Account of

each; andfrj} of Anthmetick^ which is the B^Cis or Foundditlon

of all Arts, both Mathematick and Mechanick; and therefore it

ought to he well underjiood before the rejl are meddled withaL

C H A P. I.

Concerning the feveral Parts of 9tl'tl)niCtl'C&) '^ilh the De^

finilion offuch Chara5fers as are ufed in this Treatife.

^l^tt^lUfticft, or the Art of Numbering^ is fitly divided into

three diltind Parts, two of which are properly called Natu-

raU and the third Artificial.

The firft, being the mod plain and eafy, is commonly called

Vulgar Arithmetick in whole Numbers ; becaufe every Unit or

Integer concerned in it, reprefents one whole ^antity of fome
Species or thing propofed.

The fecond is that which fuppofes an Unit (and confequently

tht ^antiiy or thing reprefented by that Unit) to be Broken or

Divided into equal Parts (either even or uneven) and confiders

of them either as pure Parts, viz. Each lefs than an Unit, or

elfe of Parts and Integers intermixt. And is ufually called the

Doflrine of Vulgar Fra6iions.

The third, ot Artificial Part, h Q^Wi^d Decimal Arithmetick
\

being an Artificial Invention of managing Fra^ions or Broken

Numbers, by a much more commodious and eafy Way than thac

of Vulgar Fractions : For the feveral Operations performed in

Decimals, difFer but little from thofe in IVhole Numbers: and
therefore it is now become of general Ufe, efpeciaily in Geome-
trical Computations.

3cit|ntCttCb (in all it*s Parts) is performed by the various or-

dering and difpofing of Ten Arahick Chara£iers or Numeral
Figures (which by fome are called Digits).

viz \ One,Two,'Three,Four, Five, Six, Seven,Eight,Nine, Cypher^^1234567 89 o

The Vfe of theje Characters is faid to he firfl introduced into

England near fix hundred Tears ago, viz. about the Tear 1 1 30,
Vide Z^r Wallis'j Algebra^ Page 12.

B 2 The



aCttfjUietiCft. Part I.

The firft of thefe CharaSiers is called Vnity^ and reprefents one
of any Kind of Species or ^iantity. As one Worlds one Star^

one Man^ Sec.

Viz. Unity is that by which every thing that is, is called one,
{Euclid. 7. Def. I.) and is the beginning of all Numbers. That
is to fay, Number is 2i Multitude of Units. Euclid 7. Def. 2.

For, one more one, makes Two; and one, more one, more
one makes Three, ^c. Which is the firjl and chief Poftulate, or

rather Axiom to Arithmetick.

Viz\ ^^^^ 1+ 1=2. i+i+i=:3. 1+14-, 4.1=4.
c i-j,i-j-i-}.i-J-i=5. And fo on to 9.

Nine of thefe Figures were thus compofed of UniiSy and dif-

ferently form'd to reprefent fo many Units put together into one
Sum^ as was intended each fhould denote : Nine being the greateffc

Number of Units that was then thought convenient to be exprefled

by one fingle CharaSfer ; the laft of the Ten is only a Cypher^ or

(as fome phrafe it) a Nothing, becaufe of itfelf it fignifies no-
thing ; for if never fo many Cyphers be Added to, or Subftradted

from, any Number, they can neither increafe nor diminifh that

Number ; but yet, as a Cypher (or Cyphers) may be placed, the

other Figures will become of different Values from what they

were before, as will appear further on.

For the more convenient ordering of the aforefaid Numeral
Figures^ according to the feveral Varieties that happen in Compu-
tations ; I do advife the young Learner to acquaint himfelf with

the Signification of the following Jlgebraick Signs or CharaSierSy

which he will find of excellent Ufc, as being a much fhorter,

better, and more fignificantWay of denoting what is to be done

(in moft Operations) than can otherwife be exprefled in Words
at length.

Significations.

Signs Names, . The Sign q{ Addition ; as 8-j-7 is 8 more 7,

V^and fignifies that the Numbers 8 and 7 are to

I

be added into one Sum. The like is to be un-

, ? y Plus or yderftood when feveral Numbers are conneded

J t more,
]
together with the Sign -{-.

/ As 34+22+9+45, ^c. denotes thefe are

» all to be added into one Sum.

The



Chap. I. Of Cfjaractecg^ 5

H Minus S f.^

7 5 Into

5 C w^//^

The Sign of SubJiraSfion ; as 9—6 is g lefs

and fignifies that 6 is to be taken from 9,
: fo their Difference may be found.

C The Sign of Multiplication \ as 9x6, 159 in-

^ to 6, and fignifies that 9 is to be Multiplied

t into or w'
"

=
I {

Equal.

So is.

{

with 6.

The Sign of Divifion ; as 8 -f- 2, is 8 by 2,

and fignifies that 8 is to be Divided by 2, alfo

thus 2) 8 (4 or thus ~ each fignifying the fame

thing, to wit, 8 Divided by 2.

The Sign ofEquality or Equation^ viz. when-
ever this Sign is placed betwixt Numbers (or

Quantities) it denotes them to be Equal, as

9=9, or 9-4-6=15, org—6=3, ^c. That

I
is, 9 is Equal to 9, or 9 more 6 is Equal to 15,

t- and 9 lefs 6 is Equal to 3, ^c.

^ The Sign of Proportion^ or that commonly
called the Golden Rule^ or Rule of Three^ and

:: is always placed betwixt the Two middle

Terms or Numbers in Proportion. Thus
2 : 8 : : 6 : 24. To be read thus ; as 2, is to 8;

-fo is 6, to 24.

Thefe Signs and their Significations^ being perfe<£lly learnt,

will help to fliorten the Work.

CHAP. II.

Concerning the Principal Rules in 3tit6ttl0tlCfe> and how
they are performed in Whole Numbers,

THE Rules by which Numerical Operations are performed

in all the Parts of Arithmetick, are many and various,

feveral of them being form'd and raifed as Occafion requires,

when applied to Pra^^ice; yet they are all comprehended within

the due Conlideration of thefe Six, viz. ^Utnmtm (or i^Ota^

(ton;



6 Part I

tton) aDDition, &ubCractton, 6gulttpUcation, gDitJifion^ and

(Evolution, or Extraction of Roots, *

Sea. I. Of s^wmmtm or ^mtxm.

^Umeratton or Notation^ teacheth to Read or Exprefs the

true Value of any Number when writ down; and confequently

to write down any propofed Number according to it*s true Value
when it is named : And this confifteth of Two Parts.

1. The due Order of placing down Figures.

2. The true valuing of each Figure in it's Place.

Both which are plainly exhibited in the following Table.

J?

5S

§ 5

^^1
^

si

V §

S. «Ss f
5; R ^ ^

<3

i3

6 7 8 ,9 8 7 ,6 5 4,3 2 i

Period of
Tboufatjds

of Millions.

Period oj

Millions.

Pe-iod of\ Period of
Tbou-

I
Units,

fands. I

this i^UmerattOn Tabk it is apparent, that the Order of

Places is reckoned from the Right-hand towards the Left ; the

£rft Place of any Number being always that which is the out-

moB: Figure to the Right-hand: and whatcwer Figurefiands in

that Place, doth only fignify it's own fimple Value, viz. fo

many Units as that Figure reprefents.

The fecond Place is that of Tens^ and any Figure ftanding in

that Place fignifieth fo many TVw as that Figure reprefents Units,

The



Chap. 2. Of jOumeration. 7

The third Place is Hundreds^ the fourth Place Thoufands, &c.
That is, each Place towards the Left-hand is Ten Times the

Value of that next it, towards the Right.

Forlnftance, fuppofe 759 were propofed to be read or pro-

nounced according to the Value of each Figure as they now
ftand. The fir ft Figure in this Sum is 9, becaufe it ftands ih

the Place of Units, and therefore fignifies but it's own fimple Va-
lue, to wit, 9 Units, or 9. The fecond Figure 5 ftands in the

Place of Tens, and therefore fignifies Five Tens or Fifty. The
Figure 7 ftands in the third Place, or Place of Hundreds, and
therefore it fignifies Seven Hundred ; and the whole Sum is to be

read or pronounced thus. Seven Hundred Fifty Nine.

Note, Although the Figure 7 ftands in the third Place (accord-

ing to the Order of Numbering) yet when the whole Sum comes
to be read, it is firft pronounced ; the reading of Numbers being

performed like that of Letters or Words, always beginning with
the outnjoft Figure towards the Left-hand, and fo mzny Figures

as are placed together without any Point, Comma, Line, or other'

Note of Diftindlion between them, are all but one Sum^ and
muft be read as fuch.

For Example, 763596 is but one entire Sum or Numhevy not-

withftanding it confifts of fix Places of Figures, and is thus

read ; Seven Hundred Sixty Three Thoufandy Five Hundred
Ninety Six.

The like is to be obferved in reading or expreffing the true

Value of any Sum or Rank of Numbers confifting of Seven, Eighty

Nine, or more Places of Figures, each Figure being to be valued

according to it's Diftance from the Place of Unity : As in the

foregoing Table.

Now fuch Values may as well arife by Cyphers^ as by other

Figures for Inftance, 6 ftanding by itfelf, reprefents but Six
Units: But if a Cypher be annext to it thus, 60, then it becomes
Sixty ; for the Cypher poflefling the Place of Units, hath thereby

removed the 6 into the Place of Tens ; and another Cypher more
would make it 600, Six Hundred^ &c.
Whence it may be noted, that although a Cypher of itfelf

fignify nothing (as hath been faid before) yet being placed on the

Right-hand of any Figure, it augments the Value of that Figure

by advancing it into a higher Place than otherwife it would have
been, had not the Cypher been there.

Take one Example more in Numeration (if you pleafe, that

in the Table) viz. 678987654321, which is, according as is

there fignified.

Six
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Six Hundred Seventy Eight Thoujand Millions

,

Nine Hundred Eighty Seven Millions

y

Six Hundred Fifty Four Thoufand^

Three Hundred Twenty One Units, Of any propofed Species

or ^amities whatfoever.

And here it may be obferved, that every third Figure from the

Place of Unitsy bears the Name of Hundreds; which (hews that

if any great 5«7w be parted, or rather diftinguifhed into Periods,

of Three Figures in each Period (as in the foregoing Table), it

will be of good Ufe to help the young Learner in the eafier

valuing and exprelling that Sum,

Sea. 2. o/atiUtton>

Pojiulate or Petition.

That any given ^WVXbtt tnay he increased or made more^ by putting

another j^umbCr to it,

SDDitiOll is that Rule by which feveral Numbers are colleaed

and put together, that fo their Sum or Total Amount may be

known.
In this Rule Two things being carefully obferved, the Work

will be eafily performed.

1. The firft is the true placing of the Numbers^ fo as that

each Figure may ftand directly underneath thofe Figures of the

fame Value, viz. place Units under Units, Tens under Tens, and

Hundreds under Hundreds, &c.

Then underneath the loweft Rank (always) draw a Line to

feparate the given Numbers from their Sum when it is found.

Example. If tht(e Numbers 54327, and 2651, were given

to be added together, they muft be placed

Thus, ^ 54327
' C 26c;i

2. The fecond thing to be obferved is the due Colleaing or

Adding together each Row of Figures that ftand over one ano-

ther of the fame Value : And that is thus performed.

Rule.

Always begin your Addition at the Place of Units, and Add
together all the Figures thatJiand in that Place, and if their Sum
he under Ten, fet it down below the Line underneath it's own
Place ; but if their Sum be^more than Ten, you muft fet down
only the overplus^ or odd Figure above the Ten [or Tens) andfo
many Tens as the Sum of thofe Units amount to, you mujl carry

to
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to the place of Tens ; Adding them and all the Figures that

Jiand in the place of Tens together^ in the fame manner as thofe

of the Units were added \ then
^
proceed in the fame order to the

place of Hundreds, andfo on to each place until all is done.

The Sum arifing from thofe Additions will be the Total

Amount required.

EXAMPLE I.

Let it be required to find the Sum of the aforefaid Numbersj

4327
2651

ViZ.
54327

56978 the Sum required.

'Beginning at the place of Units, I fay I and 7 is 8, which
being lefs than 10, I fet it down (according to the Ri^le) under-

neath its own place of Units ; and then proceed to the place of

Tens, faying 5 and 2 is 7, which being lefs than 10, I fet it down
underneath its own place of Tens, and proceed to do the like at

the place of Hundreds, and then at Thoufands, fetting each of

their Sums underneath their own refpedtive places: Laftly, be-

caufe there is not any Figure in the lower Rank to be added to

the Figure 5, which (lands in the place of Ten Thoufands^ in

the upper Rank, I therefore bring down the faid 5 to the reft,

placing it underneath its own place, and then I find that

54327 -{-2651 =56978, the true Sum required.

EXAMPLE 2.

Suppofe it were required to find the Su7n of thefe NufnberSy

35 72-1-49^+74^4-1 84+95- Thefe being placed, as before di-

rected, will ftand as in the Margin. Then beginning (as before)

at the place of Units, fay 5 and 4 is 9, and 2 is 11, and

6 is 17, and 8 is 25 ; fet down the 5 Units underneath its 35^?
own place of Units, and carry the 20, or two Tens, to the 496
place of Tens (at which place they are only 2) faying, 2 742
and 9 is 11, and 8 is 19, and 4 is 23, and 9 is 32, and 7 184
is 39 ; fet down the 9 underneath its own place of Tets^ 95
and carry the 30, or three Tens (which indeed is 300)
to the place of Jiundreds, at which place they are but 3, 5095
faying, 3 I carry and i is 4, and 7 is 1 1, and 4 is 15, and

5 is 20 ; here becaufe there is no Figure overplus (as before) I fet

down a Cypher underneath the place of Hundreds, and carry the

% Tens (or rather the 2cco) to tha place of Tkoufands^ faying

C '
• (as



lO SWttimeticb* Part I.

(as before) 2 I carry and 3 is 5, which being the laft, I fet it

down underneath its own place, and all is finifhed. And find the

Sumoi Total amount to be 5095=3578+496-1-742-1-184+95.
If this Example be well confidered, it will be fufficient to

{hew the ufual Method of Addition in whole Numbers \ but to

make all plain and clear^ I fhall fl^ew the young Learner the

Reafon of carrying the Tens from one Degree or Row of Figures^

to the next Superior Degree, which is done purely to fave

Trouble, and prevent the ufing of more Figures than are really

neceflary, as will appear by the following Method of adding

together the fame Numbers of the laft Example.

Thus, add together each fingle

Row of Figures by itfelf ; as if there

were no more but that one Row,
fetting down the Sum underneath its

own place.

The Sum of the Row of Vnits^ is

The Sum of the Row of Tensy is

The Sum of the Row of Hund. is

The three Thoufand brought down

370
|i|7bp
1310 p|o

Add

The Sum or Total Amount as before, is 5095

From hence I prefume it will be eafy to conceive the true

Reafon of carrying the aforefaid Tens ; and alfo that Cyphers do

not augment or increafe the Sum in Addition. (See Page 4.)

I might have here inferted a Lineal Demonftration of this

Rule of Addition ; but I thought it would rather puzzle than

improve a young Learner, efpecially in this place ; befides the

Reafon of it is fufficiently evident from that Natural Truth of

the Whole being Equal io all its Parts taken together» Euclid I.

Axiom 19.

That is, the Numbers which are propofed to be added toge-

ther, are by that Axiom underftood to be the feveral Parts, and

their iSa;72 or 21?/^/Amount found by Addition is underftood to be

the Whole.
And from thence is deduced the Method of proving the

Truth of any Operation in Addition^ viz. By parting or feparating

the given Numbers into Two Parcels (or more, according to the

Largenefs of it) and then adding up each Parcel by itfelf: For
if thofe particular Sums fo found, be added into one Sum, and

that Sum prove Equal or* the fame with the Total Sum firft

found.
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II

found, then all is right ; if not, care muft be taken to difcover

and corre<Si the Error.

EXAMPLE,
(

56477
\ 3289 fThe Sum of thefe Parts is, 12952

] 40163
Add/

^ 2900

1

/ 5007 ? The of thefe, is 95^3
^ 1 606 3 ^

—

—

TheTcialSum ofl^ , The Sum of each ?

all thefe Parts i ^ Parcel put together j ^

Sea. 3. Of Subtraction

»

Pojlulate or Petition,

That any j^UOlbCf ^ioy be diminijhed^ or made lefsy hy taking

another ^WXV^iK from it,

&llb({caCttOll is that Rule by which one Number is deduSled

or taken out of another, that fo the Remainder^ Difference^ or

Excefs may be known.

As 6 taken out of 9, there remains 3. This 3 is alfo the

Difference betwixt 6 and 9, or it is the Excefs of 9 above 6.

Therefore the Number (or Sum) out of which Subjlradion is

required to be made, muft be greater than (or at leaft equal to)

the Subtrahend or Number to be fubfira^ed.

Note, This Rule is the Converfe or Dire6l contrary to

Addition.

. And here the fame Caution that was given in Addition^ of

placing Figures diredily under thofe of the fame Value, vi-z. Units

under Units, Tens under Tens, and Hundreds under Hundreds^ Sec,

muft be carefully obferved ; alfo underneath the loweft Rank
there muft be drawn a Line (as before in Addition) to feparate

the given Numbers from their Difference when it is found.

Then having placed the lefler Number under the greater, the

Operation may be thus performed.

R U T. E.
•

Begin at the Right Hand Figure or place o/" Units (as in

Addition) md take or fubJlraSi the lower Figure in that place

C % from
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from Figure that Jiands over it, jetting down the Remainder

or Difference underneath its own place. If the Two Figures

chance to he Equal, fet down a Cypher : But if the upper Figure

he fifs tJ>qn the lower Figure, then you mufi add lo to the upper

Y'lgKi t^'i ohjnentally call it lO more than it is, andfrom that Sum
fubftra6l ivIMower Figure, fetting down the Remainder [as before

diredled).. ^ow hecaufe the 10 thus added, was Juppos'd to be

borrowedp^mn the next fuperior place (viz. of Tens) in the upper

Figures, tnmk^fore you muJl either call the upper Figure in that

place from i^ence the lO was borrowed, one lef than really, it is,

or elf^ (whici is all one, and moJi ufual) you muJl call the lower

Figure in that place one more than it really is, and then proceed

to Subftraflion in that place, as in the former ; and fo gradually

enfrom one Row of Figures to another until all be done.

\^ EXAMPLE I.

Let it be required to find the Difference between 6785, and

4572. That is, let 4572 be fubjiraSied {vom 6785.

Thefe Numbers being placed down, as befoie diredled, will

Hand

^ 2213
Beginning at the place of Units, take 2 from 5 and there

"will remain 3 which muft be fet down underneath its own place,

and then proceed to the place of Tens, taking 7 from 8, and
there will remc^in i, to be fet down underneath its own place

;

again, at the place of Hundreds, take 5 from 7, and there re-

mains 2, which fet down, as before ; iaftly, take 4 from 6 and

there will remain 2, which being fet down underneath its own
place, the Work is finifhed, and the Difference fo found will be

2213= 6785— 4572, as was required.

EXAMPLE 2.

Tht-Differencs between 5849, and 7496 is required,

Havi^ placed the Nur^bers ?is in the Margin, begin

at the plate o( Units (as before) and fay 9 from 6 cannot 7496
be, but 9 from 16 and there remains 7, to be fet down 5849
under its place ; next proceed to the place of Tens^ ——

—

where you rnoij now pay the 10 that was borrowed to 1 647
make the 6, i6,1)y counting the upper i^r^ar^ 9 in that

place one lefs.than it is, faying 4 from 8 and there remains 4>
pr cjfe (whicn is'themoft pradiifedj fay i I borrowed and 4 is S
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from 9 and theie remains 4, to be fet down under its own place

(as before) ;
again, at the place of Hundreds^ fay 8 from 4 that

cannot be, but 8 from 14 there wiil remain 6 to be fet down ;

and here I have borrowed 10 fas before) which mud be paid in

the fame manner as the other 10 was, viz. either by calling the

7 in the upper Rank but 6, faying 5 from 6 there remains i,

oreJfe by faying i borrowed and 5 is 6 from 7 and there remains

I, which being fet down under its own place all is done, and the

i)/^r^«^:^ required will be 1647=7496— 5849.

EXAMPLE 3.

From 830476
Take 741068

Remains 89408

By this Example you may perceive that Cyphers in the Sub^

irahend^ viz. in the Numbers to be fuhflra^ed^ do not diminilh

the Number from whence Subjira^im is made. See Page 4.

Thefe Three Examples, I prefume, may be fufficient to (hew
the young Learner the Method of Sub/ira^iing whole Numbers ;

as for the Reafcn thereof it is the fame with that of Addition^

Page 10, viz. of the Whole being Equal to all its Parts taken

together.

That is, in this R.ule the Number from which SubftraSfion is

required to be made, is underflood to be the Whole, and the

Subtrahend or Number to fubJiraSied^ is fuppofed to be a part

of that Whole ; confequently if that Part be taken from the

Whole, the Remainder wiil be the other part.

From hence is deduced the common Method of proving

Jlraftion, by adding together the Subtrahend and the Remainder.

For if the Sum of thofe Two (which are here called Partsj be

equal to the Number from whence Sub/Ira^ion was made (which

is here called the Whole) then the Work is right; if not, care

muft be taken to difcover and corre<Si; the Error.

EXAMPLE.
From 59435
Take 47608 ?— >Add

fii827 3
Proof< r The Sum which is equal to the Number from

V 59435 c whence ^i/^ri?<J?/tf« was ma^ie.

Of
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Or from the abovefaid Reafori, it v/ill be eafy to conceive

how to prove the Truth of SubJiraSfion by Suhjira^ion.

For if from 59435 being here the whole,

there be taken 47608 as part of that whole ;

there will remain 1 18 27 the other part (as before)

And if from 59435 the whole, there be fubJlraHed the

laft part, viz. 11827

there will remain 47608 the firft part, or Nu?nher which was
required to be fir ft Sub/Ira£fed.

From 75643 From 70COOCO
Take 9000 Take 986432

Remains 66643 Remains 6013568

Sedt. 4. Of ^ttitjpucatiou*

J^UltipltCatlOn is a Rule by which any given Number may be

fpeedily increafed, according to any propofed Number of Times.

Thai is. One Number is faid to Multiply another, when the

Number multiplied is fo often added to itfelf, as there are Units

in /^^ Number multiplying ; and another Number is produced.

(jEucIid 7.. Def. 15.)
^ To perform Multiplication, there is required two given Num-

bers, called Faftors.

The Firft is the Number to be multiplied, which is generally

puf the greater of the Two Numbers, and is commonly called

the Multiplicand.

The other is that Number by which the Firft is to be multi-

plied, and is ufually called the Multiplicator or Multiplier ; and

this denotes the Number of Times that the Multiplicand is required

to be added to itfelf. For fo many Units as are contained in the

Multiplier, fo many times will the Multiplicand be really added

to itfelf (as per Euclid above). And from thence will arife a

Third Number, called the Produ£i. But in Geometrical Ope-
rations it is called the Rcclangle or Plain.

For inftance ; fuppofe it were required fo increafe 6 four

times, that is, to multiply 6 into or^ith 4. Thefe fwo Numbers

are to be fet (or placed} down as in Addition or Subjira^ion.

Thus
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Produ£i 24 viz. 4 times 6 is 24, as plainly appears

by Addition^ viz. By fetting down 6 four

times, and then adding them together into one

Surn^ Thus

116

2I6

31

6

46!
Add

From hence it is evident^ that Multiplication

is only a Concife or Compendious IVay of ad- 24
ding any given Number to itfelf^ Jo often as any Number of
Times may be propofed.

Before any Operation can be readily performed in MultipU-

cation^ the feveral ProduSis of the fingle Figures one into ano-

ther muft be perfed^ly learn'd by Heart, viz. That 2 times 2 is

4, that 3 times 3 is 9, and 3 times 6 is 18, ^V. According as

they are exprefled in the following Table ; wherein I have

omitted multiplying with 2, it being fo very eafy that any one
may do it.

Multiplication Table,

3x3= 9 4x4=:l6 5x5=-25
3x4=12 4x5=:20 5x611:-30

3x5=^15
3x61=18

4x6=
4x7=

:24

28

5x7-
5x8=

35
-40

3x7=21
3x8=24

4x8=V 5x9=
4x9= 36

3x9=27

6x6=1:35 j7x7=49 «x8=64
6x7=4217x8=56 8x9=72
6x8=48

[
7x9=63 QxQ=8 r

^x9=54j
'

I think it needlefs to give zny Explanation of this Tables
for if tht Signs and their Significations be well underftood, {vide
page 5) it muft needs be eaf)-. Only this may be noted, that
4x3 = 3x4, or 7x5= 5x7, ^V.
That is, 3 times 4 is the fame with 4 times 3, or 5 times 7

is the fame with 7 times 5, ^c. The like muft be underftood
of all the reft in the Table.

And when all thefe fmgle Produce's are fo perfedly learn'd
by Heart, as to be faid without paufing ; vou may then proceed
(but not 'till then) to the Bufmefs of Multiplication ; which will
be found very eafy, if the following Rule (and Examples) be
carefully obferved.

R IJ L E.
Always begin with that Figure whichflands in the Units place

with the Multiplier^ and with it multiply the Figure whichflands

in
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in the Units place of the Multiplicand; if their Produ<fl be lefs

than Ten^ fet it down underneath its own place of Units, and
proceed to the next Figure of the Multiplicand. But if their

Produ(Sl he above Ten {or Tens) then fet down the Overplus only

(or odd Figure, as in Addition) and bear {or carry) the faid
Ten or Tens in mind until you have multiplied the next Figure

of the Multiplicand, with the fame Figure of the Multiplier
;

then to their Produ6^ add the Tan or Tens carried in mind, fet-

ting down the Overplus of their Sum above the Tens, as before:

and fo proceed on in the very fame manner^ until all the Fi-

gures of the Multiplicand are multiplied with that Figure of the

Multiplier.

E X A MP L E I.

Suppofe it were required to multiply 3213 into or with 3.

3213 Mult'ipluand'i p
3 Multiplier,

Prcclu^ 9^39
Beginning at the Units place, fay 3 times 3 is 9, which, bc^

caufe it is iefs than Ten, fet down underneath its own piacl^
and proceed to the next place of Tens, faying 3 times i is 3,
which fet down underneath its own place; then to the next place,

vizo of Hundreds, faying 3 times 2 is 6, which fet down, as

before ; laftly, at the place of Thoufands, fay 3 times 3 is 9,
which being fet down underneath its own place, the Operation

is finifti'd; and the true Produ£i is 9639=1:3213 x 3, as was

required.

EXAMPLE 2.

Let it be required to multiply 8569 into 8. Set down thefe

Numbers as before,

ThusJ
^569

68552
Beginning at the Z7«/f%lace, fay 8 times 9 is 72, fet down

the 2 bijderneath its own place of Units, and bear the 70, or

7 Tens in mind, and proceed to the next Figure of the Multi-

plicand (at which place the 7 Tens are only 7) faying 8 times

6 is 48, and the 7 carried in mind is 55 ; fet down the odd 5

underneath its own place of Tens, and carry the 50 (which is

leally 500) to the next place {viz. of Hundreds) at which

place it is only 5, where fay, 8 time| 5 is 40, and the 5 car-

ried in mind is 45 ; fet down the 5 uRderneath its own place,

and carry the 40 or 4 Tgns (which is i^ally 4000) to the
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next place, viz. of Thoufands, faying, 8 times 8 is 64, and 4

carried in mind is 68. (Now this being the laft Place or Figure

to be multJpUed) Set down the v/hoh Produ(^ 68, and the Work
13 done.

So that, 8569x8= 68552, the ProduH required.

Now the Reafon of this and all other the like Operations, may

be eafily conceived from this which follows^

^5^9^ The fame Failors as before.

r Here 8 times 9 is 72, as before, becaufe the 9
^
I (lands in the Units place.

Now here it is not really 8 times 6= 48, but it

is 8 times 60 =480, becaufe the 6 Hands in the

place of Tens.

"*And here it is not 8 times 5=40, but it i$

really 8 times 500 =4000, becaufe the 5 Hands

in the place of Hundreds,

r Laftly, becaufe the 8 in the Multiplicand ftands

O^in the place of the Thoufands^ it is therefore 8

^ times 8000=64000, and not 8 times 8= 64.

C The Sum of the particular Products y which gives
t) o 5 5 2

^ ^^^^ Produ£ly as before.

By what hath been already faid, with a little Confideratlon

had to the Examples., I prefume the Learner may eafily under-

ftand how to multiply whole Numbers with any Tingle Figure,

And when it is required to multiply with more than one; then

fo many Figures as there are in the Multiplier^ fo many particu-

lar Produ^s there mult be.

That is, all the Figures of the Multiplicand muft be multU

plied with every fingle Figure of the Multiplier., as if there were

but one fingle i^f'^ar^ ; ai)d the of all thofe particular PrO"

duSis-t will be the true ProduSi required. But in thofe Opera-

tions, great Care muft be taken in f|S|ing down the particular

Produ^s (which arife by each multiplying Figure) in their proper

places. Which will be eafily done, if the following Diredlions

be carefully obferved.

r Always place the Rr{\: Figure (or Cypher) of every'

^/z. < particular Pri?<5?:/^, dire(Slly underneath ti"ie multiplying,

L Figure. Or thus

:

The Firji Figure (or Cypher) of the fecond particular Product
inuji Jiand dire^ly under the fecond Figure [or place) of ths

Firjl Product i and *'Ahe Firjl Figure {or Cypher) of the Third

D fariicular
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particular Product, mujl Jiand dire£ily underneath the Third
Figure of the Firji Produdi : And fo on until all is done.

Now the Reafon of placing the Rt(\: Figure of every particular

Produ^ in their Order, will be very obvious to any one that

confiders the hik Example-, vi^herein the Cyphers are only fet

down to fhew the true Diftance of the firfl Figure in each

particular Produ^ from the Units place. And altho* it is not

ufual to fet down Cyphers in this manner ; yet they are always
fuppofed to be there: That is, their Places are always left void,

as in the two following Examples ; wherein I have placed Points

inftead of Cypher^

EXAMPLE 3.

Let it be required to multiply 78094, intool: with 7563,

Favors.

234282 The Firft particular ProduSi with 3
468564. The Second particular Pf^^Wif? with 60

390470. . The Third particular Produ£i with 500
546658 . i , The Fourth particular ProduSl with 7000

590624922 The Totals or true Product required.

EXAMPLE 4.

Suppofe it be required to multiply 57498 into 60008,

57498
60008

459984 The ProduSf with 8

344988 .... The Produa with 60OO

3450339984=57498x60008, as was required.

Here you may dbferve, that I pafs over the Cyphers^ and only

take care of placing the firft Product of the laft Figure^ viz. of

60000 according to the foregoing Direi|,ions.

When there is a Cypher or Cyphers^ to the Right-hand eithef

of the Multiplicand or Multiplicator, /or to both ; in that cafe

Multiply the Figures as before ; ne^ledling the Cyphers until

the particular ProduSis are added together ; Then to their Sum
annex fo many Cyphers as are in either of both the Favors*

As in thefe

:

EXAMPLE
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EXAMPLES. EXAMPLE 6, EXAMPLE j.

9538 8760Q 785000
4600 79 56900

57228 7884 7065

3bi52 6^3^ 47^0

43874800 6920400
3925

44666500000

Take a f^w Examples without their Work larg^,
j

75649x579=43800771
687000x356=244572000

530674x45007=238840447^8
7901375x30000=237041250000

537084000x590700=3172555 18800000

102030405x504030201=51426405540261405
987654321x123456789=1219326411 12635269

Note^ If it be required to multiply any Number with ro,

1 00, 1000, 10000, ^r. it is only annexing the Cyphers of the

MuUiplUr to the Figures of Multiplicand^ and the Work is

done.

Thus^^^^"^^^ =5780. 578x1009 =578000
' 6578x100=57800. 578x10000=5780000, &c«

Thefe Examples (being well underftood) are fufEcient to

inftru£l the Learner all the Varieties that can happen in multiply"

ing of whole Numbers^ according to the Method generally prac-

tifed : However it may not be amifs to (hew here how MuUipli^

(ation may be performed (with many Figures) by Additian only^

EXAMPLE,
Let it be required to multiply 879654 into 79863.
In order to perform this (or any Operation of this kind)

by Addition only ; you muft make a TarifFa or fmall Table of

the given Multiplicand^ in this manner :

i^fV/?, Make a fmall Column, and in it place gradually down-
ward the Nine fingle Figures', viz. i> 2, 3, 4, 5, (s^'tfw

Thea
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Then againft the Figure i, fet iJ'.;wn tne lllultipiicand

(which in this Example is 879654) and againft the Figure 2,

fet down the double of the Multiplicand^ found by adding

it to itfelf; To this double add the Multiplicand^ fetting

down their Sum againft the Figure 3 And
fo proceed on by a continued Addition until

there be Ten times the Multiplicand in the

Table \ which if the Work is true, will be the

Multiplicand itfelf ' with a Cypher to the

Right'hand of it, as in the annexed Table.

This being done, it will be eafy to conceive,

that the Figures in the fmall Column of the

Table^ do rerpe(51ively reprefent thofe of the

Multiplier: And that the Numbers againft

any of thofe Figures in the fmall Column, will

be the true Produ£i of the Multiplicand agree-

ing to any Figure of the Multiplier \ as plainly appears by the

Work of this Example

Then ^Z^o^lc The /^?/?^?rj as before.

879654
2 1759308

s 2638962

4 3518616

5 4398270
6 5277924
7 6157578
8 7037232

_9 7916886

10 87g6540

Againft

In the Table is

3

s

s

S

2638962

5277924
7037232

7916886
6157578

=879654x3
=:879654xbo
=879654x800
=879654x9000
=879654x70000

The Produ^ required 70251807402 =879654x79863

Note^ This Method of Tabulating the Multiplicand, is both

eafy and certain ; being neither fubject to Errors, nor burden-

fome to the Memory, and therefore in large Calculations it may
be found very ufeful. But for common Pradlice the ufeful

Method (as in Page 18, &c.) is beft, and to be preferred before

this.

Moft Maflers that teach (and feveral Authors that write of)

Arithmetick^ do teach to prove the Truth of Multiplication, by

cafting away all the Nines that are contained in both the FaSiorSy

and their Frodu6i\ but becaufe that Method is very erroneous,

as might be eafily fhewed ; I fliaii therefore omit inferting it,

and leave the Proof of Multiplication to the next Seilion^ where-

in (I prefume) the Reafon and Proof, both of it, and Divifiony

will plainly appear.

Sea,
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Sea. 5- 0/ S>ll)illOtl.

SDilitfi'CU is a Rule by which one Number may be fpeedil/

fuhjira^ed from another, fo many times as it is contained

therein.

That is. It fpeedily difcovers how often one Number is con-

tained (or may be found) in another : And to perform that there

are required Two Numbers to be given,

1. The one of them is that Number which is propofed to be

divided^ and is called the Dividend.

2. The other is that Number bv which the faid Dividend is to

be divided^ and is called the Divifor.

And by comparing thefe Two, vt%. the Dividend and the

Divifor together, there will arife a Third Number^ called the

patient ; which (hews how often xht Divifor is containod in the

Dividend^ or into what Number of Equal Parts the Dividend is

then divided. Therefore,

Divifion is by Euclid fitly termed the meafuring of <?w^ Number
hy another^ viz. ont Number is faid to meaft^re another by that

Number^ which when it multiplies^ or is multiplied by it, it pro^

duceth. Euclid 7. Def 23.

Jnd^ if a Number meafuring another^ multiply that Number
hy which it meafureth^ or be multiplied by iiy it produceth the

Number which it meafureth. Euclic 7- Axiom 9.

That is to fay. If that Number which divides another (called

the Divifor) be multiplied with the Number which is produced

by Divifion (called the ^otient) their ProduSi will be the Num^
her divided or Dividend. Whence it follows, that Divifion and

Multiplication are the Converfe and Diredl Contrary one to ano-

ther (as Subjira^ion is to Addition) and do mutually prove the

Truth of each other's Operations.

I (liall therefore make choice of the foregoing Examples in

Multiplication^ in order (as I prefume) to render the Buhnefs of

Divifion more plain and eafy,

Firft, Let it be required to find how often 6 is contained in 24.
That is, to divide 24 by 6.

N.B. Always place down the given Numbers in this Order ;

Firft fet down the Divifor^ and to the Right-hand of it draw a
crooked Line ; then fet down the Dividend^ and to the Right of

it draw another crooked Line, in whidi muft be placed the

Quotient Figure^ or Figures as they become found.

Thus
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Dividend.

Thus Divifor 6) 24 (4 the ^otient.
Here I confider how many times 6 there is in 24, and find

itl^ viz. 4 times 6 is 24, therefore 4 is the true Quotient or

Jfjfwer required.

This is apparent by SuhflraSfion^

as in the Margin ; where 24 the

Dividend is fet down, and from

it 6 the Divifor continually

fuhJiraSied fo often as it can be,

which is juft 4 times. Therefore 4
is the true ^otient or Anfwer
required.

Corollary.

From hence it is evident ; that Divifion is but a concije or
compendious Method of fub/lraifing one Number from another,

fo often as it can be found therein ; for if the Divifor be con?

tinually fuhjiraiied from the Dividend.^ accounting an Unit

(or i) for each time it isfubjira^ed (as above) the ^um of thofe

Units will be the ^lotient.

All Operations in Divifion do begin contrary to thofe of

Jvluliiplication^ viz, at the Firft Figure to the Left-hand, or that

of the higheft Value, and decreafe the Dividend by a repeated

Subjiraiiion of each FroduSi ari{ir>g from the Divifor when muU
iiplied into the ^oiient Figure. And the only difficulty \\\ Di-
vifon of whole Numbers (or indeed of any Numbers) lies in

making choice of fuch a ^otient Figure^ as is neither too big,

nor too little ; and that mav beeafily obtained by obferving thp

following Ruky which hath two Cafs. n

RULE.
t

'

f -

'

Cafe r. As often as the Firfl Figure of /^^ pivifor is taken

from the Firft Figure of the IJividend : ^0 often mufi the Second

Figure of the Divifor be taken from the Secon^d Figure of thje

Dividend, when it is joined with what Remains of the Firjl,

And as often mujl the Third Figure of the Divifor he taken frorjn

the Third Figure qf the Dividend, ^V.

But if the Firft Figure of the Divifor cannot be taken from

the Firft Figure of the Dividend. Then i
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Cafe 2. So often as the Firjl Figure of the Divifor is taken

from the Two Firji Figures of the Dividend, fo often mujl the

Second Figure of the Divifor he takenfrom the Third Figure of the

Dividend, when it is joined with what remained of the Second:

Andfo often mufi the Third Figure of the Divifor he takenfrom the

Fourth Figure of the Dividend, ^c.

That is, the ^otient Figure muft be fuch, as being multiplied

into the Divifor, vi^ill produce a ProduSf equal to fuch a part of

the Dividend as is then taken for that Operation : But if fuch

a ProdtiSf cannot be exaftly found, then the next lefs muft be

taken, and ordered, as in the following Examples : of which let

that in Page i6 be the firft, wherein there was given 8569 the

Multiplicand, and 8 the Multiplier. To find the Produ£f6^^^2,

Let us here fuppofe the faid ProduSi 68552, and 8 the Mul-
tiplier, both given ; thence to find the Multiplicand, That is.

Let it be required to divide 68552 by 8.

Dividend

According to the Rule, Cafe I. I compare 8 the Divifor with
15 the Firft Figur'e bf the Dividend, and finding 1 cannot take it

from that, I then confider (by Cafe 2.) how often 8 can be

taken from 68, the two firft Figures of the Dividend, and find

it itiay be taken 8 times ; for 8 times 8 is 64, being thegreateft

Product of 8 (into any Figure) that can be taken from 68. I
therefore place 8 in the ^otient, and with it multiply 8 the

Divifor, fetting down their Produ6l underneath the faid Two
Firft Figures of the Dividend, fubflra£iing it from them, and
then the Work will ftand

Thus 8) 68552 (8

4

In order to a Second Operation, I make a Point under the nex^
Figure of the Dividend, viz, under the 5, and bring it down
underneath in its gwn place to the Remainder 4, which will by
that means become 45. Then I confider how many times 8 can
be taken from 45, and find it may be 5 times; for 5 times 8 is

40, I therefore place 5 in the patient, and with it multiply 8
the Divifor, fetting down and fuhjlra^ing their Produ^y as

before^ TJbcn the Work will ftand

' Thus
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Urn

ThusSJ 68552 (85
64.

45
40

For a Third Operation, I make a Pc/^f under the next
Figure of the Dividend^ viz, under the 5, and bring it down,
as before, proceeding in all refpeds, as before j and then the

Work will ftand

Thus 8) 68552 (856
64 .

.

45
40 •

55
48

Laftly, I point and bring down the 2, viz, the laft Figun
of the Dividend to the Remainder 7, which will then become

72, and proceeding as in xhtothtv Operations^ I find that 8 the

Divifor can be taken juft 9 times from 72, and the Work is

finifhed, and will ftand

Thus 8) 68552 (8569
64. .

.

45
40

55

_™
72
72

(0)

The true ^oiient is found to be 8569,1)eing exactly the

Eighth part of 68552, or the Multiplicand of the propofed

Example of Multiplication, As was required.

The Reafon of the Operations will be very plain to any one

that will a little conftder of it, as follows

;

Divifor
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Divifor 8) 68552 (8000. The TitA ^otient Figure.

Bubjiraa

Divifor 8)

Bubjlraet

Divifor 8)

Divifor 8)

SubJiraSf

00

This ProduSi of the Divifor into the

^otient is 64000, v/z. 8 times 800b ; the

^otient Figure being always of the fame

Value or Degree with thzt Figure under

-which tbeUnit'^ placfe of 'itsProda^ ftands.

(500. The Second ^orient Figure,

And here the Product is 4000, t//Zi ^

not 8 times 5.times 500,

2 (60, The Third F/'fwr^.

{Alfo here the ProduSf is 480, viz,

times 60, for the Reafons abovefaid.

8

7

(9. The Fourth ^otient Figure,

Now here the Product is but 72^ viz,

9 times 8, becaufe the 9 (lands in the place

of Units,

ilemains (0 o) Now the Sum of all the feveral ^otientSf

viz. 8000 500 60 -f 9 = 85 69, as before.

If the Procefs of this Example be well confidercd and compa-

red with that of Multiplication, Page 17, it will evidently ap-

jDcar to be only the Converfe of that 5 for the particular Pro-

'du^s are alike in both, only that which is laji there^ is frji

here ; there they are added, here they are fubjira£ied. So that

whoever underftands the true Reafon of the one, muft needs

tinderftand the Reafon of the other, and then Divifion will be-

come very eafy^ although the Divifor confifts of feveral places

of Figures,

EXAMPLE.
Let it be required to divide 590624922 by 7563.

Dividend.

Divifor ^^6^) 590624922 (

*Tis plain at the firft fight, that 7563 the Divifor, cannot ht

taken from 5906, the like xV-«;72^^r of Figures in the Dividend,

Therefore, by the Second Cafe of the Rule (Page 23.) there

niuft be allowed Five Figures of the Dividend, viz, 59062 for

the Firfl Operation or ^otient ; that fo the Flrji Figure 7 of

the Divifor may betaken out of the tv^o Firji Figures^ viz, 59
of the Dividend^ 5cc.

E "then
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Then I proceed (per Cafe 2.) and confider how often 7 may
be taken from 59, and find it may be taken 8 times, for 8

times 7 is but 56, which I mentally fuhjlra^ from 59, and

there remains 3 ; to this 3 I mentally adjoin the Third Figure

of the Dividend^ viz. c, which makes it 30, out of which I

inuft take the Second Figure oi the Divifor^ viz, 5, fo often as

I took the 7 from 59, which was 8 times : But that cannot be,

for 8 times 5 is 40, which is more than 30, therefore 8 is too big

a Figure to be placed in the Rodent ; yet, hence I conclude,

that the next lefs, viz. 7 may be taken without any further

Trial, I therefore place 7 in the ^otienty and with it multiply

the Divifor^ fetting down their ProduSi under the Dividend^

and fuhjira£l it from thence, as in the other Example^ and then

the //^flr.^ will ftand

Thus 7563) 590624922 (7

52941

6121
In order to a Second Operation^ I make a Point under the next

Figure of the Dividend, viz. under the 4, and bring it down
to ihz Remainder 6 12 1, which will then become 61 2 14, with

which I proceed in all refpe<5ls as I did before with the 59062,
and find the next ^otient Figure will be 8, with which I mul-

tiply the Divifor, &c. and fuhjlraff their ProduSi from the faid

61 214, Then the /F^i will ftand

75^3) 590624922 (78
52941 •

61214
60504

710

To this Remainder 710, I point and bring down the next

Figure of the Dividend, viz, 9, whioh makes it 7IC9; now
becaufe the Divi/or 7563 canno^^^i^takep from 7109, I there-

fore place a Cypher in the ^totient.

And this muJi alwap he carefully ohferved, viz. That for
every Figure or Cypher, which is brought down from the Divi-

dend, in order to a new Operation, there muJi always he either

a Figure or Cypher, fet down in the Quotient. Then the Work
win ftand

Thus-
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Thus 7563) 590624922 (780
52941 . .

61214
60504

7109 _ .

To this 7109, I bring down another Figure of (be Dlvidepd^

viz. 2, and then it will become 71092; then I confider how
often 7 can be taken from 7 i, C?V. (juft as at thefirft Operation,)

and find it may be taken 9 times, therefore I let down 9 in the

^otient^ and with it multiply the Divifor^ fetting down and

Juhjira£ling their Produ^f^ as before; Then the WorJc will ftand

Thus 7563) 590624922 (7809
52941- •

•

61214
60504

71092
68067

3025
To this Remainder 3025, I point and bring down the lafl

Figure 2 of the Dividend^ which rnakes it 30252; then pro-

ceeding in all refpefls as before, I find the ^wtient Figure to

be 4, with it I multiply the Divifor^ fetting down and fubjirailing

their Produif as before, and then theWork will (land

Thus 7563) 590624922 (78094 ;

52941 ."T..

61214
60504

7 1092
68067

0252
30252

(00000)
Here the Work is ended, and I find the ^otieni to be 78094^

being the true Multiplicand of the propofed Example of 'Multi*

plication^ Page 18.

That IS, 756313 contained in 590624922 juft 78©94timeS|^^-'
E 2 K
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If the Work of this Example be conlidered and compared
^vith the Rule [Page 22.) the whole Bufinefs of Divifton will

be e^fy ; for indeed the only Difficulty (as I faid before) lies in

making choice of a true Quotient Figure^ which cannot well

be done according to the Common Method of Divlfion^ without

Trials, yet thofeTrials need not be made with the whole Divifor,

(as appears by this laft Example) for by the two Firft Figure^

of the Divifor all the reft are generally regulated ; except the

Second Figure chance to be 2, 3, or 4, and at the fame time the

Third Figure be 7, 8, or 9, then indeed refpe^l muft be had to

thf Third Figure^ according as the Rule directs.

However, if thofe Trials are thought too troublefome, they

inay be avoided, and the fame ^otient Figure may both eafily

and certainly be found by help of fuch a fmall Table jnade of

the Divifor^ as was of the Multiplicand in Page 20.

EXAMPLE 4.

Let it be required to divide 70251807402 by 79863. See

the Example of Multiplication^ P^ge 20, and as ifjere dire£fed

make a Table of the Divifor 79863,

^otient.

(875654
The Work of this Operatioi;

I prefume may be eafily under-

flood. For thofe Figures in the

Table are the Produ^ of the Di^

vifor into all the 9 Figures \ con-

fequently thofe Figures in the

fmall Column do (hew what
Figure is to be placed in the

^oiient ; without any doubtful

Trials of the Divifor^ with the

Dividendy as before.

^000000)

This Method of Tabulating the pivlfgr may be of good Ufe

to a Learnerj efpecially until he is well pradifed in Divifton ;

yea, and even then if the Divifor be large, and a Quotient of

^any Figures be required; as in refolving of high ^quatidns^

palcujatipg of JjirenQ^Uql X^bhs^ or thofe of Intereft, ^c.

Hitherto

—
Divifor. Dividend.

10

79863) 70251807402
J59726 638904

239589 636140
319452 5<;904t

fni^xW 770997479i7»
718767

559041
638904 52^304

7T8767 479^7 8

431260

798630 399

3^9452
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Hitherto 1 have made choice of Examples wherein the Divi-

dendis truly meafured or divided off by the Divtfor^ without

leaving any Remainder^ being exactly
^
compofed of the Divifor

and ^otient. But it moft ufijally falls out, that the Divifor

will not exadlly meafure the Dividend ; in which cafe the Re^
mainder (after Divifion is ended) muft be fet over the Divifor

with a fmali Line betwixt them adjoining to the ^otient^

EXAMPLE 5.

Suppcfe it were required to divide 379 by 5.

5) 379 (75f£eSr-
35.

'

29

Jlemaitis (4) EXAMPLE 6.

Again, Let it be required to divide 43789 by 67.

^7) 437^9 {^53ij ^^"^ ^iotjent required,

402 .

,

358
335

239
201

Remains (38)
How fuch Remainders thus placed over their Divifors (which

jire indeed Vulgar Fra^ions) may be otherwife managed, (hall

be fhewed farther on.

N. B. When the Divifor happens to be an Unit, viz. i, with

a Cypher or Cyphers annexed to it, as 10, 100, 1000, ^c. Divi-

fion is truly performed by cutting off with a Point or Comma, fo

many Figures of the Dividend as there are Cyphers in the Divifor ;

then are thofe Figures fo cut ofF to be accounted a Remainder, and
the reft of the Figures in the Dividend will be the true Quotient

required, becaufe an Unit or i doth neither multiply nor divide.

EXAMPLE 7.

Let it be required to divide ^7 ^^2 by 100. The Work may
ftand thus, 100) 578,42 the patient required; or thus 100)

57842 (578,^0 the fame as before.

Hence it follows, that if any Divifor have Cyphers to the

|?ight-hand of it^ yoij may cut ofF fo many of the laft Figures
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in the Dividend^ and ^^mV^ the other Figures of the Dividend^

by ihofe Fi^urei of the Divifar that are Jeft when the Cyphers

are omitted. But when Diviftm is ended;, thofe Cyphers fo

omitted in the Divijor^ and the Figures cut off in ihc Dividend

,

arc both to be reftored to their own places.

EXAMPLE 8.

guppofc it were required to divide 67546^ by 5400*

5400) 675469 (125

54- —

208

274
56Q

Rmains (4) But the true Remainder is 469,
Confequently the true .Quotient is I 25/^*cm5,

As to the manner of proving the Truth of any Operation,

cither in Multiplication or Divifion^ I prefume it may be eafily

' underftood, by what is delivered in Page 21, compared with
the three iirft Examples of Divifion for from thence it wilj

be eafy to conceive, that if the Divifor and ^otient be

multipiied together, their Product (with what Remains after

Divifion being added to that ProduSl) will be equal to the

Dividend. As in the Fifth Example^ where the Dividend is

379, the Divifor is 5, the ^otient is 75, and the Remainder

is 4.

I fay, 75x5= 375) which ^id? the Remainder 4, it will

^^ 379-
Again, in the Sixth Example^ the Divifor is 67, the ^otiem

IS 653, and the Remainder is 38.

Then 653x67=43751, and 43751+ 38= 43/89 the/)/-

videndi &c.

T'^^r^ <7r^ feveral ufeful Cmtra^ionsy both in Divifion and
Multiplication, which I have purpofely omitted until I come to

treat of Decimal Arithmetick. Alfo I have omitted the Bufmefs

of Evolution or Extra£ling of Roots^ until further on ; and fq

(hall conclude this Chapter with a few Examples of Divifion

uiiwrought at large, leaving theni for the Learper's Prafticc.

579) 43800771 (75649.
Or 75649) ^Z^ooi-ji ( 579.

45007)
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45007) 23884044718 f 5 30674.

01530674) 238840447^8 ( 45007.

356) 244572000 (687000.
59D00) 57659066400 (967434.
10000) 679543820000 (67954382.

79) 282016
( 3569'?5.

CHAP. nr.

Concerning ^WtiQlX and ©UDffraCttOn of Numbers of

Denominations, and how to rcduct ibem from

one Denomination lo another,

SECT. I.

I. Of Englifh Coin,

THE leaft Piece of Money ufed in England is a Farthings

and from thence anfeth the reft, as in this Table,

Farth, r 5 J. is a Crown,
T d. Pen.

, I lOJ. h^inJngeL
48= 12= l±J^ ^ ]

6s. Sd3iNohle.

96021:240— 20= 1 1. Pound Sterling. ^13.'. ^d. z Mark,

Note^ When /. s. d. q. are placed over [or to the Right-band

of) Numbers^ they denote thofe Numbers to fignify Foundsy
Shillings^ Pencey and Farthings.

'

/. X. d. q.

As 35 10 6 2. Or 35/. 105. bid. Either of thefe

do fignify 35 Pounds^ 10 Shillings^ 6 Pence, 2 Farthings.

The fame muft be underftood of all the following CharaSfers^

belonging to their refpe(^ive Tables^ viz. Of Weights^ Mea-
furesy kc.

2. Troy Weight.

The Original of all Weights ufed in England.^ was a Cerw of
Wheat gathered out of the middle of the Ear.^ and being well
dried, 32 of them were to make one Penny Weight., 20 Penny
Weights one Ounce^ and 12 Ounces one Tr^', 7-7^/^

of 5 1 Hm. III. 3 1 ^Jtf. I. 12 Hen, VII,

But
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But in later Times it was thought fufficient to divide the
aforefaid Penny Weight into 24 equal Paris^ called Grains^
being the leaft Weight now in common Ufe 5 and from thence
the reft are computed as in this Tiable,

r By Troy Weight are
2^- J P,tf^. Penny might. . I weighed Jewel:, Gold,

480= 20= ' Q"""- ^\ Silver, Corn, Bread,
756o~?40=: i2~ I li"> /^g^W: Land ail Liquors.

Beftdes the common Diviftcm of Troy Weight, I find in Anglia
J^otitia, or, 77^^ Prefent State of England, Printed in the Year
1699, that the Moneysrs (as that Author calls them) do fubdividg

the Grain,

!

24 Blanks = I PerioK

rp, • 20 Periois=z I Droite,
-^^^^^^

24 Z)m/^J= I 'A//V^.

,20 Mites I Grain, &c. as before.

3. Apothecaries Weights.

The Apothetaries divide 2i Pound Troy, as in this 7^^/^.
Gr. Grain,

20= I 3 Scruple

60= 3=1 Dram

480= 24= 8= if Ounce

5^63:^28831^6=12=^1 tb ^^J, the fame as before.

By thefe Weights the Apothecaries compound their Medicines:

but buy and fell their Drugs by Averdupois Wught.

4. Avet^dupois Weight.

When Averdupois Weight became firft in Ufe, Of by wbatZ^w;
it was firft fettled, I cannot find out in the Statute Books; but on
the contrary, I find that there ftiould be but one Weight [and oUe

Meafure') ufed throughout this Realm, viz. that of Troy, {Fide

14. Ed. III. and 17 Ed. 111.) So that it feems {to me) to be firft

introduced by Chance, and fettled by Cujlom, viz. from giving

good or large Weight to thofe Commodities ufually weighed

by it, which are fuch as ars either very Csarfe and DroJ/y, or

very
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very fubjedl to wafte ; as all kind of Grocery Wares. And
Pitch, Tar, Rofm, Wax, Tallow, Flax, Hemp, &c. Copper^

Tin, Ste^l, Iron, Lead^ &c. Alfo Flejh, Butter, Cheefe, Salt, &C.

To thefe and the like (I prefume, it was thought convenient to

allow a greater Weight than the Laws had provided, which
happened to be about a Sixth part more: For I found by a very

nice Experiment, that one Pound Averdupois is equal to 14
Ounces, II Penny Weights, and \^\ Grains Troy, And it is

now computed as in the following Table

:

Drams. «

T fS— T^Qg; Ounces.

256= lt= l Jb Pounds.

28672= 1792= 112= I C. Hundred,

573440=35840=2240=20= I Tun.

5. Long Meafure,

As the leaft part of Weight came at fii ft from a Whedt Corn^

fo (it is generally faid) the leaft gart of a Long Meafure was at

firft a Barley Corn, taken out of the middle of the Ear, and being

well dried, three of them in length were to make one lnch\ and

thence the reft, as in this Table.

Barley Corns, r 4 Nails= J of a Yard*

3—1 In. Inches^ And ^ i\rard:=. I Ell.

36= I 2=1 Fjjjet. ( 2 lards zzi 1 Fathom.

108= 36= 3— iT. l^^r^/.

594= 198= I 6^== 5 :^=~I~-P' PO^^^'

23760= 7920= 660= 220= 40=1 Furlong. •

190080=63360=5280=1700=320=18=1 Af//^.

iV(?/<?, That forty P^/^j (or Perches) in Length, and four in

Breadth, do make a Statute Jcre Land.

That is, 220 Yards, multiplied into 22 Yards= 4840 Square

Yards are a Statute

And according to the Tranradilons of the French Acaden.y^

Anno 1687, d. Paris Foot Royal \ %fi Inches EugUjh \ SIk

of thofe Feet make a Toife ; and 57C60 Toijes = 315 1 84 Englijh

Feet, are the Meafure of ore Degree of a grea : Circle upon the

Surface of the Earth. So that one Degree is 69 Miles and 288
Yards, which is very near to o^r Country-man Mr Norwood'^

Experiment made betwixt London and York,. Anno 1635 ^ who
found that 367196 i^?^/=: 69 Miles^ and 958 Yards do make a

F DegreCv,

And
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Degree. And not 60 ^^l^/V^j^-'according to the common received

Opinion and Piadice of the Navigators or Seamen.

Hence, according to the French Account^ the Circumference

of the Earth (fuppofing it to be a true Spherical Figure) is

24899 Englijh Miles,

6. Of Liquid Meafures,

All Meafures of Capacity, both Liquid and Dry, were at firft

made from Troy IVeight^ Vide Statutes 9 H. III. 51 H. III. 12

VII. i2c. v/herein it is enaded, thsit eight Pound Troy freight,

of IVheat^t gathered out of the middle of the Ear, and vi^ell dried,

fhould make one Gallon of JVine Meafure : And that there fhould

be but one Meafure for IVine^ Ale,, and Corn,, throughout this

Realm. [Vid. Stat, 14. Ed. III. 15 i^/V/;.IL) But Time and Cuftoni

hath altered Meafures, as they have done IVeights (and perhaps for

one and the fameReafon) for now we have three different Mea-
fures, viz. one for JVine, one for Ale or Beer, and one for Corn.

I have inferted Tables of each, as they are now computed by
Cuhick Inches, and pradlifed in the Art of Gauging, he.

The common JVine Gallon fealed at Guild-Ha II in London
; by

which all JVines, Brandies, Spirits, Sirottg-waters, Mead, Perry

^

Cyder, Vinegar, Oil, and Honey, Sic, are meafured and fold ; is

fuppofed to contain 231 Cubick Inches^ and from thence the reft

are computed, as in this Table.

Gallons.

Culick Inches, r i^—i Rundlet, and

231=1 G. Gallonu
^^^^^ J 3 ' ^ makes a JVine or

9y02= 4211=1 '[erce.
'

14553= 63== Ii=:r%jW.
19404= 84=2 =i:l5=:i P uncion,

29Io6=I26=:3 =2 Butt or Pipe ,

582l2=252r=:6 =3:4 =1:3 :=:^z=ll Tim.

But Dr JVyhard in his Te^lometry, Page 289, doth fuppofe

the JVine Gallon to contain but 224, or 225 Cuhick Inches at

the moft, and purfuant to this Account an Experiment was made
by Mr Ricjjard JValker and Mr Philip Shales, two General

Officers in the Excife. They caufed a Veflcl to be very exaflly

made of Brafs, in Form of a Parallelopipedon, each Side of its

Bafe was \ Inches, and its Depth i\ Inches \ fo that itsjuft Con-
tent was 224 Cuhick Inches. This Veflel was produced at Guild-

Hall m London [May 2^, 1688.) before the Lord-Mayor, the

Qommiffimrs of Excife^ the Reverend Mr Flamjlead^ Aftr. Rq^.
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Mr Halley^ and feveral other ingenious Gentlemen, in whofe

Prefence Mr Shales did exatf^Iy fill the aforefaid Brazen Veflel

with clear Water, and very carefully emptied it into the old

Standard IVine Gallon kept in Guild-H^ll^ which did fo exa<B:ly

£11 it, that all then prefent were fully fatisfied the Wine Gallon

doth contain but 224 Cubick Inches. (This notable Experiment 1

Jaw tried.) However, for feveral Reafons, it was at that time

thought convenient to continue the former fuppofed Content of

231 Cubick Inches be the Wine Gallon^ and that all Computa-
tions in Gauging fhould be made from thence, as above.

The Beer or Ale Gallon (which are both one) is much larger

than the Wine Gallon ; it being (as I prefume) made at firft to

correfpond with Averdupoii Weight., as the Wine Gallon did with
Troy Weight: For (as I faid before. Page 33.) one Found
Jverdupois is equal to 14 Ounces 12 Penny Weights Troy^ very
near.

And, as one Pound Troy is in proportion to the Cubick Inches

in a Wine Gallon,, fo is one Pound Jverdupois to the Cubick

Inches in an Ale Gallon. That is, 12 : 231 : : I4il: 281 j, very

iiear the Cubick Inches- contained in an Ale Gallon.^ as appears

from an Experiment made by one Nicholas Gunton, General
Gauger in the Excife., about 41 Years ago, who, by fuch a Veflel

mentioned before in the laftP^^^, did find the Standard Ale^art

(kept in the Exchequer^Vid. 12 Car. II.) to contain juft 'joiCubick

Inches^ confequently the Ale Gallon muft contain 282 Cubick

Inches^ and from thence the following Tables are computed.

Ale-Meafure,
Cubick Inches.

28 2zz: I Gallon. fA Firkin ofSoap andof
2256== 81=1 Firkin. Notc, Herrings are the fame

45 12= I b:=L2z:z. I Kilderkin. C With that of Ale,

9024=321:14— 2:=:: I Barrel.

Beer Meafure..

Cub. Inches.

2821= 1 Galkn,

2538= 9=1 Firkin.

5076z:il8:=^2i=:l Kilderkin.

IOl52z=36=4:z:2=i Barrel.

1 5228:::';4r:r6—31=1^=1 Hogfhead.
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A*". B. This Diftindion or Difference betwixt Ale and Beer-

Meafure^ is now only ufed in London, But in all other Places of

England the following !r<j^/^ of Beer ox Ale^ whether it be ftrong

or foialj, is to be obferved, according to a Statute of Excife made
iji the Year 1689

Cub. Inches,

282=1 Gallon,

2397=81=: i_^Vr^.

, 47 Q 4ZZ 1 7 2 zz: I Kilderkin,

9588=:34z=:4:z:2i::::l Barrel.

14382=5 I =:6z=:3zi:lf=l Hogfoead,

7< Of Dry Meafure.

Dry Meafure is different both from IFinezn^ Ale Meafure^ be-

ing as it were a Mean betwixt both, tho' not exadlly fo ; which

upon Examination I find to be in proportion to the aforefaid old

Standard Wine Gallon^ as Averdupois Weight is to Troy Weight ;

That is. As one Pound Troy is to one Pound Averdupois y fo is the

Cubick Inches contained in the old Wine Gallon^ to the Cuitick

Inches contained in the Dry or Corn Gallon,

Viz. 12 : : : 224 : 2727, which is very near to 272T,

the common received Content of a Corn Gallon : Altho' now it is

otherwife fettled by an AGt of Parliament made in April 1697,
the Words of that Ad are thefe :

Every round Bufhel with a plain and even Botio?ny being made
eighteen Inches and a half wide throughout.^ and eight Inches deep.^

jhould he ejleemed a Legal Winchefter Bufhe), according to the

Standard in his Majefty's Exchequer.

Now a VefTel being thus made will contain 2150,42 Cubick

Inches.^ confequently the Corn Gallon doth contain but 268f
Cubick Inches,

Cub. Inches^ r Bujhels ^ Comb,

268,8= I Gallon, Note, 3 10 Quarters znTi Wey., and

537,6= 2= I Peck, 1^12 Weys-=z2i Laji of Corn,

2150,4= 8= 4=1 Bufhel.

17203,2=64=32=8=1 garter.

I obferved amongft the Lead-Mines inDerbyJhire^ [Anno 1692)

that the Miners bought and fold their Lead Ore, by a Meafun
which they call'd an Ore Difti ; whofe Dimenfions I carefully

took, and found ic

r T>ength 21.3. y
Thus3 Breadth 6. Linches,

t Depth 8.4.)
Confe-
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Confequentiy its Content is 1073,52 Cubick Inches^ which is

very near equal to 4 Corn Gallons, according to the above-men-

tioned Settlement.

Nine of thofeDiflies they call a Load of Ore, which if it be

pretty good, will produce about 3 hundred Weight of Lead.

8. Of Time.

It is not an eafv Thing to give a true Definition of Time 5 for

(according to the Philofophick Poet)

Time ^ itfelf is nothings but from Thought

Receives its Rife^ by labouring Fancy vjrought

From Things confider^d^ whilji we think on feme

As prefent^ fome as Paji, or yet to come.

No Thought can think on Time, that's fiill confejiy

But thinks on Things in Motion or at ReJI,

And fo on, Vide Lucretius, Book I,

That is, Time only (h^^siht Duration or Mutation oiThxng'Sy

a Year being the Standard or Integer, by which fuch Continuance

or Change is computed. And a Tear is that Space of Time in

vvhich the Sun (apparently) compleats its Revolution from any
one Point in the Ecliptick (an imaginary Circle in the Heavens)

to the fame Point again, which, according to modern Obfervationsy

is performed in 365 Days, 5 Hours, 48 Minutes, 57 Seconds^

21 Thirds, kc. But a Second being thQ leaft part of Time that

can be truly meafured by the Motion of any Mechanical Engine^

as zClock, &c. (a Thirdbe'ing lefs than the Twinkling ofan Eye)

I begin the following Table with Seconds,

SecondsJ^

6o=ri' Minute,

3600= '6oz~l ° Hour .

86400= 1440= 2^z=:l Day o I ,f

.

3^55^937—5^5949—8765=:365-l-54-48+57=:ir^^r, called

I — —[a Solar Year,

But the common Year, ufually called the Julian Year, doth

confift of 365 Days and 6 Hours, and is divided into twelve

unequal Months, called Calendar Months, whofe Names and
NuWyb^r of Days are the Subj«d of every Mmanack,

To
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To thefe Tables it may not be amifs to give a brief Account of
fuch Coins y JVeights, and Meafures^ as are frequently mentioned
in the Scriptures, As I have deduced them from thofe which
feem to be the moft Correft, inferted in the Index to the lart^e

Bible^ printed Anno 1702, and compared with thofe ufed in

England, by the Lord Biftiop of Peterborough [Cumberland],

The Hebrew Weights, •ompared with^ ^'^^^'g^

A Gerahzz:

10 Gerahszzza Bekahzn

2 Bekahszzia Shekel -rz:

100 Shekels—a Menahzzi

O

o
o

45

o

4

9
12

loil

3
12

Note, A Shekel is faid to be their Original Weight,

Their Coin
Englijh Coin,

/. d.

A Silver Menah-zz

Talent of Silver =:

Talent of Gcldziz

The Gi?/^/ Dram=

7 • I

357 • II

50/5 • 15
I . o

5; Weight 6c ^/Wi.
io| Weight is -^GO Shekeh,

7i The fameWeight men-

4 tioned £z. ii. 19.

The Roman Money mentioned in the New Tejiament.

A Denarius, or Silver Pennyz^.'j d.

JJfes of Copperz=iO ,

A^ariumz^zo ,

^uadrans=.0 .

J Mite=:0 .

3 Farthings,

3 Farthings,

ii Farthing,

4 of a Farthing.

I of a Farthings

Their Long JHeafure, compared with
^

A Finger"*s Breadthziz

4 Fingersz=.a Hand's Breadth—

2 Handszzthe leajl Span—

3 Hand^s Breadthzz.the longejl Span—
2 Spans-zzthe longejl Cubit—

4 Cubitszz-a Fathom=^

6 CubitszziEzekiers Reedzz:

400 Cubits=a Stadiumzzz

10 Stadiumszza A4ile=

3 Miles—a Parafang—
Which is 4 Englijh Miles andj

EngliJ}) Meafure.

Tar. Feet. In. Pts.

O

O
o
o
o
2

3
243

2432
7296
256

o

o
o
o
I

I

I

o
o

o

0,912

3,648

7,296
10,944
9,888

35552
1 1,328
7»i

o
o

Their
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Their Meafures of Capacity^ compared with
^Qaf"p!nts^Incb

A Coiyla-

A Logzz

4 Logs zn a Cab=

10 Catylas =an Omjr=
3 Cabs ~ a i?fc=

2 Hins^a Seah-rz

3 Seahs= 72 j&^^^j —
10 Epha's= a Chomer =

o

o
o

o

I

2

7

75

3 •

6 .

2 .

4 .

4 •

5 •

3^037

9,83^
10,458

5,

5,625

Sed. 2. :^l3l5!t!On of Weights^ &c.

The foregoing Tables being fo well underftood, as that you can

readily tell (without paufing) how many Units of any one Deno-

mination^ do make one of the next Superior Denomination (ejpe-

daily in thofe Tables which are moft ufeful for your Bufmefs) it

will then be as eafy to add or fubjira5l them, as to add or fuh^

Jira6l whole Numbers^ due Care being taken in placing all Num'
hers that are of one Denomination exa6lly underneath each other.

That is to fay, in Money ^ place Pounds under Pounds^ Shillings

under Shillings^ Pence under Pence, he, Underftand the like

in Weights and Meafures, &c. "according to their feveral Den^
minaiions : Then in Addition obferve this Rule,

RULE.
Always begin with thofe Figures of the loweji or leaft Denomi-

nation, and add them all together into one Sum, then confider how
many of the next Superior Denomination are contained in that

Sum, fo many Units you mufl cfirry to the faid next Superior Deno-
nomination to be added together with thofe Figures that Jland
there \ and if any thing remain over or above thofe Units fo car^

riedf that Overplus mujl be fet down underneath its own Deno-
mination : And fo proceed onfrom one Denomination to another

until all be fnijhed, t

Example in Coin.

Let it be required to add 35/. 141. 06 d. and 27/. 02/.
10 d. and 54/. 135. o^d, and 10/. ij s, ogd. into one Sum,
The particular Sums being placed, as before direded, will ftand

as in the Margin following.

Then according to the Rule^ I begin with the Pence (being

here the loweft or leaft Denomination) and adding them all

together, I find their Sum to be 29 d, that is 2 s, and 5 d. (for

2\d»
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24=:2J. and29— 24=1:5) tlie 5 I fet down /. j. d,

underneath its own Z)^«5/w;V7^^/^?«, and carry the 35 . 14 . 06
2 5. to the VhcQ Shillings, adding them and 27 . 02 . lO
all the Shillings together, I find the Sum to be 54 . 13 . 04
48 J. viz. 2 1. 8 J. I fet down the 8 J. under- lO . 17 . 09
neath its own place of Shillings, and carry the —
2/. to the Place of P<?i/«i/j, them and all 128 . 08 . 05
the Pounds together, I find their Sum is 128 /.

confequently the Total Sum required is 128 /. 08 s. Q5 d.

Now, for as much as it often happens in keeping Books of

jiccounts, (and in other Bufinefs) that it is required to add up

Jarge Sums of Money,£Dniifting of 30, 40, or more feveral par-

ticular Su?ns, nay, perhaps, filling up the whole length of a Sheet

of Paper, I humbly conceive Jn thofe Cafes the beft and cafieft

way will be to part them into Parcels, not exceeding above 10

pr 12 particular Sums in each Parcel; that done, add together

all the Sums of thofc Parcels into one Sum, and that will be the

Total Sum required.

Alfo to avoid the making of Points, or other Marks amongft

your Figures^ it will be convenient to get the following Tables

by heart.

The Pence Table.

12=1
24=2

48=4
60=5

d. s,

72= 6

84^ 7
96= 8

108= 9
120=10

ne Shillings Table.

s, I.

20=1
40=2
60=3
80=4
100=5

.
s. I.

120= 6

140= 7
160= 8

i8o-= 9
200=10

The Ufe of thefe Tables is fo obvious, that I prefume it is

needlefs to explain them.

Examples in Addition of Weights.

Troy J'P'eight.

lb. Oz. Pw, Gr,

3 . 09 . 00 . 10

5 . 08 . 15 . 21

10 . 10 . 12 . 22

o . 1 1 . 19 . 23

Sum 21 • 04 . 09 . 04

Averdupots Weight

.

Tun, C. lb, Oz.
12 . 15 . 2 . 24 . 12

7 . 10 . 3 . 21 . 15
0 . 18 . I . 14 . H
1 . 19 . 3 . 27 . 15

Sum 23 . 05 . o , 05 . 05

Examples
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Examples in AMtion of Long-Meafure,

Tards ^s. Nails Miles Fur. Poles Tards Feet Inch*

35 . 2 • 3 2 . 6 .. 32 . 4 * 2 . 9
17 * 3 • I 0 • 7 «. 27 • 3 • I . 10

129 . I . 2 I • 3 • 39 • ^ • 2 . I r

182 . 3 • 2 Sum 5 2 • 0 • i 6

for if thefe 5 (efpecially the laft) be well underftood, they will

be fufficient to fhew how any other may be performed.

Sea. 3. §>nWmttiOn of Weights, &c.

^^hJlraSiion is but the Converfe of the precedent Work^ aiiid

may be performed by obferving this Rule,

RULE.
Begin with the Lowefl or Leajl Denomination [as before In

Addition) flffiTake or Subftra£l the Figure [or Figures) in that

place of the Subtrahend, from the Figure [or Figures) that

Jiand over them of the fame Denomination ; fetting down th^

Remainder, {as in Page 12.) But if that cannot he done, then

you muft increafe the upper Figure (or Figures) with one of the

next Superior Denomination, and from that Sum make Sub*

ftra6lion ; and fo proceed to the next Superior Denomination,

where you mujl pay the one borrowed, by adding Unity to thi

Siibtrahend in that place. Sec. as in whole Numbers,

Examples in Coin.

I. s. d. L s. d.

From 386 , 09 . 08 From 569 . 10 . 06
Take 173 . 04 . 06 Suhfl. 389 . 15 . o&

Remains 213 . 05 . C2 179 . 14 . 10

The Firft of ihe(e Example: is felf evident. In the Second

Example, beginning at the place of Pence (being here the Leaft

Denomination) I am to take Sd from 6 d. but becaufe that

tannot be done, I muft (according to the Rule) borrow one of

the next Denomination, viz. is. znd add it to the 6 /f. which
tnakes it iSd. (for is.— iid. and iid.^^-b d =iSd. then I
tak^ S d. from that iSd, and there remains 10^. to be fet

down underneath the place of Pence ; that done, I proceed to

the place of Shillings^ where I muft now pay the ij. faying

©ne borrowed and 15 makes 16 from 10 cannot be, but

G 16
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16 from 30 and there remains 14. That is^ I borrow one of the

next Deiio?nination^ viz. i /. and adci to it the 10 s, which
makes it 301. for i l.=%os. and 20 j^ic— 30) ha-ving fet down
the Remaining 14.J. ut^derneath its own place of Shillings^ I pro-

ceed to the place of Pounds^ where paying the i /. borrowed, it

will be I borrowed and 9 is 10 from 9 cannot be, but 10 from

19 and there Remains 9, and (o on as in whole Numbers until al!

be finifhed ; and the Remainder will be 179 /. 14 j. 10 d.

.
Tiiis Example being a little confidered will render all otners in

this Rule eafy,

Exa?nples in Weights.

Troy Weight. Averdupois Weight.

- lb. oz, pwt. gr. . c, qr, lb. oz.

From 9. 10. 16. 18. ] 17.2. 15. 10

Take 5 . 09 22 14 . 3 . 18 . 12

Rejls 4 . 00 . 17 . 20 2 . 2 . 24 . 14

\ Examples in Long Meafure.

yds. qrs. nails miles fur. poK yds. feet inches

From 78 . 3 . 2 22 . 3 . 26 , 3I;. o . 9
Take 29 . 3 • 3 18 . 6 . 29 . 4 . 2 1

1

ReJls 48. 3.3 3. 4. 36. 4.0. 10

Example in Time.

days o / //

From 27 . 18 . 35 . 21

SubJiraSl 16 . 21 . 46 . 36

Remains 10 . 20 . 48 . 45

The Proof of Addition and SubflraSiion in thefc Numbers of

different Denominations^ is the very fame with that of whole

Numbers in Page 13. I fhall therefore refer you to that place,

and omit repeating it here.

Sea. 4. Of ^tmttim*

BY Reduilion^ Numbers of different Denominations Src brought

into one Denomination.

Ti'iat is, it alters or changes any Superior Denomination pro-

pofcd, into any Inferior or Lefler Denomination Required ;

flill
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ftill keeping ihem equivalent in value. And by that means they

become fiily prepared for Multiplication and Dhifwn \ which

otherwife conld not fo conveniently be performed. Therefore the

Bufmefsof ReduSlion is very ufcfyi in the Ride of Proportion^

(commonly called iht Golden Rule, or Rule of Three) efpecially

tothofe who do not underftand cithQxFulgar ox DecimalFractions.

And it is thus perforii^ed ;

RULE. '

Confider how many Units of /^^Denomination Required^ make

one of that Denomination propofed to be Reduced (which is eaftly

known by its refpeSiive Table) and with that Number of Units,

Multiply the Denomination propojed^ and their Produdl will be the

Number Required.

Example in Coin,

Let it be Required to Reduce or Change 357/. into Shillings^

and thofe Shillings into Pence, which lhali Itili be equal in value

with the 357 /.

357
Multiply with 20 the Shillings in one Pound,

7140 = the Shillings in 357/?
Multiply with 12 the Pence in one Shilling,

142b

7H
85680 :^ the Pence in 357 /. as was Required.

357 he reduced into P^«f^, at one Operation;

Thus,

Multiply with 240 the Pence contained In one Pound.

1428

7H
85680 =: the Pence in 357/. as before.—

But when the Numbers propofed to be Reduced are of feveral

Denominaticnsy and it is required to bring them all tathe Loweft

;

you muft Reduce the higheft or greateft Denomination to the

next lefs, Adding the Numbers that are of that lefs Denomination

tooether, then Reduce their Sum to the next l6wer Denominationy

Adding together all the Numbers that are of thzt Denomination^

and fo proceed gradually on Hill all is done.

Gz EXAMPLE.
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EXAMPLE.
Let it be required to Reduce 375 /. 175, 10^. 3 into one

i)(nomination^ viz. into Farthings,

375/. 17 J. JQd. 3^.
20

7 S ^oz=iihc Shillings in 275
+ 17^.

75 1 7= the Shillings in 375 /, 1

7

12 *\

^5034
7517

90204= the Pence in 375 /. 17 s,

+ lod,

90214 =; the in 375 A 17/. 10 d.

4 .

360856= the Farthings in 375/. 17 J. loi.

+ 3?-

360859 Farth.zsz^JS /. 17 X. 10^^. 3^. as was required.

The Work of this Example^ and all other Operations of this

kind^ may be fomewhat fhortened by obferving the following

Method.

375/. 17 J. 10 d, 3^.
20 Multiply and Jdd in the 17 i.

7517
12 Multiply and in thfc 10

15034
7517

90214
4 Multiply and y^^i in the 3 qrs.

360859 the Farthings as before.

Example in Troy Jf^eight.

Suppofe it be Required to Reduce 2g lb. S ez. l^pwt, Zi gr.

into the Leaft Denomination, viz. into Grains.
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I II m ill ^
Thus 29/^. 8 cz. i ^pwt. 21 gr.

Multiply with 1 2 the oz» in i Ik and a^id in the 8 oz»

29

356 = the oz, in 29 8 oz.

Multiply with 20 the pwis in i ^z. and add In the 18 /iwf.

7 138 = the pwts in 29 S oz. 18 /w/.

Multiply with 24 the |^rj in i pwt, and in the 21 grs,

28553
14278 .

"17 1333 the ^rj= 29/^. % oz, iS pwis, 21 grs,

Thefe two Examples at large being well underftood, may fuf-

fice to fliew how all Operations of this kind are performed ; ei-

ther in Weights, MeafureSy or Time, I fhall only infert a few

Examples of each fort for the Learner's Prad^ice.

1. In 23C 3 ^rx. 21 lb, ()oz. Averdupois Weight; How
many Ounces? Anfw. 42905 Ounces,

2. In 2^2 Eng. Milesy How many Yards, Feet, and Inches ?
Anfw. 443520 jf^jfj. = 1330560 Feetzu 15966720 Inches.

3. In 1692 common y>^7rJ, How mdiuy Days, Hours, and

Minutes? Anfw. 618003 Days, i^S^20^2 Hours, 889924320
Minutes,

Note, a common Tear= 365 Days, 6 Hours, kePage 37.

4. In 5786 Pounds, 17 Shillings, 9 Pence, Sterling ; How mZ"
r\y Shillings, Pence, znd Farthings? An(v/. 1 15737 J. I388853</,

or 5555412 F^7r/^/«^j. That is, 5786/, 17 J. 9^/. =1 J5737 j.

9 ^/. = 1388853^3/. &c.

The next Thing will be to fhew how to bring Numbers from

a lefler to a greater Denomination, which by moft Authors is

called (tho* very improperly)

JS^fQllttion ^fcendi^g'

This Work is the Gonverfe of the laft, and is performed by
J)iviJion, Thus,

R U L E.

Confider how many ofthe Denomination propofed make one of the

Denomination r^^z^/W^, 772/7*^^ /WNumber^^ar Divifor, by

which divide the Denomination propofed \ and the Quotient will bjfi

tk^ Number required,

EXAMPLE.
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EXAMPLE.
Let it be required to find how many Shillings and Pounds are

contained in 85680 Pence.

Tht Pence \n is: are 12) 85680 (7 1401= 85680
Again the Shillings in i /. are 20) 7140 (357 /. the Anfwer re-

quired.

Another Example in Coin,

How many Pence^ ShiUingSy and Pounds^ are contained in

264859 Farthings,

12) 20)

4) 264859 (66214^. f55T7j. (275/.

24 62

08 21 117

05 94 (17)

19 {10) d.

X.

Remains (3) ^. C A^/^, the Remainder is always of the fame

2. Denomination with the Dividend,

' The laft ^otient 275 /. together with the feveral Remainders^

give the Anfwer required.

Viz. 275 /. 17 f. 10 d, 3 ^. = 264859 Farthings,

Example in Troy Weight.

Suppofe it were required to find how many Puuts, Ozs, and I6s»

sre contained in 17 1333 Grains,

20) 12)

24) ^7^333^^' (71^8 ^w. (356 (29/^.

168 ... 113 24

33 138 11^

24 108

(iS)pws.

93 Woz.
72

213
192

Remains {21) gr.

Anfw. 29/^. Scz. iS pwt. ugrs. This and the lail Ex-
ample are the Reverfe pr Proof of thofe in Pages 43, 45.

I. In 42905 Ounces^ Averdupois weight How mzuy. Pcunds^
&c. ; Thus,
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Thus i6) 42905 (2681//^. (9Sqrs. (23 C.

109 2«;2 15

'^5

130
_^

161 (3)

^|)
;2i) Anfw. 23 C. 3yrj. iilh, goz.

21. In I^g66']20 Inches I How many Englijh Mihsy &c.
Anlw. 252 Miles, Sic. asoccafion requires.

There aie many ufeful Queftions may be anfwcred by the help

of Redu£fion only : As the changing of one fort of Coin for ano-

ther ; and comparing one fort of Meafure with another,

For Inftancc : Suppofe one had 347 RixdoUars, at 4 j. td. per

Dollar; and defired to know how many Pounds Sterling they

make,

347
54= the Pence In one Dollar, v/z. 4 J. 6d.:=: $^d,

'
1388

1735 20)

12) 18738^. (1561 s. (78/.

67 161

73 (0^-

18

(b)d.

Anfw. 78/. I s. 6d. Sterl are = 347 Rixdollars,

§uejl, 2. In 645 Flemijh Ells How many Ells Englijh ?

Note, 3 garters of a Yard Englijh make one Ell Flemijh^ and

I or ^ garters of a Yard, is an Englijh EIL
Therefore, 645

z=z the qrs of a Yard in I Ell Flemijh,

qrs in i Ell =5) 1935 (387 Englijh Ells for the Anfwer.

^ieji . 3. Suppofe a Bill of Exchange were accepted at London^

for the Payment of 400 /. Sierl. for the Value delivered at Amjier-

dam in Flemijh Wionty at i /. 13 j. 6d, for i Pound iS/^r/. How
much Flemijh Money was delivered at Amjierdam ?

Firji^ 1 1. 135. 6 J. = 402 ^, the Value of one Pound SterL

at Amjierdam.

Then, 402 d, x 400 r= 160800^. = 670 /. Flemijhy and fo

much was delivered at Amflerdam,

CHAR
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CHAP. IV.

0/ Slluigar iTtactionsf*

Sea. I. 0/ iQotation*

AFra^ioriy or Broken l^umhet^ is that which reprefents a P^r/
or Parts of any thing propofed, {vide Page 3.) anc?1fi cxpref*

fed by two Numbers placed one above the other w;fli a Line

drawn betwixt them :

3 Numerator,

4 Denominator^

The Denominator, or Number placed underneath the Line^

denotes how many equal Parts the thing is fuppofed to be divided

into (being only the Divjfor in Divifion). And tfhe Numerator,
or Number placed above the Line, (hews how mfsTry' ttf thofe

Parts are contained in the Fraction (it being the^lemainder after

Divifion), f^e Page 29.) And thefe admit of three Diftindions:

t Proper or Simple

Viz. J Improper L Fra^ions»

I Compound 3
A proper, pure, or Simple FraSiiony is that which is lefs than

an Unit. That is, it reprefents the immediate Part or Parts of

any thing lefs than the whole, and therefore it's Numerator is

al^^ays lefs than the Denominator.

As5 ^ Fourth Part, c s is one Half.

I \ is one Third Part, c f *s two Thirds^ &c.

An Improper Fra^ion is that which is greater than an Unit.

That is, it reprefents fome Number of Parts greater than the

whole thing; and it's Numerator is always greater th'an the

Denominator.

As f or 7 or fj &c.

A Co?npound Fraction is a Part of a Part, confiding of feveral

Numerators and Denominators conneded together with the

Word [of].

As I
of

;J
of ISc. and are thus read, The one Third of

the three Fourths Q){ the two Fifths of an Unit.

That is, when a Unit (or whole thing) is firft divided into

any Number of equal Parts, and each of thofe Parts are

* fubdivided
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fubdivided into other Parts, and fo on : Then thofe laft Parts arc

called Compound FraSiions^ or FraSiiom of Fra£iions,

As for inftance, fuppofe a Pound Sterling (or 20 j.) be the Unit

or Whole; then is 8 i. the f of it, and 6 s, the % of thofe two

Fifths, and 2j. is the | of thofe three Fourths ; viz, 2j.= j of

i of f of one Pound Sterling. .

All Compound Franions SLte reduced into ^j/fp oiies, Thus^

RULE. ^ ^

Multiply all the Numerators into one anotherfor a Numerator,

and all the Denominators into one anotherfor the Denominator,

Tbus the \ of i of f will become J^.^ Or -V-

For I X 3 X 2 n= 6 the Numerator, and 3 x 4^ 5^)5= 6o the De-
nominator, but or oiTa/. Sterl. is 2s. As above.

Sea. 2. To mZt Cfjange different fcaCtiaUjS into
^-^ ' Denomination retaining the fame Value,

TN order to gain a clear Un(^erftanding of this Sedlion, it will

,

be convenient to premife this Propofition, viz. If a Number
multiplying two Numbers produce other Numbers, the Num-
bers produced of them fhall be in the fame proportion that the

Numbers multiplied are, i'] Euclid-].

That is to fay. If both the Numerator and Denominator of

any Fra^ion be equally multiplied into any Number, their Pro-
duds will retain the fame Value with that Fradion.

As inthefe,iiL^=±. Ori2liz=L Or i^L^ =
3x2 6 3x3 9 3x5 15

That is, 4 and ±. Or | and |. Or f and i° are of the fame
Value, in refped to the Whole or Unit.

From hence it will be eafy to conceive, how two or more
Fradions that are of difR-rent Denominations, may be altered or
changed into others that (hall have one common Denominator,
and ftill retain the fame Value.

Example. Let it be required to change ~ and |- into two other
Fradions that fhall have one common Denominator, and yet re-

tain the fame Value.

According to the foregoing Prcpofition, if -f be equally multi-

plied with 7, it will become ^4^, vix. lU r= 11. Again, if4.be
3x7 21 ^

equally multiplied with 3, it will become a'V, viz, 5iLl = ^ .

7 X 3
H AnJ
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And by this means I have obtained two new Fractions, and ^^7,

that are of one Denomination, and of the fame Value with the
two firft propofed, viz. It = 3 and -^^j ~ ^7-.

And from hence doth arife the general Rule for bringing all

Fradlioris into one DenomiHation.

R U L
Multiply all /^'^^enominators into each other for a new (and

common) Denominator. And each Numerator into all the Deno-
minators but it's owHy for new Numerators.

Example. Let the propofed Fra6tions be |, and |, .

Then, by the kule,

A new Denominator And the new Numerators will

will be thus found. be thus found.

3 I

.

2. 3- 6

5 K 3 3 3

i5 5 b 9 18

4 4 •4 5 5

60 20 24 45 90
7 / 7 7 4

420 140 . ib6 . 315- 3bo

Hence 420 is the common Denominator', and 140 . 168 . 315 .

360, are the new Numerators ^ which being placed Fradtion-wife

areM§ . -lU . iU'^Hi^y the New Fradions required.

That is, 1^ = 2 = l and S^ =t
420 3 420 5 420 ^ 420 7

Sea. 3. "To bring mix'd jQUHlberg into JFraCtiOHjS^ and

the contrary,

Ti/lIX'D Numbers are brought into improper FraHions by the

following Rule.

RULE.
Multiply the lmegp.rs, or whole Numbers, with Denomina-

tor of the given FraHion, and to their Produ^ add the Numerator,

the Sum will be the Numerator of the FraSfion required.

Example. 9 f by the Rule will become ^f. For 9x5 = V'
And, -j- f ~ the improper Fraftion required.

Again, 13 ft will become ^,-5^. For 13 x 15 =
And -i^,^4-7t==-rr. And fo for any other as occafion require?.

To find the true Value of any improper Frad^ion given is only

the Converre of this Rule. For if = 9 y, as before i^ evident

:

• * Then
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Then it follows that if 49 be divided by 5, th,e Quotient will

give 9 f. And if 206 be divided by 15, it will give 13 15, ^V.

confequently it follows, that

If the Numerator of any improper Fra£lion be divided by it*s.

fienominator, theQ^iotient will difcorer the true Value of that

Fraction.

EXAMPLE^.
1/= 5. And^f= 4 J, And ~ 6 ^V- Or y-= 3 ^ ^c.

^

When whole Numbers are to be exprelFed Fradion-wife, it is

but giving them an Unit for a Denominator. Thus 4.5 is ^4^^.

9 is fj and 25 is n\ ^c.

Sea. 4. To abb?^iate Eesiice jTuactions! into

their Lowejt or heaft Denomination,

npHIS is done, not out of any neceffity, but for the more
convenient managing of fuch Fra6iiom as are either propofed

in large terms ; or fwell into fuch, either by Addition or other-

wife : befides it is moft like an Artift to exprefs or fet down all

FraSiions in the loweft terms poflible; and to perform that^ it

will be neceflary to confider theie following Propofitions,

Numbers are either P^ime or ConipCfCfi*

1. A Prime Number is that which can only be meafured by

an Unit. Euclid'], Defin,\\,
That is, 3, 5, 7, II, 13, 17, ^c, are faid to be Prime Num.r

bcrs, becaufe it is not poffible to divide them into equal Parts by
any other Number but Unity or i.

2. Numbers Prime the one to the other, are fuch as only an

Unit doth Meafure, being their common Meafure. Euclid 7.-

Defin, 12.

For inftance, 7 and 13 are Prime Numbers to each other,

becaufe they cannot be divided by any Number but an Unit.

And 9 and 14 are alfo Prime Numbers to each other, for altho'

3 will meafure or divide 9 without leaving a Remainder ; yet 3
will not meafure 14 without leaving a Remainder : Again, altho*

2 will meafure 14 without any Remainder, yet 2 will not mea-
<ijre 9 without leaving a Remainder, 6V.

3. A compofed Number is that which fqme certain Number
meafureth. Euclid 'j. Defin.

For inftance, 15 is a compofed Number of 3 and 5, for 5 « 3= 15, confequently 3 or 5 will juftly meafure 15. Alfo 20
Hz is
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is compofed of 5 and 4, viz, 5x4= 20, therefore 5 and 4 will

each juftly meafure 20,

4. Numbers compofed the one to the other, are they which
fome Number, being a common Meafure to them both, doth mea-
fure. Euclid 7. Defin, 14.

That is, if two or more Numbers can be divided by one and

the fanje Divifor ; then are thofe Numbers faid to be compofed
one to another,

For Inftance, 14 and 21 are Numbers compofed the one to

the other, becaufe they can both be meafured or divided by 7,

For 7x2 = 14, and 7x3= 21; therefore 7 is a common Mea-?

fure to 14 and 21. So that if H were propofed to be abbrevi^

ated, it will become ^.

Thus J
7)i4=^

c 7) 21 = 3

And how thofe greateft common Meafures may te found

comes from Euclid 7. Prob, i, 2, 3, and is thus:

RULE.
Divide the greater Number by the hjjer^ and that Divifor by ihi

Remainder (if there be anyJ, and fo on continually until there be no

Remainder left : Then will that laji Divifor he the greateji common

Meafure {and if it happen to be then are thofe Numbers Prime

Numbers y and are already in their loweji Terms ; hut if oiherwife)

Divide the Numbers by that lajl Divifor^ and their patients will

he their leajf Terms required.

•

EXAMPLE.
Let it be required to find the greateft common Meafure of 72

and 108, viz. of t'oV

72) 108 (i

72

36) 72 (2 J 11^^^ becaufe there is no Remainders

72 t 36 is the greateft common Meafure.

rr^t t C '?6) 72 = 2 7 Hence tV? is abbreviated
Therefore,

| J^J-^
_~ | ^^.^^^ 1^^^^ Terms.

Again, to fitd the greateft common Meafure of 744 and 899*

Thus,
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Thus, 744) 899 (I

74-4

iSSJ 744 (4
620

124) (I

124

3O 124 (4
124

(o)

Here 31 is found to be the greateft common Meafure by which

744 and 899 may be abbreviated to 24 and 29 their ioweft Terms.

Thus, If J (=?|, ^c.

Note^ If the propofcd Numbers be even, they may be brought

lower by a continued halfing of them, fo long as they can be

halfed, viz. divided by 2.

EXAMPLE.
It is" required to Reduce || to it's leaft Terms.

Firft. I) il ( = -J|. Again, I) || ( = i|.

This done, you eafily perceive that 7 will be the common Meafure
to 14 and 21, 'viz.. ^) ^t- (= t>

If the Numbers propofed to be reduced have each a Cj'pber,

or Cyphers annexed to them, they will be abbreviated by cutting

ofF alike Number of Cyphers from both.

Thus, Yo% will be fi. And |§§ will be |, &c.

That is, 4|-§=:|§z=^. And^^o:::^^^ And i|§ =i4= iJ=-,V

Sea 5. mAtim of Smtim.
XTTHAT hath been done by the Rules in this Chapter, is

^ ^ chiefly to prepare and fit Fractions of different Denomina-
tions for Addition or SubtraSiion^ as Occafion requires, viz. If

they are Compound FraSiions^ they muft be reduced to Simple or

Ture Fra^ions^ per Rule, SeSf. i.

If they are of different Denominations, they muft be altered or

changed, per Rule, SeSf. 2.

That is, all FraBiom muft be brought into one Denomination
before they can either be added or fubtradled 5 and that being

done, Addition is thus performed.

RULE.
Add together all the Numerators, and their Sum will be a New

Numerator^ under which fuhfcribe the Cmmon Denominator,
^

' Eienmpks
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Examples in %[VX^\t ^ttHlmX^M
Let it be propofed to add |, |, and J together. Firft, ^ =

I= I-*,
and J= 1-^-, per Sea, 2.

Then |g + + -J| = |g-, the Sum required, which according to

Seaion 3, is i J§, 4| = i |a.

Examples in CompOUnQ JFtaCti'Ong*

Let it be required to add \ and | of J into one Sum. Firft f of |
becomes r* or ^ per Sed. 1 . And (per Seft. 2.) and | is -^^ and

o'/s;. 4^= Ti, and i =; -^^ ; but -j- = ii 'he Sum required, njix.

-I. ^ of ? —

Examples in XWiXt^ Mimhtt^.
It is required to add 5 -f

to 7 |, thefc per Sed. 3. will be and

But Y and will become ? | and per Sedl. 2. Then f|+
Aj^^-, and zz: 13 -J?- the Sum requir«d.

Or you may bring only the FraSiions to oue Dfenomination,

Thus, 5 -J
and 7 3 will become 5 t^^; ^'^^ 7

Then 5 + 7 -.^^= 1 2 That is, 1 3 ^5^. As before.

Seft. 6, ©ubttacti'on ^/ iFractiong*

RULE.
qUBTRJCT one Numerator from the other [according as the,

^^^ftion required) and their Difference will be a new Nume-
rator^ under which fuhjcribe the Common Denominaior^ as iri,

Addicion.

E X A M P L E I,

Let it be required to take ^ out of^^. Firft ~ and \ per Se£l. 2. will

become^ and || ; then || -~ || = i^-, that is, f— | = As
was required. EXAMPLE 2.

It is required to fubtradl 4 I ^^m 4|. Firft, 4 of | ==^ p§r

Seft. I. Again \\ and 4| will become \W and -^H* P^^" 2,

Then - Ifl-= ifJ.

From 6 \ fubtraa 3 . Firft, 6 | = and 3 \% =: i// per

Me Seft 3. Again, = V,^-, and VA^ P^^ RuleSed. 2.

Then, ^3^^^^- Y8--f = W#= ^ ft?= 2
^-J . Or otherwife thus:

Firft,
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Firft, 61=51, then bring f and into one Denomination, viz^

S I= 5 ill and 3 if = 3 ifJ.
Then sni— Z iil= 2 IfJ == 2 • As before.

EXAMPLE.
Let it be required to fubtra£l of I of |- from 7.

Firft. I of
I-
of ^= t'sV And 7 = 6

Then 6i-|| —
-i^^-^ = 6H§ = 6a=7-i-of 5 of |. As was

required.

If thefe few be well underflood, the whole Bufinefs

of adding and {uhtv2i^\n% Vulgar FraSfions will be eafy ; which
is really much more difficult to perform than either Multiplica'

iion or Divijion ; as will appear in the next Se^ion.

Sea. 7. Multiplication of jfcactions,

TN order to perform either Multiplication ox Divifion^ you muft
prepare the Terms to be multiplied (or divided) thus ; reduce

Compound FraSlions to Simple ones, per SeSf. I. Bring mixed
Numbers into improper FrcSfions^ and exprefs whole Numbers
FraSfionwife^ perSe^. 3. Alfo it will be convenient to abbre-

viate them to their fmalleft Terms, when it can be done. Then
Multiplication may be thus performed.

f Multiply the Numerators one into another for a new Nu'
Rule. < merator ; and the Denominators one into anotherfor a new

L Denominator, As in ihefe

EXAMPLES.
1. The Produa of | into \ = -,V That is, = ~.

5x7 35
2. And the Produas of 1% into |^ = {if. Or -5-^.

3. Again, the Produft of into | of | = -^f-^. Or -

For I of 4 = if. Then x jf = ^ft = A-
4. Let it be required to multiply 6 with 3 |. Thefe prepared for

the Work will ftand thus. 4 x

'Viz. 6 =: 5 and 3 f =: Y. Then ^ x ^ = -f-» 20 |.

Or, othervvife thus 6x3 = 18. And | x 6 z= -5- ~ ^ ?•

Then 18 + 2 | = 20 3^. As before.

5. Let it be required to multiply 7 ^ with 5 y.

Firft 7 f = V and 5 4- =: -^i. Then V x ¥ = '
6 3" = 4^ |j-

Now the Reafon of this Rule for multiplying of Fraifions^

and confequently of thefe Operations, and all others performed by

it; will be evident from this fgllowing.

Viz.
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Viz. If I be multiplied with acccording to the Rule, their Pro-

dua will be ^6-. But = 8.

Now I = 2, and =: 4 per Sedt. 3. But 4x2=8.. Ergo^ &c.

Sea. 8. Diai'lion ^/ jFtactfon^.

'TpHE Pranions being firft prepared as before dire£led, Divifan
may be thus performed

:

{Multiply the Numerator of the Dividend into the Deno-

minator of the dividing Frahion for a new Numerator : and
multiply the other Numerator and Denominator togetherfor^
new denominator,

EXAMPLES.
1. Let 3*3. be divided by |, n;iz. \) -j\ (tVt = t the Quotient.

That is, according to the Rule 6 x 7= 42 the new Numerator, and

35x3= 105, the new Denominator, l^c. as above.

2. Let it be required to divide |f by V^, iz/s. tV) (l-j? = i I •

For 1 2 X 20= 240 the new Numerator, and 27 x 5 = 135 the new

Denominator.

3. Suppofe it were required to divide y\ by \ o{\.

Firft ^ of =: ~. Then U^- — -7-

4. Let 20 1 be divided by 3 f ; <viz. -f- by "5- :

For 20 1= ^f^, and 3 f = Y- Then V) -f^ (= 6 the Quotient.

5. Let it be required to divide 40 1| by 5 i.

Firft, 40 II = ^^f^, and 5 ^ = Then (\^3*,\^.

But -^-^^(^ == 7 f the true Quotient required.

6. Suppofe it were required to divide 13 by

Firft, 1 3 = ^1^. Then f) {^^ = 1 8 |, the Quotient.

7. Again, let it be required to divide ^ by 6.

Vi%, I) \ for the Quotient required.

N. B, From hence you may obferve, that when any whole
Number is divided by a Fra6lion lefs than Unity or i, the Quo-
tient will be greater than the Number propofed to be divided

;

But if any Fra<5tion be divided by a whole Number, greater

than I, then the Quotient will be lefs than the Dividend : As in

the two laft Examples,

As
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As to the Reafon {01 Proof) of \k^\%Rule for dividing Fra^iom :

It is only the Converfe to that of Multiplicaiioriy and will be very

evident from this following.

Let be divided by f . Which according to the Rule 1$

thus, J) if {\% = 4. The true Quotient. Now = 8. And
1=2. per Se^. 3. Confequently Y divided by t is but the

fame with 8 divided by 2, viz. 2)8(4. The ^otient as

before.

I could have inferted Geometrical Demonjlrations^ for the Rules

of Multiplication and Divijion of Fra£lions ; but fuppofing the

Learner purely unacquainted with thofe kind of Demonftrations,

I thought thefe might be more intelligible to him, efpecially in

this place.

c H A p. V.

Of l>eamal ifracti'onsi*

JT^JI E A^j h whom, this excellent Invention of Decimal

Arithmetick, was /ir/l introduced is uncertain ; but doubtlefs

it's Improvements^ and the Perfe^ions it is now in, is owing to lat*

ter Tears,

Sea. I. Of jeatattott.

T N Decimal Fractions, the Integer or whole Thing (whether it

be Coin^ Weight, Meafure, or Time, &c.) is fuppofed to be

divided into Ten equal Parts ; and every one of thofe Ten Parts

are fuppofed to be fubdivided into other Ten equal PartSy &c. ad
infinitum. '

The Integer being thus divided [by Imagination) into 10, lOO,

1000, 10000, i^c. .equal PariSy becomes the Denominator to the

Decimal Fra6tions^

ThiK * _3 . 7 7S4- fe?r

Now thefe Denominators are feldom or never fet down, but

only the Numerators ; and thofe are cither diflinguifbed, or fepa-

rated from whole Numbers by a Point oca Comma.

Thus, 5,4 is 5 -^o. and 0,7 is -^-q. 35,05 is 35 y^^, 6*^:.

But before we proceed further in Notation, it will be conveni-

ent for the Learner to confider the following Table., (taken out of

the learned Mr Oughired's Ciavis Maihematica) which fhews the

very Foundation of Decimal Fractions.

I Whole



£8 Part L

Whole Numbers^ Decimal Parts,

5 4 3 2 i Oj I 2 3 4 5 6

Tens,
Huna

ThoujTens
Part.Part:PartiPartiPartiP^rti

Units

^3 s-

•

5 ^ ^ ^ ^ ^ ^
^ a ^ o ^ ^

^ § J ^ ^

• •

By this Table it is evident, that as in whole Numbers or Inte'-

gerSy every Degree from the Units Place increafes towards the!

left-hand by a Ten- fold Proportion : So in Decimal Paris every

Degree is decreafed towards the right-hand by the fame Propov
tion^ viz. by Tens.

Therefore thefe Decimal Parts or FraSlions^ are really rhof6

Homogeneal^ or agreeing with whole Numbers^ than Vulgar Frac-

tions ; for indeed all plain Numbers are in efFefl but Decimal Parts

one to another.

That is, fuppofe any Series of egual Numbers^ as 444, i^c.

The firfl: 4 towards the Left is Ten times the Value of the 4 in

the tniddle, and that 4 in the middle is Ten times the Value of

the iaft 4 to the Right of it, and but the Tenth Part of that 4 on
the left, ^V.

Therefore alt or any of them may be taken either as Integers^

or Parts of an Integer: If Integers^ then they muft be fet down
without zny Com?na or feparating P<?/«^ betwixt them thus, 444
But if /«/^^^rj, ?iv\d onQ Part ov FraSiion^ put 3. Comma betwixt

them thus, 44,4 which fignifies 44 whole Numbers, and 4 Tenths

of an Unit : Again, if two Places of Parts be required, feparate

them tvith a Comma thus, 4,44 '^Iz. 4 Units^ and 44 hundred

Paris of an Z7;?/>, ^c.

From hence (duly compared with the Table) it will be eafy to

conceive that Decimal Parts take their Denomindtion from the

Place of their laft Figure,

That is, \ ,56 = -i^^ i Parti ot an Unit, &c.-

^ .^56 = .11.3
^^^^^^
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Cyphers annexed io Decimal Parts, alter not their Value, As

,50, and ,500, or ,5000, ^c. are each but 5 Tenths of an Unit,

For 1^-0°.= tV And 3^,°,",-= Or t'oI°o% =?TVf FirSe^.4..

of the laft Chapter.

But Cyphers prefixed to Decimal Parts decreafe their ValuSy by

removing them further from the C(7/ww^7.

r ,5 = 5 Tenth Parts,

rp, \ ,05 = 5 Parts of a Hundred.

.

* ' 1 ,005 =: 5 Parts of a Thoufand.

L ,0005=5 P^r/i of Ten Thoufand, &c.

Confequently the true Falue of all Decimal Parts tlkq known hf
their Diftance from theLW/j Place; the which being once rightr

\y underflocd., the reft will be eafy.

Sea. i^Dtiition and ^{Mtnaim cfiOzzmMf

I
N fetting down the propofed Numbers to be added, or fub-

tracSted, great care muft be taken in placing every Figure di-

re(5lly underneath thofe of the fame Value, whether they be mix'd

Numbers, or pure Decimal Parts, and to perform that you muft

have a due regard to the Comma's, or feparating Points, which

ought always to ftand in a dired Line one under another ; and to

the Right-hand of them carefully place the Decimal Parts, accord-

iag to their refpedtive Values, orDiftai>ces from Unity. Then

r Add orfuhtraSf them^ as if they were all whole Numbers ;

Rule \ andfrom their Sum, or Difference, cut offfo many Decimal

t Paris as are the moji in any of the given Numbers.

EXAMPLES in mMWi.
Let it be required to find the Suni of thefe following Numbers,

'vtZ' 34>5+ ^5'3-^' 128,7+ 95 +87,8+ 7,9, which boing

fiuly placed, will itai^d

34»5

128,7

7>9 .

Their Sum required, 419,2 ,

I 2 EXAMPLE.

Thus,
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Let it be required to find the Sum of 25,8544-34,578+
9,076 + 13,907.

25,854

34,578
9,076
13^907

83,415 The Sum required.

When the Decimal Parts propofed to be added (or fubtrai^ed)

have not the fame Number of Places, you may for convenience

of Operation fupply or fill up the void Places, by annexing Cy-
phers. As in thefe Examples,

EXAMPLE 2^ EXAMPLE 4,. EXAMPLE s>

45,0700 574,678953 0,975642
50,7580 95,796430 ,745257

123,0057 78,054600 ,000598

^ "74,7020 54,789000 5800700
24,8000 8,900000 ,640530

318,3357 812,218983 3,162727

'

EXAMPLES in %mmm.
Let it be required to find the Difference between 45,375 and

74,284.

EXAMPLE u EXAMPLE!. EXAMPLE 2^

;c 5 From 74,284 From 437,5 From 75,0034
1 nar is,

^ -pake ^-^^^c Take 80.6^7 Take ^7,87^?

Remains 28,9^ 9 347,<543 ^7,1284

EXAMPLE 4.

Let it be required to find the Excefs between 562 and 93,5784.

EXAMPLE^' EXAMPLE
ThiifK i

F'''"^ 562, From 345,757^
1 nat IS,

j Take 93,5784 Take 157,

The Excefs 468,4210 188,7578

Note^ The two laft Examples are fuppofed to be fupplicd with

Cyphers, which if a£tually done would ftand thus,

562,0000 345,7578
93,5784 157.0000

Remains 468>42i6 As before, 188,7578
EXAMPLE
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EXAMPLE 6. E X A M P LE 7.

From 0,547893 From 1,000000

Take 0,439758 Take 0^997543.

0,108135 0,002457

The Proof of Addition and Subtraction in Decimals, is th«

fame with that of whole Numbers, page 13, ^c.

Sed. 3. Multiplication of S/ecimals^*

WHETHER the Factors or Numbers to be multiplied are

pure Decimals, or mixed. Multiply them as if they were

all whole Numbers, and for the true Value of their Product ob-

ferve this

f Cut off'
(viz, feparate with a Commn) fo many Places

Rule
"J
of Decimal Parts in the Produ5l^ as there are in both

L the FaSlors accounted together. As in thefe :

EXAMPLE I. EXAMPLE 2.

3,024 32,12

2,23 24,;?

90 72 9 t)3 t>

6048 12848
048 642 4

6,743 S'^ ^

The Reafon why fuch a Number of Decimal Parts muft be

cut off in the Produdi, may be eafily deduced from thefe Ex-
amples. Thus,

In Example i. It is evident, that 3, the whole Number In

the Multiplicand, being multiplied with 2, the whole Number
in the Multiplier ; can produce but 6 {yi%. 3x2 = 6). So that

of neceffity all the other Figures in the Produ(ft muft be Deci-

mal Parts ;
according as the Rule dire6^s.

Or, the Rule is evident from the Multiplication of whole Num-
bers only : Thus, fuppofe 3000 were to be multiplied with 200,
their Produdt will be 600000 ; That is, there will be fo many
Cyphers in the Product, as are in both the Factors. {Fide page iS.)

Now if, inftead of thofe Cyphers in the Fa<Slors, we fuppofe the

like Number of Decimal Parts ; then it follows, that there ought

to be the fame Number of Decimal Parts in the Product, as there

were Cyphers in the Factors.

Again, the Rule may be otherwife made evident from
Vulgar Fradions, thus: Let 32,12 be multiplied with 24,3,

and
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and. their ProducSl will be 780,516 as in Example 2, above.
Now 32,12 = 32 tVo. and 24,3=247^0. which being brou2;ht
into Improper Fraaioas { per SeSf. 3, pa^e 50. ) wiil become
32 T^^^ = \h'o\ and 24 -^^ = ^f^K

Then Wo- xW= -f^ld-. per Se^f. 7. 55.
But §1;^ =: 780 f Wz. 780,516, as before.

Any of thefe three Ways do, I prefume, fufficiently prove the
Truth of the abovefaid Rule, ^c.

«

EXAMPLE 3. EXAMPLE 4,

7^1546 5745
43P ,0675

47i'^7<^ 28725
235^38 40215
3Hi^4 . 34470

34246,056 387,7875

N. B. // fometimes falls out in multiplying Paris with Parts^

that there will not he fo many Figures in the Produt^y as there ought

to he places of Decimal Parts by the Rule : In that Cafe you muft

fupply their DefeSi by prefixing Cyphers to the Produfi j as in thefe

^xamples»

EXAMPLE S' EXAMPLE 6,

52365 ,0347
>2435 ,0236

11825 2082

7095 J041

9460 6q4
473^^ ,00081892

.05758775

When any propofed Number of Decimals is to be multiplied

with 10 . 100 . 1000 . 10000, i^c. It is only removing the

feparating Point in the Multiplicand, fo many places toward*

the Right-hand, as there are Cyphers in the Multiplier.

Thus, ,578 X 10 = 5,78. And, ,578 X 100 = 57,8.

Again, ,578 X lOOQ = 578, Or, ,578 x loooo = 5780.

Thefc
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Thde things being confidered, it will be eafy to multiply

Decimals, and determine their true Producls. As in thefe (oh-

lowing Examples.

57,056 multiplied into 0,578 will produce 32,97836^

7,6543 into 5,4246 will produce 41,52151578
0,56879 X 0,05674 z= 0,0322731446
G5O3246 X 0,02364 = 0,0007672544
87649 X 0,03687 = 3231,61863

^4535786 X 6,57869 = 620,7511100034

3,141592 X 52,7438 = 165,6995001296

Now it oftentimes happens, that it will be needlefs to exprefs

all the Figures of the Product at large, (efpecially, when the

Fadlors have each of them many places of Decimal Parts, as m
the two laft Examples) only fo many of them as may fuffice for

the intended Defign ; and yet the Product may be as true to fo

many Figures as are retained, as if the Fa6lors had been.nwlti-

plied at large. And fuch compendious Contradtions are not on-

ly of Curiofity, but may alfo be found of great Eafe and Ufe ta

the ingenious Pra£litioner ; Clfpecially in refolving adfedled Equa-

tions, or in calculating of Trigonometrical Problems by the

Natural Sines and Tangents, ^'c. All which may be thus per-

formed.

Viz. Set the Unit's Place of the Mult'ipUcr dircSfly underneath

that Figure of the Midtiplicand^ whofe Place you intend to keep in

the ProduB ; and place all the other Figures of the Multiplier in a
quite contrary Order to the ujual luay. Then in multiplying^ always

ii'gin at that Figure of the Multiplicand which Jiands over the Ft"

^ure wherewith you are then a multiplying^ fetting down the firji

Figure ofeach particular Produ/ff^ dire^ly underneath one another ;

yet herein you mujl have a due Regard to the Increafe which would

tirife out of the two next Figures to the PJght-hand of that Figure in

the AiultipHcand which you then begin with,

EXAMPLE.
Let it be required to multiply 3,141592 with 52,7438 and

let there be only four Places of Decimal Parts retained in the

Piodua.

If the propofed Numbers were to be multiplied at large they

iTiuft ftand in a direct Order as uiijal.

Thus \ 3'^^^^^^ \ ^"^^ would produce ten Places of
" ' 5^^7438 5 Parts, as in the iafl Example.

* But
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But feeing it is required to have only four Places of thofe Parts

in the Produd, fet them down as before di reded, and they will

fland

Tu 5 3>^4I592 The Multiplicand placed as before,
^ i 8347,25 The multiplier in a reverfe Order.

The Produ6l with 5, regard had to5 times 2.

The Prod udl with 2, increafed with 9x2.
Produd with 7, increafed with 5x7 + 9x7.
Prodiiil with 4, increafed with i x 4+ 5 x 4.

Produ(5^ with 3, increafed with 4 x 3.

Produdl with 8, increafed with 4x8 + 1x8,

165,6995 The true Produ£l as was required.

The Reafon of this Contradion is very obvious from the whole

Opejation wrought at large.

1570796
62832

21991

1257

94
25

Thus
c 3,141592
I 52,7438

25 132736

94 24776
1256 6368

2 1991 144
6283] 84

157 0796 0

165,6995 001296

From hence it is evident^ that all the

Figures in the Square to the Right-hand^

are wholly omitted in the former Contrac-

tion ; and that the laji fingle Product

here^ is the firjl there ; confequently the

Reafon ofplacing the Multiplier in a re-

verfe Order^ tmjl needs appear very plain.

EXAMPLE 3.

Suppofe it were required to multiply 257,356 with 76,48 and

to have only the entire Product of integers.
'

257,356
84,67

180x5
J544
103
20

19682

The fame at large
|

^'^y^'^^g

20 58848
102 9424

1544 136
I 80 1

4

92

19682,58688

The chiefeft Care and Difficulty that attends thefe Contrac-p

tlons, is the true fetting down of the Units place in the Multi-

plier underneath the proper Figure of the Multiplicand, accord-

ing to the deligned Produpl.

Viz,
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Viz. In Example i. It was required to have four Piaces of

Decimal Parts in the Produdl ; therefore the Unit's Place of the

Multiplier, was fet under the fourth Place of Decimals in the

Multiplicand : And in Example 2, becaufe it was required to

have an entire Product of Integers only ; therefore the Unit's

Place of the Multiplier, was fet under the Unit's Place of the

Multiplicand. This, I fay, being once rightly underftood, will

render the Method eafy in Pra(^ice.

Se<a. 4. 2Dit)!(ion of 2r>cci'nials?»

T\1VISI0N is accounted the moft difficult Part of Decimal
^-^ Arithmetick : In order therefore to make it plain and eafy,

it will be convenient to refume what has been faid in page 25.

f The ^otient Figure is always of thefameVdue or Degree

Viz. < with that Figure of the Dividend^ under which the Unites

LP/ace of it's Produa flands.

As for Inftance, Let 294 be divided by 4.

f This is not 7 but 70, becaufe the Units

4) 294 (7 \ Place of 4 X 7 Ihnds under the Tens Place

28 ' Cof the Dividend.

14 (3 But this is only 3.

12

Remains (2j Hence 73 \ is the Quotient,

Now if to the Remainder 2 there be annexed a Cypher (thus,

2j0) and then divided on, it muft needs follow that the Unit's

Place of the Produ£l anfing from the Divifor into the Quotient,

will ftand under the annexed Cypher ; confequently the Q^iotient

Figure will be of the fame Value or Degree with the Place of

that Cypher : But that is the next below the Unit's Place, there-

fore the Quotient Figure is of the next Degree or Place below
Unity 5 That is, in the firft Place of Decimal Parts.

Thus 4) 2,0 (,5

So that 4) 294,0 (73,5 the true Quotient required.

This being well underftood, Divifion of Decimals may (in all

the various Cafes) becafily performed. However, that it may be

rendered plain and eafy even to the meaneft Capacity, if poiEblc j

Let Divifion be again defined, as in page 21*
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Viz. // that Number which divides another^ be multiplied with

jhe Number uchicb is quoted^ their ProduSi will be the Number di-

vided.

This Definition alone (if compared with the Rule, page 6i.)

will afford a general Rule for difcovering the true Value of the

Quotient Figure in Divifion of Decimals.

The Place of Decimal Parts in the Divifor and ^otienty

being counted together^ muji always be equal in Number with

ihofe in the Dividend, And from this general Rule arifeth

'four Cafes

»

Rule

I

Caje I. Wheri the Places of Parts in the Divifor and Dividend

are equal, the Quotient will be whole Numbers.

As in thefe Examples,

8,45) 295,75 (35 0,0078) ,43^^ (5^

253 s 390

42 25 468
42 25 4.68

(0) (oj

Cafe 2, When the Places of Parts in the Dividend exceed

thofe in the Divifor ; cut off the Excefs for Decimal Parts in the

Quotient. As in thefe Example:,

24j3) 7^0,5 16 (32,12 436) 34246,056 (78,546

729 3052

515 3726
486 34.8H

291 2380

243 2180

4bb 5534) ,30438 (,57 2005

486 2670 1744

(o) 3738 2616

373^ 2616

(o) (o)

Cafe 3. When there are not fo many Places of Parts in the

Dividend, as are in the Divifor ; annex Cyphers to the Dividend

to make them equal. Then will the Quotient be whole Num-
bers, as in C*fe i.
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EXAMPLES.
Let it be required to divide 192,1 by 7,684, and 441 by

^7875-

7,684)192,100(25 ,7875)441,0000(560

38 420 47 250

38 420 47 250

(0) (o)

Cafe 4. If after Divi/ion is finiflied, there are not fo many Fi--

gures in the Qt^iotient, as. there ot4g;ht to be Places of Parts by the

general Rule ; fupply their defeat fcjy prefixing Cyphers to it.

EXAMPLES.
Let it be required to divide 7,25406 by 957.

957) 7^^5406 (,00758 the true Quotient required.

6 ^ 99

5550 • Again ,575) ,0007475 (,0013

4789 575

7656 1725

76^6 17-^5

Note^ When Decimal Numbers are to be divided bv 10. 100.

1000. 10000. that is, when the Divifor is an Unit with

Cyphers; Div.ifion is performed by removing or placing the fe-

parating Point in the Dividend, fo many Places towards the

Left-hand, as there are Cyphers in the Divifor.

EXAMPLE.
10) 57S4 (578,4 100) 57^,4 (57,84

1000) 5784 (5,784 10000) 578,4 (,05784

Note, Thefe Operations are the dire^ Converfe to thnfe In page 62.

I prefume it needlefs to give more Examples at large; only I

fhall infert a few Dividends, and Divilbrs, with their Qjotients,

wherein are contained 4II the Varieties that can happen in Divi-

fion of Decimals.

574) 493*0^6 ( 859 5,74) 49*3066 (8,59

574) 483,066 (,859 5,74) 493066,00 (85900

574) 49,3^66 (^0859 ,0574) 493'0665 (8590

5>74) 4930>66 ( 859 ,0574) ,493066 (8,59

K 2 There

\ ,
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There is alfo a compendious Way of contrad^lng Divifion, like
that of Multiplication, page 64, by which much Labour may be
faved ; efpecially when the Divifor hath many Places of Decimal
Parts in it : And it is thus performed.

Having determined how many Places of whole Numbers there
will be in the Quotient, if any at all ; or if none, of what Value
or Place the firft Figure in the Quotient will be : Then omit, or
prick off one Figure of the Divifor at each Operation ; viz. for
every Figure you place in the Quotient, prick off one in the Di-
vifor

; having a due Regard to the Increafe which would arife

from the Figure fo omitted.

EXAMPLE.
Let it be required to divide 70,23 by 7,9863.

The Work contra6led.

7,9863) 70,2300 (8,7938
,., . . 6? 8904

6339D

5 5904

7492
7187

305
239

The fame at Length.

7.9863) 70,2300 (8,7938

63396 0

5 5Q04 r

749] 90"

718- 67

304 230

239 589

64 0410
8904

0 7506

66

64

w
The Work contraAed I prefume is fo obvious (if compared

with the fame at large) that it is needlefs to give any farther Ex-
planation of it.

Sea. 5. "To Reduce mx%t!iX jfrarttonis into Decimaljf,
and the contrary,

A NY Vulgar Fra<5lion being given, it may be reduced, or ra-

ther changed into Decimal Parts equivalent to it. Thus,

! Annex Cyphers to the Numerator^ and then divide it by

the Denominator^ the Quotient will be the Decimal Parts

equivalent to the given Fra^fion ; or at leaji fo near it as

may be thought necejjary to approach,

^ E X

"
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EXAMPLE.
It is required to change or reduce 1 into Decimals.

4) 35OO (,75 The Decimal Parts required.

That is, I = = ,75-

Again | zi: ,5 ; thus 2) 1,0 ( ,5. And | z= ,25 ; 4) 1,00 (,25.

Suppofe it were required to change y into Decimals.

7) 4,0000000000 (>57 14^857 14
4-

Note, When the laft Figure of the Divifor, (that is, the De-
nominator of the propofed Fraction) happens to be one of thefe

Figures; viz. i . 3 . 7. or g. (as in the Example) then the De-
cimal Parts can never be precifely equal to the given Fraction ;

yet by continuing the Divifion on, you may bring them to be

very near the Truth. As in this Example; Suppofe it was re»

quired to change ~ into Decimal Parts.

13) 1,0000 (,07692307692307 ^c. ad infiyutum,

90 That is, 0,07692307692307 1= -j'^ fere,

120 And from hence it maybe farther

1
1
7 obferved ; that in thefe imperfe6l Quo-

tients, the Figures do return again and

26 circulate in the fame Order as before:—~— as you may eafily perceive they begin

Q to do in the feventh Place of both thefe

laft Examples.
10

&c. As at firft.

Thefe being underftood, it will be eafy to find the Decimal

Parts equivalent to any known Part or Parts of Coin, Weights^

Meafures, Time, l!^c. If you firft reduce the given Parts of Coin,

i^c. into a Vulgar Fraction, whofe Denominator is the Number
of thofe known Parts contained in the Integer, and the given

Parts it's Numerator.

Examples In Com, &c.

T. Let it be required to find the Decimals of 16 x. 6^/. Firft

16 J. = 41 of one Pound, and 6 J. = -io of i /.

But II -i^ = Then 40) 33,000 (,825 the Decimal
parts required: That is, 825 =z i6j, bd.

Again, Suppofe it were required to find the Decimals equal to

3^- ^3^- 4^-
Here
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Here 3/. is 3 Integers, and 13 j. =: ~± of 1 1, and 4.^. =^Jjy,
But il- -f- tIo = llo- Then 240) 160,000 (0,666666 &c.
Hence 3/. i^s. 4^'. =z 3,666666 ^sf^:. As was required.

2. What are the Decimals equal to 7 I Inchcf, one Foot being
made the Integer.

Firfl, 7 Inches are cf i Foot, and | of i Inch are ^-j. But
T^a 4- ^¥ = if Then 48) 31,000 (,64583 ^c. z= 7 | Inches.

3. Let it be required to change 8 Oz. 19 Pzvt, 8 Grains into

Decimals; one Pound Troy being the Integer.

Thefe being reduced into the leaft Terms, and added together,

will become ^^|^ of i Pound.

Then 5760) 4304,000 (,74722 ifc. The Decimals required.

And thus may any propofed Parts of Coin, Weights, Mea-
fures, ^c. be reduced or changed into Decimal Parts; which
perhaps may at firft fecm fomewhat tedious in Practice, but being

a little acquainted with them it will be found very eafy ; and the

ingenious Practitioner will (with a little Confideration) foon find

how to reduce them almoft mentally; or with the help of a very

few Figures, without the ufe of fuch large Tables as are ufually

inferted in Books of Decimal Arithmetick ; or at moft tbey may
be contracted into fuch as thefe following, v/hich if duly applied

to thofe Tables in Chap. 3, will be found very ufeful.

Decimal Tables.

In Englifh Coin.

0,05 =15.
0,0046667 z^i id.

0,00104167 zz: I Farthing.

J I. being the Integer.

Troy IFeight.

0,05 = I Pivt.

0,00208333 zn I Grain.

I Oz. being the Integer.

Apthecariei IVeight.

0,125 I Dram.
0,04166667 zz I Scruple.

0,00208333 zz: I Grain.

I Oz, being the Integer.

Averdupois IFeight.

0,0625 .... =1 Ounce

0,00390625 zz I Dram.
I lb. being the Integer,

Averdupois Great TVeight.

0,25 =z I C.

0,00892857 zz I lb.

0,00055803 zz I Ounce,

I C. being the Integer.

Time.

0,04166667 zz I Hour,

0,00069444 — I Minute.

0,00001157 zz. I Second.

I Day^ or 24 Hours^ being

made the Integer.

The Ufe of thefe Tables will be evident by the following

EXAMPLE.
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Let it be required to find the Decimal Parts equivalent to

1 7 J. C)d. 2 Farthings

Firft 0,05 =: I J. Therefore 17 x ,05= ,85 -rzijs.

And ,004166= I Therefore ,004166 x 9= ,037494=9^.
Alfo 2) ,004 1 66 ,002083 ^{d.

Confequently their Sum, viz. 0,8895 7
7 1=1 7 J. 9I

Now to find the Value of Decimals in known Parts of Coin

or Weights, i^c. is only the Converfe of the former Work, and

is thus performed.

Multiply the given Decimals with the Denominator of the

Vulgar Fra6tion required: That is, multiply the Decimals with

fuch a Number of Units as are contained in the next lower De-
nomination of that Kind or Species which your Decimal is of j

and the Product will be the Number required.

' EXAMPLE,
I. What Is the Value of 0,825 Decimals of i Pound Sterling.

That is, how many Shillings, Pence, i^c. zzz ,825. Firft, the

next lower Denomination is 20, becaufe 20 j. make one Pound.

Therefore 0,825
20

Shillings 16,500 and Parts of i Shilling,

12

Pence 6,000 Anfwer 0,825= 16 j. 6 J.

Again, What are the known Parts of Englifti Coin equal to

3,666666 Decimals.

Here the 3 Integers are 3 Pounds. Then ,666666
20

Shillings 13,333320
12

Anfwcr 3,666666 = 3/. 131. 4^. 666640

3 3332
Pence 3,999840=4ncar.

What is the Value of 0,74722 Parts of i lb Troy,

Firft, ,74722 Then, ,96664 Again, ,33280
12 20 24

149444 Pwts, 19,33280 I 3312
7 4722

^
6 6=;6

Oz. 8,96664 7,98720
Oz. Pwr

Thef^ colledled are 8. 19. ^, very near.

And



72 ant&mCtiCft* Part 1.

And thus any propofed Number of Decimals may be turned or

changed into the known Parts of what they reprefent, viz. Whe-
ther they be Parts of Coin, Weights, Meafures, or Time, is^c.

I have omitted inferting more Examples of this kind, becaufe

I take the Excellency, and indeed the chief Ufe of Decimal Frac-

tions to confift more in Geometrical Computations, than in the

common or pracflical Parts of Arithmetick, as will appear further

on J although even in thofe they are very ufeful upon feveral Ac-
counts ; efpecially in the Computations of Intereft and Annuities,

ifff. But of that more in it's proper Place. I fhall therefore

conclude this Chapter, with a Remark or two upon the Nature

and Properties of Fra6tions in general.

If any given Number (whether it be whole or mixed) be mul-
tiplied with aFra6^ion either Vulgar or Decimal, the Produdl will

be lefs than the Multiplicand, in fuch a Proportion as the multi-

plying Fraction is lefs than an Unit or i.

That is ; as the Denominator of the FraSlion is to it^s Numerator

^

fo will the given Number be to the Produ£f,

Therefore, whenever any Number is to be multiplied with a

Fradlion, whofe Numerator is an Unit : Divide that Number by
the Denominator of the Fraction, and the Quotient will be the

Prod u<ft required. Thusi2x|=:3. And 12 -^-4=: 3. Again,

12 X f = 6. And 12 -r- 2 = 6, &c.

From hence it follows, that if any Number be divided by a

Fradlion, the Quotient will be greater than the Dividend, by

fuch a Proportion as Unity is greater than the dividing Fradlion.

Thus 12 I z= 48, viz. i : I : : 12 : 48, ^c. But the Truth
of thefe will be beft underftood after the next Chapter,

CHAP. VI.

Of COUtfmieSl IP^OpO^tl'OniS, ^nd how to change or vary

the Order of Things.

Seft. I. Concerning ArhhmGtic2i\ Progreflion, ufually called

Arithmetical Proportion Continued.

TTHEN any Rank or Series of Numbers do -either increafe

or decreafe by an equal Interval or common Difference j

thofe Numbers are faid to be in Arithmetical Progreflion.

* As
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- ii. 2. 3. 4. 5. 6. 7 ^c. ? Here the Interval or com"

^17.6.5.4.3.2.1 J mon Difference is i.

C 2 . 4 . 6 . 8 . 10 . 12 . 14. ^c. \ Here the common DifFc-

^ ^ ^
' 3 ' S * 1 * 9 '^I'^S' ' fence is 2,

And fo of any other Series, whofe common Difference is

3 . 4 . 5. esff.

Lemma I.

If any three Numbers be in Arithmetical Progreffion, the Sum
of the two Extremes {viz. the firft and laft) will be equal to the

Double of the Mean or middle Number.

As in thefe, 2.4.6. Or 3 . 6 . 9. Or 3 . 7 . ir.

^/z. 2
-f- 6=4-1-4. Or3+ 9= 64-6. And 3 4-11= 7-}- 7.

Lemma 2.

If any four Numbers are in Arithmetical Progreflion, the Sum
of the two Extremes will be equal to the Sum of the two Means,

As in thefe, 2.4.6.8. Or 3 . 6 . 9 . 12.

Fiz. 2 + 8 = 4 -f- 6. And 3-4-12 = 6 + 9. ^V.

Corollary I.

From thefe two Lemma's it is eafy to conceive^ that if never fo
many Numbers be in Arithmetical Progreffion^ the Sum of the two

Extremes ivill he equal to the Sum of any two Means^ that are eqtial"

ly dijianifrom thofe Extremes,

As in thefe, 2 . 4 . 6 . 8 . lO . 12 . 14 . 16,

Then 2 -4- 16 = 4 -f. 14 = 6 12 = 8 -|- 10.

Or if the Number of Terms be odd, as thefe^

2 . 4 . 6 . 8 , 10 . 12 . 14 . 16 . 18. b>.

Then 2-|-i8ii:4-f-i6=6-f-i4=:8-j-i2 = io-j-io.

Lemma 3.

Every Series of Numbers in Arithmetical Progreffion is com-
pofed of the Interval or common DiiFerence, fo often repeated as

there are Terms in the Progreffion, except the lirft.

As in thefe, 1.3, 5. 7. 9. 11. 13. 15. 17. l^c.

Here the Interval or common Difference being two, it will

be 1+2=1:3. 3+ 2=15. 5+2=7. 7+2= 9. 9+ 2=11.
II+-2 = I3. J3+-2zi:I5. I5-+2= I7. l^c.

Corollary 2.

Heme it is evident^ thai the Difference betwixt the two Extremes
(viz. I and 17) is compofed of the common Difference^ multiplied

Into the Number of all the Terms^ excepting the firjl.

As in the aforefaid Progreffion, 1.3. 1^7, 9.11. 13,15. 17*

L The
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The Number of 7>rms without the firft is S }

The common DifFerence U 7 \
^"^tiply

The Difference betwixt the tvt^o Extremes is ib

Propojition i.

In any Series of Numbers in Arithmetical ProgrefTion, the
two Extremes, and the Number of Terms being given, thence
to find the Sum of all the Series.

{Multiply the Surh cf the two Extremes into the
Number of

^
all the Terfns ; and divide the Produ^f

by 2
.
The ^otient tvill be the Su?n of all that Series,

PerCvrol, I.

EXAMPLE \,

It is required to find the Number of all the Strokes a Clock
flrikes in one whole Revolution of the Index, viz. twelve Hours.

Here i -|- 12 = 13 the Sum of the two Extremes.
X 12 the Number of all the Terms

26

Then 2j 150 (7a. The Number of Strokes required

EXAMPLE ^.

Suppofe one Hundred Eggs were placed in a Right Line a Yard
diftant from one another, and the firft Egg were a Yard from a

Bafket ; whether or no may a Man gather up thef* 100 Eggs

fingly one after another, ftill returning with every Egg to the

Bafket and putting it in, before another Man can run four Miles,

That is, which will run the greater Number of Yards.

In this Queflion 200+ 2= 202 Is the Sum of the two Extremes.

And X 100 Is the Number of all theTerms.

r The Number of Yards

Then 2) 20200 (ioioo3 he runs that takes up

^ the Eggs.

Nov^r 4 Miles= 7040 Yards J
The Yatds he runs that takes up

But lOioo — 7040 = 3060 ( the Eggs more than the other.

Proportion 2.

In any Series of Numbers in Arithmetical Progreilion, the two
Extremes and Number of Terms being given ; thence to find the

common Difference of all theTerms in that Series.

iThe
Difference betwixt the two Extremes^ being

divided by the Number of Terms lefs an Unit or I.

The Quotient will be the common Difference of the

Series* Per Coroh 2,

EXAMPLE
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EXAMPLE I.

One had Twelve Children that difFercd alike in all their Ages;
the youngeft was Nine Years old, the eldeft was Thirty-fix and

a half; what was the Difference of their Ages, and the Age of

each ?

Here 36,5 — 9 =2 9.7,5 The Difference of the two Extremes,

And 12 — 1 = II. The Numbers of Terms lefs an Unit,

Then 11) 27,5 (2,5 The common Difference required.

Confequently 9-4-2,5 z:: 1 1,5 The Age of the youngeft but one.*-

And 11,5-1-2,51=14 The Age of the youngeft but two.

fo on for the reft. Per Carol, 2.

E X A M P L E 2.

A Debt is to be difcharged at eleven feveral Payments to be

made in Arithmetical Progreftion. The firft Payment to be

Twelve Pounds Ten Shillings, and the laft to be Si;cty-thre^

Pounds. What is the whole Debt, and what muft each Pay-

ment be ?

Per Theorem i. Find the whole Debt thus:

12,5 -h 63 = 75,5 The Sum of the Extremes.

I I The Number of Terms.

75 5 '
"

755

2) 830,5 (415,25 = 415/. 5 J. The whole Debt.

Then, per Theorem 2. find the common Difference of each

Payment.

Thus 63 — 12,5 =; 50,5 The Difference of the Extremes.

And II — I =: 10 The Number of Terms lefs i.

Then 10) 50,5 (5,05 = 5/. IS, The common Difference,

/. 5. I. s. /. s,

Confequently 12. 10+ 5. 1 = 17. 11 The fecond Payment,

/. s. I. s. L s.

And I7.ii-j-.5.i = 22.i2 The third Payment, iffc,

EXAMPLE;^,
A Man is to travel from London to a certain Place in ten Days,

and to go but two Miles the firft Day, increafing every Day's

Journey by an equal Excefs ; fo that the laft Day's Journey may
be Twenty-nine Miles ; what will each Day's Journey be, and

.
how many Miles is the Place he goes to diftant from London P

L z Firft



Firft 29 — 2 = 27 The Difference of the Extremes.
And 10— I sz: 9 The Number of Terms lefs I,

Then 9) 27 (3 The common Difference.

Confequently 2-1-3 = 5 The fecond Day's Journey.
And 5 -f. 3 == 8 The third Day's Journey, ^c.
Again 29 + 2 = 31 The Sum of the Extremes.

10 The Number of Terms.

2) 310 (155 TheDiftance required.

There are eighteen Theorems more relating to Queflions in

Arithmetical ProgrefTion ; but becaufe they would require a great
many Words to lliew the Reafon of them : I therefore refer the

Reader to the Second Part, viz. That of Algebra^ where he may
find their Analytical Inve/iigation,

Sea 2.^Concerning ©eOltlrttlCal PlOpOJttOIt continued;

fometimes called Geometrical Progrejfion,

WHEN a Rank or Series of Numbers do either increafe by

one common Multiplicator, or decreafe by one common
Divifor ; Thofe Numbers are faid to be in Geometrical Propor-

tion continued.

C 2 . 4 . 8 . 16 . 32. here 2 is the common Multiplier,

t 64 . 32 . 16 . 8 . 4. i^c. here 2 is the common Divifor.

^ ^ 2 . 6 . 18 . 54 . 162. b^c. here 3 is the common Multiplier.
^ \ 162 .54.18.6.2. here 3 is the common Divifor.

Note^ The common Multiplier (or Divifor) is called the Ratio;

and it (hews the Habitude or Relation the Numbers have to one

another, viz, whether they are Double, Triple, Quadruple,

which Euclid thus defines.

Ratio (^rRate) the mutual Habitude or Refpe^ of two Mag-
nitudes [confequently two Numbers) of the fame kind each to other^

according to ^lantiiy^ Eucl. 5. Def. 3.

Proportion (rather Proportionality) is a Similitude of Ratio's,

Eucl. 5. Def. 4.

So that there cannot be lefs than three Terms to form a Pro^

portionality or Similitude of Ratio's ; and if but three Terms,

the econd muft fupply the Place of two, As in thefe 2.4.8,
Thar is, 2 : 4 : : 4 : 8. (of : : fee page s )

Here 4 the middle Term fupplies the Place of two Terms^

to wit, of the fecond and third y 5 bearing the fame Reafon,

Liken efsj,
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Likenels, or Proportion, to 4, as 4 doth to 2. vi^. As 2 : is to

4 :: So is 4 : to 8.

Lemma r.

.
If three Numbers are proportional, the Rectangle, or Produdl

of the two Extremes ; viz. of the firft and laft Terms will be
equal to the Square of the Mean or middle Term. (20 Eucl. 7.)

As in thefe 2 : 4 : : 4 : 8. Here 8 x 2 = 16 the Produdl of
the Extremes.

And 4x4= 16 the Square of the Mean. Ergo 8 x 2= 4 x 4*

Carol, I.

Hence it follows, that if the Produ£l of any two Numbers be
CQual to the Square of a third Number j thofe three Numbers will

in Proportion.

Lemma 2,

If four Numbers are proportional, the Produdl of the two
Extremes will be equal to the Produdt of the two Means,

(19 Euclid 7.)

As in thefe, 2 : 4 : : 8 : 16. Here 16 x 2 32.

And 8x4 = 32. Confequently 1 6 >. 2 = 8 x 4,

Corol. 2.

From hence it folloms^ tjjp.t if the ProduSf of any two Numbers^

he equal to the Frcdu5i of^ny other two Numbers.^ thofe four Num-
hers are Proportionals.

And from thefe two Lemma's it will be eafy to conceive, tJiat

if never fo many Numbers are in continued Proportion ; the Pro-

dudl of the two Extremes, will be equal to the ProducSl of any
two Means, that are equally diftant from the Extremes.

As in thefe 2 . 4 . 8 . 16 . 32 . 64. &c.

Here 64x2=32x4 = 16x8. ^c. And if the Number
pf Terms be odd,

As in thefe 2 . 4 . 8 . 16 . 32 . 64 , 128.

Then 128x2 = 64x4= 32x8= 16x16.

^

Note, The Charq^er ma<fe Vfe of to fi^mfy continued Propor^

ilonals is .

In



In every Series of -ff {viz. of continued Proportionals) that

Number which is compared to another, is called the Antecedent

of the Ratio ; and that Number to which it is compared, is cal-

led it's Confequent,

As in thefe, 2 : 4 : : 4 : 8. Here 2 is the Antecedent, and 4.

is the Confequent ; and 4 the middleTerm is an Antecedent to 8
it's Confequent: whence it follows, that in every Series of -~ all

the middle Terms between the firft and laft are both Antecedents

and Confequents.

As in thefe, 2 . 4 . 8 . 16 . 32 . 64. l^c. Here 4 . 8 . i6 . 32,
are both Confequents and Antecedents.

For 2 : 4 : : 4 : 8 : : 8 : 16 : : 16 : 32 : : 32 : 64. ^V.

So that all the Terms except the laft are Antecedents, And all

the Terms except the firft are Confequents.

Lemma 3.

If never fo many Numbers are proportional, it will be: As
any one of the Antecedents is to it's Confquent : So will the Sum
of all the Antecedents be ; to the Sum of all the Confequents.

"(12 Euclid 5.)

That is, in the foregoing Series.

2 : 4 .: : 2 -|-> 4 -I- 8 4- 1 6 H- 32 : 4 -f- 8 -}- 1 6 32 + 64.

For it is evident, that 4 8
-f- i ^ -f-

32 ^4? the Sum of all

the Confequents, is double to2-4-4-|-^-|-i6-{-32 the Sum of

all the Antecedents ; as 4 is to 2, according to the Ratio, and

would have been Triple, or Quadruple, l^c, had the Ratio been

3 or 4, i^c.

Note, In every Series of -ff the Ratio is found by dividing any

of the Confequents by it's Antecedent.

As in thefe 2 : 6 : : 6 : 18 : : 18 : 54 : : 54 : 162.

Here 2) 6 (3TTie Ratio. Op 6) 18 (3 i^c.

From the fecond and thii;^ Lemma's may be raifed two gene-

ral Theorems or Rules, for finding the Sum of any Series in

without a continued Addition of all the Terms.
Let the Series 2 . 4 . 8 . 16 . 32 . 64 . 128. be given,

to find it's Sum.

Suppofe z =z the Sum of all the Terms.
Then will z— 128 = the Sum of all the Antecedents,

And %— 2 the Sum of all the Confequents.

But 2: 4::z— 128:2 — 2. per Lemma 3,

Er^o 42;— 5i2=:2z-^4. per Lemma 2,

Confequently
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Confequently 42:— 22 = 512— 4.

Theorem, z = In Words at leneth thus,
4 — 2 o 7

r From the Prodii^ of the fecond and lafl Terms

J fubJiraSl the Square of the firfi Term^ and that Re-
1 heorem l. S

ff^^ifj^gr being divided by the fecond 7erm lefs the

^firjiy will give the Sum of all the Series,

Or if the firft Term, the common Ratio, and the laft Term
be only given. Then,

! Multiply the laji Term into the Ratioy and from
their Produ^l fubjlra£i the firjl Term ; divide that

Remainder by the Ratio lefs Unity or I, and it will

give the Sum of all the Series.

For 42:— 22 = 512— 4. As above.

Confequently 2z — z = 256 — 2. viz. the laft divided by 2^

Then z = ^~ ~ Theorem 2,
2 — I

E X A M P L E,

Let 2 . 6 . 18 . 54 . 162 . 486. be the given Series. Here
2 is the firft Term, 3 is the Ratio, and 486 the laft Term.

But 486 X 3 = 1458. And 1458 — 2 = 1456.

Then 3— 1 = 2) 1456 (728 the Sum required.

That is, 728 = 2+ 6 -4- 18 -4-54+ 162 + 486,

Since in either of tbefe Theorems it is required to have the

laft Term known (the which in a long Series of -ffj will be very

tedious to come at by a continued Multiplication) it will there-
'

fore be convenient to fliew how to obtain either the laft Term
or any other Term, whofe Place is afligned, without producing

all the Terms.
In order to that, it will be neceflary fo premife the Coherence

or Similitude that is betwixt Numbers in Arithmetical Progref-

fion and thofe in Geometrical Proportion.

If to any Series of Numbers in -ff , when the firft Term is not

an Unit or i, there be afligned a Series of Numbers in Arithme-
tical Progreffion, beginning with an Unit or I, and whofe com-
£non Difference is i. called Indices or Exponents.

Thus,
^

1.2.3.4.5.6. 7. Indices

2 . 4 . 8 . 16 . 32 . 64 . 128. Uc, ~
Thcn
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Then will the Addition or Subftradlion of any two of thofe
Indices (or Numbers in Arithmetical Progreffion) dire£tly cor-

|
refpond with the Produdl, or Quotient of their refpedive Terms

j

in the Series of ~.

That is,
I

Again,
|

Or,
{

As 3+ 4 = 7.

So 8 X 16 = 128 the feventh Term in -rf-

As 6 -|- 4 = 1 0.

So 64 X 16 = 1024. the tenth Term in -ff

As 7 — 3=4. ^ As 6— 2 = 4.

.

80128 + 8 = 16. tSo64-r-4 = i6.^^"

But if the Series of begin with an Unit, the Indices muft

begin with a Cypher.

A«; in thefe 5 o • ' • 2 . 3 . 4 . 5 . 6. ^r.
Asintheie,

| j . 2 . 4 . 8 . 16 . 32 . 64.

Now by the he]p*of the Indices, and a few of the firft Terms
in any Series of rf- ;it is plain that any Term whofe Place or Di-

ftance from the firft Term is affigned, may be fpeedily obtained

without producing the whole Series.

EXAMPLE I.

A Man bought a Horfe, and was to give a Farthing for the

firft Nail, two for the fecond, four for the third, l^c. in -ff, the

Number of Nails was to be 7 in every Shoe, viz, 28 Nails in all*

What muft he have paid for the Horfe ?

p.. n CO . I . 2 . 3 . 4 . 5. Indices

* ^ I . 2 .° 4 . 8 . 16 . 32. Farthings in +
Then \ 5+ 5 = 10 . , C 10 + 10 = 20
^'^^"»

? 32x32 = 1024 ^"^'21024x1024=1048576
•

. 5 4+3 = 7 T ftl S 20+7=27
^Sa^"' ^I6x8 = a8 21048576x128= 134217728

Which is here to be accounted the 28 and iaft Term. Be-

caufe the firft Term in the Series is i, which doth neither mul*

tiply nor divide.

Now this 134217728 being the Number of Farthings to be

paid for the laft Nail, by it the common Ratio which is 2, and

the firft Term which is I, may be found the Sum of all the

Series, perTheGrem 2,

^ 1342
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134217728
2

268435456 From this Produ6l fubftracSl: i.

Viz, 268435456—1= 268435455. Then 2— issi theDivifor.

Confequently 268435455 is the Sum of all the Series, orPric^

of the Horfe in Farthings, which being brought into Pounds^

(See page 46J will be 279620/. 5^. 3^/.

EXAMPLE 2.

A cunning Servaj^t agreed with a Mafter (unfkilled in Num*
bers) to ferve him Eleven Years without any other Reward for his

Service but the Produce of one Wheat Corn for the firft Year;

and that Produ(?l to be fov/ed the fecond Year, and fo on from

Year to Year until the end of the Time, allowing the Increafe

to be but in a ten-fold Proportion.

It is required to find the Sum of the whole Produce.

Firft ^ ' • ^ • 3 • 4 • 5* Indices or Years.

( 10 . 100 . 1000 . 10000 . 100000 Wheat Corns in -fr

4-2 = 6.

0000 X 100= 1000000. the 6th Year's Produce*
Then 5 As 4+ 2 = 6.

t bo I

And {6+ 5 = ir.

ooocoo X 100000= 100000060000. The eleventh

or laft Yearns Produce.

Then (either by Theorem i, or 2) the Sum of all the Series will

be iiiiiiiiilio Corns. Now it may be computed from Page

31 and 34, that 7680 Wheat Corns, round and dry out of the

middle of the Ear, will fill a Statute Pint. If fo.

Then 7680) iiiiiiiiiiio (14467592 Pints, but 64 Pints

are contained in a Bufhel.

Therefore 64) 14467592 (226056^ Bufliels. Suppofe it to be

fold for 3 Shillings the Bufhel i

Then j
226056 i

Shillings - 678168 1= 33908/. 8j. 41^. A very good Rc-
compence for Eleven Years Service.

There are feveral pretty Queftions refolved by Numbers in

Arithmetical Progreflion, and by thofein -ff, vi^hich the ingeni-*

ous Learner will eafily perceive hereafter ; viz. When we come
to the Solution of Queftions relating to Intereft and Annui^
ties, Wc,

M There
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There is alfo a third Kind of Proportion, called Muiical,
which beittg but of little or no common Ufe, I fliall therefore

give but a mort Account of it.

Mufical Proportion or Habitude is, when of three Numbers ;

the firft hath the fame Proportion to the third, as the Difterence

between the firft and fecond hath to the Difference between tihe

fecond and third.

As in thefe, 6 . 8 . i2. viz, 6 : 12 :: 8 — 6 :J2~'8

If there are four Nui^^rs in Mufical Proportion ; The firft

S^iW have the fame Proportion to the fourth, as the Difference

between the firft and fecond hath tq^hc Difi^erence between the

third and fourth.

As In thefe 8.14.. 21^4^4.
Here 8: 84:: 14— 8 = 6:84— 21 = 63.

That is, 8 : 84 : : 6 : 63.

The Method of finding out Numbers in Mufical Proportion,

is beft expreffed by Letters j as fhall be {hewed in the yllgebraick

Part.

Sea. 3. How to Cljange or aiacp the Order of Things, &cc.

'T^HIS being a Thing not treated of in any common Books of

Arithmetick (that I have had the Opportunity of perufing),

made me think it would be acceptable to the young Learner, to

know how oft it is poflible to vary or change the Order or Pofi-

tion of any propofed Number of Things.

As how many feveral Changes may be rung upon any pro-

pofed Number of Bells ; or how many feveral Variations may be

made of any determined Number of Letters, or any other Things
propofed to be varied.

The Method of finding out the Number of Changes is by a conti-

nual Multiplication of all the Terms in a Series ofArithmetical Pro-

greffionsy whofe firji Term and common Difference is Unity or I

«

jind the laft Term the Number of Things propofed to be varied^ viz.

1x2x3x4x5x6x7, ^V. As will appear from what follows.

1. If the Things propofed to be varied are only two, they ad-

mit of a double Pofition (as to Order of Place) and no more.

Thus, \ 2.

2. And if three Things are propofed to be varied, they may
be



Chap. 6, Of p^opoitton, &c.

be changed fix feveral Ways (as to theirOrder of Place) and no

more.

For, beginning with i, there will be i
J

'

Next, beginning with 2, there will be
| ^

'

Again, beginning with 3, it will be < ^
'

Which in all make 6 or 3 Times 2, viz, i x 2 x 3 = 6

Suppofe four Things are propofed to be varied ;

Then they will adqiit of 24 feveral Changes, as tp their Order

2

3
I

3
I

2

3
2

3
I

2
I

of different Places.

For beginning the Order with i it will be

2

2

3

3

4
4

3

4
2

4
2

3

4
3
4
2

3
2Here is fix different Changes.

And for the fame Reafon there will be 6 different Change?,

when 2 begins the Order, and as many when 3 and 4 begins the

Order; which in all is 24 =: I x 2 x 3 x 4. And by this Method
of proceeding;, it may be made evident, that 5 Things admit of

120 feveral Variations or Changes j and 6 Things of 720, ^c*
As in this following Table.

The Number

of Things

propofed to

be varied.

The manner how
their feveral Va-
riations are pro-

duced.

The different Changes or

Variations every one

of the propofed Num-
bers can admit of.

I

2

I

1x2 = 2

3 2x3 = 6

4 6x4 z= 24
5 24 X 5 = 120
6 120 X 6 =: 720

7 720 X 7 =: 5040
8 5040 X 8 = 40320
9 40320 X 9 = 362880
10 362880 X 10 = 3628800
1

1

3628800 XII = 39916800
12 39916800 X 12 = 479001600

Ma Thefe
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Thefe may be thus continued on to any afligned Number.
Suppofe to 24 the Number of Letters in the Alphabet, which will

admit of 620448401733239439360000 feveral Variations.

From thefe Computations may be ftarted feveral pretty, and

indeed, very ftrange Queftions.

EXAMPLES.
Six Gentlemen, that were travelling, met together by Chance

at a certain Inn upon the Road, where they were fo pleafed with

their Hoft, and each other's Company, that in a Frolick they

made a Contract to (tay at that Place, fo long as they, together

"with their Hoft, could fit every JDay in a different Order or Po-

fition at Dinner ; which by the foregoing Computations will be

found near 14 Years. For they being made 7 with their Hoft,

will admit of 5040 difterent Pofitions ; but 5040 being divided

by 365 J (the Number of the Days in one Year) will give 13
Years and 291 Days. A very pretty Frolick indeed.

I have been told, that before the Fire of London (which happen-

ed Anno 1666) there were 12 Bells in St Mary Le Bow's Church
in Cheapfide^ London. Suppofe it were required to tell how many
feveral Changes might have been rung upon thofe 12 Bells; and

at a moderate Computation how long all thofe Changes would

have been ringing but once over.

Firft, ix2x3x4x5x6>$7x8x9xiOxiixi2= 47900i6oo,
the Number of Changes.

Then fuppofing there might be rung 10 Changes in one Mi-
nute : v't%. 12 X 10 -z 120 Strokes in a Minute, which is 2

Strokes in a Second of Time : Now according to that Rate there

muft be allowed 47900160 Minutes to ring them onceover in all

their different Changes i 10 :479001600(47900160.
In one Year there is 365 Days, 5 Hours, and 49 Minutes;

which, being reduced into Minutes, is 525949.

Then 525949) 47900160 (91 Years and 26 Days.

So long would thofe 12 Bells have been continually ring-

ing without any Intermiffion, before all their different Changes

could have been truly rung but once over. It is ftrange, and
feems almoft incredible, that a few Things fhould produce fuch

Varieties.

But that which feems yet more ftrange and furprifing fyea, even

impoflible to thofe who are not verfed in the Power of Numbers)
is.



Chap, 7. Of p^opo^tton, &c. 85

is, that if two Bells more had been added to the aforefaid 12, they

would have advanced the Number of Changes (and coafequentljr

the Time) beyond common Belief. For 14 Bells would require

(at the fame rate of ringing as before) about 1^575 Years to ring

all their different Changes but once over.

And if it v/ere pofTible to ring 24 Bells in Changes (and at the

fame rate of 10 Changes in a Miriuce, which is 2 Strokes in one

Second) they would require more than 1
1
7000000000000000

Years to ring them but once over in all their different Changes ;

as may eafily be computed from the precedent Table.

CHAP. VII.

Of P?OpO?tlOn DllSlimct ; commonly called the ©OlSeit

pRrcpcrtion DisjunSl or the (JJIOllJrU is either Di-e^l or
Reciprocal, called Inverfe. And thofe are bocn Simple and

Compound.

s E c T, I.

T\Ire^ Proportion is, when of four Numbers, the firfl bearing
^"^^

the fame Ratio or Proportion to the fecond j as the third

doth to the fourth.

As in thefe 2 : 8 : : 6 : 24.

Confequently, the greater the fecond Term is, in refpe£l to

the firft 5 the greater will the fourth Term be, in refpedt to the

third.

That is, as 8 the fecond Term is 4 Times greater than 2 the

firft Term : So is 24 the fourth Term, 4 Times greater than 6
the third Term.
Whence it follows, that if four Numbers are in Diredl: Pro-

portion, the Produ(El of the two Extremes will always be equal

jO the Product of the two Means, as well in Disjunct as in con-

tinued Proportion
; according to Lemma 2. page 77.

For As 2 : 2 X 4 : : 6 : 6 X 4. Or As 3 : 3 x 5 : : 6 : 6 x 5.
But 2x6x4 = 2x4x6. Or 3x6x5 = 3x5x6.

That is, the Produdl of the Extremes ecjual to ^hat of the

Means,

Again,

4
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Agaii:, the lefs the fecond Term is, in refped to the lirft j

the lefs will the fourth Term be in refped to the third.

As in thefe i8 : 6 : : 12 : 4.

That is, 18 : 18 3 :: 12 : 12 -r- 3.

But 18 X 12-7-3= 18 -f- 3 X 12. Viz, 18x4= 6x12.

Confequently 2.8.6. 24. And 18 , 6 . 12 . 4. arc

true Proportionals, per Coroi. 2. pa^e 77.

From thefe Confiderations, comes the Invention of finding a

fourth Number in Proportion to any three given Numbers.

Whence it is called the Rule of Three.

' For if the fecond Number multiplied into the third, be equal

to the firft multiplied into the fourth, it is eafy to conceive, that

if the Produd of the fecond and third be divided by the firft, the

Quotient muft needs be the fourth Number. For if that Num-
ber, which divides another, be multiplied into the Quotient pro-

duced by that Divifion ; their Produd will be equal to the Num-
ber divided. See page 21,

As in thefe 2 : 8 : : 6 : 24. Here 8 x 6 = 48 = 24 x 2.

But if 24X 2=48, then will 48-^-2= 24. Or 48— 24=2.

Note^ Any four Numbers in dired Proportion may be varied

fcveral Ways. As in thefe.

Viz. If 2 : 8 : : 6 : 24. Then 2 : 6 : : 8 : 24,

And 6 : 24 : : 2 : 8. Or 24:61:8:2. tffc,

Thefe Variations being well underftood^ will be of nofmall life in

theJlating of any Sluejiion in this Rule of Three.

When three Numbers are given, and it is required to find a

fourth Proportional ; the greateft Difficulty (if there be any) will

be in the right ftating the Queftion, or abftrading the Numbers
out of the Words in the Que ftion, and placing them down jn

their proper Order.

Now this will be very eafy, if it be truly confidered, that

always two of the three given Terms, are only fuppofcd, and

affigned or limit the Ratio or Proportion. The third moves the

Queftion ; and the fourth gives the Anfwer.
As for inftance; if 3 Yards of Cloth coft 9 Shillings: What

will 6 Yards coft at the fame Rate or Proportion ?

Here 3 Yards, and 9 Shillings, are two fuppofed Numbers
that imply the Rate; as appears by the Word [if] viz. If 3
Yards coft 9 Shillings (then comes the Queftion) What will

6 Yards coft ?

N.B.

4
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N,B. The Term, which moves the Queftion, hath generally

fome of thofe Words before it ; viz, Wliat Ml i i^OtO mailt? t

Jpotuiongf J^otofar*' ?^otomuc|^f fo.

Then (carefully obferve this ; viz.) The firft Term in the

Suppofition muft always be of the fame kind and Denominatioa
with that Term v/hich moves the Queftion. And the Term
fought will always be of the fame kind and Denomination with

the fecond Term in the Suppofition.

Thus,
I 3 : 9 ; : 6 : Then

All Queftions in direct Proportion may be anfwered by three

feveral Theorems,

f Multiply the fecond and third Terms together^ and
Theorem l. •< divide their ProduSf by the firji Term\ the

L iient will be the Anfwer required,

yds Jhil, yds JhiU

Thus 3 : 9 : : 6 : 18. The Anfwer.

6

I becaufe the fecond Term
3) 54 ( 1 8 Shillings, ( was Shillings.

f Divide the fecond Term by the firfl^ then multiply

Theorem 2. < the^otient into the third Term ; and theirPrO'

L du^ will be the Anfwer required,

yds Jhil, yds jhil,

3 : 9 : : 6 : 18.

Thus 3) 9 {=3. Then 3x6 = 18, as before.

f Divide the third Term by the firfl^ then multiply

Theorem 3. \ the ^otient into the fecond Term^ and iheirPrO'

I duJf will be the Anfwer,

yds Jhil, yds Jhil,

3 : 9 : : 6 ; i8.

Thus 3) 6 (=:2. And 9x2 = 18, as before.

Here you fee that all the three Theorems are equally true ; but

the firft is moft general, and ufually pradlifed. Yet the two laft

may be readily performed, when either the fecond or third Term
can be divided by the firft ; and will be found of fingular Ufe in

the^«/^j of Fellow/lnp^ &c. as will appear further on.

^uej}.

I
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^ejl. 2. If 8 Pounds of Tobacco co#r4 Shillings ; what will

half a hundredweight {viz, 56 Pounds) coft at the fartneRate?

Thus 81b : 14X. :: 561b : j^l i8j. TheAnfwcr.
14

224
56

0 784 (=98 ..=21 4/. 18

Or thus 8) 56 (=: 7. Then 14 x 7 =: 981. aslbcfore.

^eft. 3. If 14 Shillings will buy 8 Pounds of Tobacco y how
much will 4/. i8i. buy after the fame Rarfe ?

/

Stated thus, 14 : 81b :: 4/. i8j. = 98 x. :
*—

—

• Then 98 x 8 = 784. And 14) 784 (561b. tfe Anfwer.

^ejl, 4. If half a hundred Weight of Tobacco be worth 4/. i8^.

How much may I buy for 14 Shillings at that Rate ?

Stated thus, 4/. 18 j. = 98 j. : 561b : : 145. : —

—

Then 56 x 14 = 784. And 98) 784^8 lb. The Anfwer.

^eji, 5. Suppofe 4/. 18 j. will buy 56 Pounds oi Tobacco

what will 8 Pounds of the fame Tobacco coft ?

ThisQueftion is thus ftated, 561b : 4/. 18 j. =1981. : : 81b

Then 98 x*8=:784. And 56) 784 (= 14.. The Anfwer.

Note^ The three laft (^leftions are only the fecond varied, be-

ing propofed purely to give an Inftance how any Queftion in this

Rule of Three may be varied, according to page 86.

^eji. 6. What will three quarters of a Yard of Vehet coflj

when the Price of 21 Yards and a half is worth 22/. 10 J. bd*

ThisQueftion truly ftated will ftand

Thus, ^\\yds : 22/. ios.6d, :: | to the Anfwer.

Which may be found three feveral Waysj viz, byRedu^ion;

by Vulgar Fraiiions ; and by Decimals,

I. By ReduSfion, Bring the firft and third Terms into one
Denomination ; viz. into Quarters, and reduce the fecond Term
into it's leaft Denomination, per Se^, 4. page 42.

Thus 21 f = 86 Quarters. And 22/. los, 6d, = 5406 Pence,

Then 86 : 5406 :: 3 : 15J. 2Ud, For 5406x3 = 16218,

And
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And 86 ) 162 18 (= 188 i° d. Then r88 1§ Pmce = 15 s.

2d. 2|-f Farthings ; the Anfwer required.

2.* The fame Queftion ftated in Vulgar Pranions will fland

thus ; 21 1 = : 22 r= 4fcr : : | : (See Sc^. 3. /»^^<f 50*)

Then X I = And ¥6%^ (= ^6^2^. /'^^^ 55 » 5^-
.

Thefe fjff^ Parts of a Pound are brought into Shillings by

multiplying the Numerator with 20, and dividing theProdudl by
it*s Denominator, ^c.

Thus 5406 X 20 = 108120. Arid 6880) 108120 (151,

And there remains 4920. Again, 4920 x 12 = 59040.
Then 6880) 59040 (8 d, and ^f, as before.

3. The fame wrought by Decimal Fraifions will be thus ;

21 f = 21,5 ; 22/. lox. 6d, =. 22,525, and } = 0,75
Therefore 21,5 : 22,525 : : 0,75 : to the Anf<Vcr.

Then 22,525 X 0,75 = 16,89375
And 21,5) 16,89375 (0,7857/. = 15 J. Sd, 2/ar, tV/o.

*

^uejl. 7. If 2 C. 3^rj. 21 lb. of ''^ugar coft 6/. IS, Sd,
What will 1 2 C 2 qrs, coft at the fame Rate ?

That is, 2C. 3^rj. 2ilb : 61. is. Sd. :: 12C. iqrs. To what?

4 20 4
iiqrs. Ills* 5oyrj.

28 12 28

88 250 14001b.

22 121

Viz. 3o84-2i= 329lb : i4co</. :: 1400 lb:-

Then 1460 x 1400= 2044000. And 329) 2044000(621

2

±=25/. I7i. 8 J^. the Anfwer required.
*

The fame Queftion ftated in Decimals will ftand thus ;

259375 • 6,0833 12,5 : To the Anfwer.

Then 6,0833 x 12,5 = 76,04125 which being divided by
2,9375 wilJ ?'ve 25 ,8863, i^c. the Anfwer in decimals, which
brought into Coin, will be 25 /. 17 j 81 J. as before.

Note, JVhen the firji Term is an Unit or ij the ^ejiion is an-
Jwered by Multiplication only.

Example. Suppofe I give 5 Shillings 4 Pence for one Ounce of
Silver^ What muft I pay for 32 \ Ounces at the fame Rate?

That is I Ounce : 5 X. 4^. : : 32 f Ounces; To, ^c.
Which is beft ftated thus i : 64-d. : : 32,5 ;

N Thca
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Then 32,5 x 64 2080 rt/. = oi. 135. ^d. the Anfwer re-

quired. For I neither multiplies nor divides.

When the fccond or third Term is an Unit or i, then the

Ql^ieftion is anfwered by Divifion only. As in this Example.

If a Silver Tarikard vi^eighing 21 Ounces, coft 5/. 19;. What
is that an Ounce ?

• Thus 21 flz. : 5 /. iQx. =: 1 19 J. : : i : 5 8 ^. the Anfvi'er.

That is 21) 119 (=5 J. ir = 5 i. S d.

The Proof of all Qi)e{[ior)s in ihQ Rule of Three Dlre/^, may
4 be eafily conceived from what hath been already faid : viz. That

the Produdl of the firft and fourth Terms, muft always be equal

to the Produ6t of the fecond and third Terms.
Or otherwife, by varying the Queftion, as in the fecond,

third, fourth, and fifth QueSions. »

I (hall conclude this Sedlion with infertinq: a fewQueftions and
.their Anfwers j leaving their Work for the Learner's Pradlice.

^z/£/?. I. What will the Carriage of 17 C. 3^rj. 11 lb. come
to, at the Rate of js. the Hundred ?

Anfwer 61. 4. s. 11 Id,

^eft. 2. If 6/. 4J. i\\d. be paid for the Carriage of 17 C
3 qrs, 1 1 lb ; What was paid for the Carriage of i lb ?

Anfwer 3 Farthings.

^^ejl'l, A Gm^r bought 3 C. \qr, 141b. Weight of Cloves^

at the Rate of is. ^d. per Pounds and fold them for 52/. 145.

Whether did he gain or lofe by the Bargain, and how much?

Anfwer, he gained 8/. 12/.

4. A Draper bought of a Merchant eight Packs of

Coth
J every Pack had four Parcels in it ; and each Parcel con-

tained ten Pieces ; every Piece was Twenty-fix Yards ; he gave

after the Rate of four Pounds iixteen Shillings for 6 Yards. What
came the eight Packs to, and what were they worth per Yard?

Anfw. They came to 6656/. hv\A were worth i6j. per Yard.

^eji. 5. A Merchant bought 436 Yards of Broad Cloth for

8 J. 6d. per Yard \ and fold it again for 10 J. 4 J. per Yard,

What did he gain by the 436 Yards ?

Anfw, he gained 39/. 19 j. ^d.
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^rji, 6. A Goldfmlth bought aWedge of Goldy which weighed

141b. 35%. ?>pw, for 514/. 4J. What did he pay per Ounce

Anfw. 3/. per Ounce.

^eji, 7. "What will \% 0%. ijpw. 20 Grains 0/ Silver'Phte

come to, at the Rate of 5 x. 6 d. per Ounce P

Anfw. 13 /. IX. 10 id.

^ejt, 8. If in fourWeeks one fpend 13J. 4^. How long will

53/. 6x. laft at that Rate ?
^

Anfw. 6 Years, 47 Days, 2 Hours, 24.

^uejl. 9. What will the one eighth Part of a Ship be worth,

when the half is valued at 1015 /. 10 j.

Anfw. 253 /. 17 X. 6 ^.

^ue/f. 10. The Sun is faid to perform one entire Revolution,

(or 360 Degrees) in the Space of 365 Days, 5 Hours, 48 Minutes,

and 57 Seconds of Time, called 2i Tropical 01: Solar Tear \ How
much doth it move in one Day f / m

Anfw. 59 . 8 . 19 ^c.

^4e/i. II. Tf I of a Yard of Velvet coft -| of a Pound Sterlings

What will tV of a Yard coft of the fame Velvet at that Rate ?

Anfw. -i-^o =^ IS. /^d.

^ieji. 12. Suppofe 2/. and | of 4 of a Pound Sterling v/i]\

buy 3 Yards and | of 4. of a Yard of Clothy How much wilP-J of

a Yard coft at that Rate ?

Anfw. IIM of a Pound == 9 x. 4

1

Sea. 2. Of Eecip?ocaI P?opo?tfon h nf^^^^y caikd

The Rule of Three Inverfe.

J^Eciprocal Proportion is, when of four Numbers the third

{viz. that which moves the Queftion) beareth the fame Ratio
to the firft : As the fecond does to the fourth.

Therefore, the lefs the third Term is, in refped to the firfl;

the greater will the fourth Term be, in refped to the fecond.

'EXAMPLE I.

If fixteen Men can do a Piece of Work in fix Days; How
many Days muft eight Men require io^do the fame Work, at the
fame Rate of working ?

Here it is plain that eight Men muft needs have more Time
than 1 6 Men to do the fame Work. Confequently the greater

N 7 the
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the third Term is, in refpecSl tp the firft, the lefTer will the fourth

Term be, in refpe^^ to the fecond.

Example %^ If 8 Men can do a Piece of Work in 12 Days»
Hojty many Days will 16 Men require to do the fame Work?
He^ it is plain the fourth Term muft be lefs than the fecond,

becaufe 16 Men undoubtedly can do the fame Work in lefs Time
than 8 Men can.

From thefe Confiderations^ compared with thofe /« page 85. //

Will be eafy to perceive^ whether the Terms of any propofed ^uejllon

are in DireSf gr Reciprocal Proportion.

For when, according to the true Meaning and Defign of any

^uejlion iti Proportion^ More requires More, or Lefs requires Lefs^

the Terms are in DireH Proportion ; as in this laji Se^ion.

But if More require Lefs, or Lefs require More (as above) then

the Terms will be in Reciprocal Proportion.

The Manner of placing down the propofed Terms is the fame

in both Rules, vi^^. The firft Term in the Suppofition muft btc

of th^ fame Kind and Denomination with the third Term which

moves the Queftion ; and the Term fought muft be of the fame

Kind and Denomination with the fecond Term in the Suppofi-

tion, As in the tvyo laft Examples.
Men Days Men Days

Example i. 16 : 6 : : 8rrn, , . f £,xampie l. 10
'

I
hxample 2. 0 12 : : 16 :

The Queftion being truly ftated, obferve this Theorem.

r Multiply the firfl andfecond Terms together, and dl-

Theorem, i vide the Produ^ by the third Term^ the ^otient will

t be the Anfwer required.

* Thus in the fecond Example 12 x 8 = 96.

Then 16) 96 (=: 6 Days the Anfwer required.

That is, 16 Men may do the fame Work in 6 D^ys, as 8

Men can do in 12 Days.

Now the Reafon of this Operation (and confequently of tb?

Theorem) is grounded upon this Confideration ; viz- If 8 Men
require 12 Days to do the Work, it is plain that one Man would

require 8 Times 12 Days = 96 Days to do the fame Work ; but

if one Man can do it in 96 Days, moft certain 16 Men can doit

in one i^th Part of that Time. Therefore 96 divided by 16 will

give the Anfwer required, viz. 16) 96 (6 as beforCj-^^V.

^ejl. 3. Suppofe 800 Soldiers were befieged in a Ij^own, and

their Viduals were computed to ferve them two Moiihs (or 56

Days) How many of thofe Soldiers muft depart the Qarflfori, that

thp fame Visuals may ferve the remaining Soldiers 5 Months.
The

A
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The Queftion truly ftated will ftand ,

Months Soldiers Months Soldiers

Thus, 2 : 800 1:5: ^—
2

5) 1600 (320 : So many Soldiers may flay In the
Garrifon.

Confequently, 800— 320= 480 Soldiers th^t muft go out of
the Garrifon, which is the Anfwer required.

,

^ejiion 4. A borrowed of his Friend B 250 /. for fix Months,
promifing to do him the like Kindnefs upon Demand : SomcTim^
after B defires A to lend him 400/. the Queftion is, how long
B muft keep the 400/. to be fully fatisfied for his former Kind-»

liefs to A.

Thus, 250/. : 6 Months :: 400/. : ——

.

6

400) 1 500 (3 Months.
12

3
28 Days in one Month,

4) 84 (21 Days. Anfw. 3 Months, 21 Days.

^ejfion ^, If a Penny White Loaf ought to weigh eight

Ounces Troy Weighty when Wheat is fold for fix Shillings Six-

Pence the Buftiel; what nwft it weigh when Wheat is fold for

four Shillings the Bufhel ? - " ^^

Thus 6;. ed.zn-j^d. : 2oz. : J/^s. z=z ^2 d,: to theAnfwcr.

8

48) 624 (13^2. the Anfwer required,

48

144
14-4

(o)

The Proof of this Inverfe Rule is eafily deduced from it's Ope-
rations; viz, TheProdufSof the firft and fecond Terms, muft
be equal to the Produdl of the third and fourth Terms.

Note, Any Queftion that falls under this Inverfe Rule or Reci-
procal Proportion, may be fo ftated as to have it's Terms in Di-
re^ Proportion ; by only changing the Places of the firft and third

Terms in the Queftion, Thus,
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^ejiion 6. If a P'ield will feed eighieen Horfes for ieven

Weeks : How long will it feed Forty-two Horfes at the fame
Rate of feeding ?

Firft, 1 8 Horfes :. 7 Weeks : : 42 Horfes : 3 Weeks.

Here the Terms are dated inverfely, as before.

Otherwife thus, 42 Horfes : 7 Weeks : : 18 Horfes : 3 Weeks.
Then 18x7 = 126. And i 26 -f- 42 = 3 Weeks. The Aa-
fwer required.

Sea. 3. Of CompOUnH P^OpO?tian ; commonly called

The Double Rule of Three.

f^Ompound Proportion (as it is here meant) is, when there are

five Numbers given to find out a fixth Proportional ; and this

is generally performed by a Double Pofitio^i ; that is, by ftating

and working the Queftion at two Operations, either in Dired or

Reciprocal Proportion, according as the Queftion requires.

And therefore it is called^ The Double Golden Rule, or Double

Rule of Three.

TheSDipuble Rule Dire<El is, when the fixth Term or Num-
ber fought, is found by two Operations, both of them in Dire^fl

Proportion.

Exajnple I. If a Hundred Pounds gain fix Pounds Intereft in

twelve Months ; how much will three Hundred Pounds gain in

nine Months, au-^ie^fame Rate ?

Firft icq/. : 6/. :: 300/. : iS/.

6

loo) i8oo (18 / I '^'^^ ^"^^^^^ ^^300^-
' ^ * ( for twelve Months.

Months Months

Then, 12 : 18/. :: 9 : 13/. 10 s,

9

12) 162 (13/. loj. The Anf\yer required.

T fuppofe the Learner will eafily conceive the Reafon of thefe

two Operations. For, firft it is plain by Direct Proportion, that

if 100/. gain 6/. in twelve Months, 300/. will gain 18/. in

the fame Time, and at the fame Rate.

And
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And by the fame Rule it is plain, that if 12 iMonths will pro-

duce or give 18/. Intereft for3Co/. then 9 Months muft needs

give 13 I for the fame Sum, viz, 300/.

The Double Rule of Three Inverfe is, when the fixth Term,
or Number fought, is found at two Operations (as before). But

one of them requires an Anfwer in Reciprocal Proportion.

^ejlion 2. If 6 Bufhels of Oats will ferve 4 Horfe 8 Days,

How many Days will 21 Bufhels ferve 16 Horfes, at the fame

Rare of feeding ?

This ^ejiion being parted into two Pofitions, the firft will

be thus

:

If 6 Bufhels of Oats will ferve 4 Horfes 8 Days, How many
Days will. 2 1 Bufhels ferve them?

Here it is plain, that 21 Bufhels will ferve them longer than 6

Bufhels ; therefore the firft Pofition falls in Dircdt Proportion.

Bujh. Days Bup. Days

Thus, 6 : 8 ; : 21 : 28

8

6j 1 68 {28 Days

nat is^ if 6 Bujheh will ferve 4 Horfes 8 Days^ 2 1 Bujhel^

will ferve them 28 Days.

i»

The next Pofition muft be to find how long the faid 2 1 Bufhels

will ferve 16 Horfes at the fame Rate of feeding : it is plain, that

21 Bufhels cannot ferve 16 Horfes fo many Days as they will

ferve 4 Horfes ; therefore this fecond Pofition falls in Recipro-

cal Proportion.

Hcrfcs Days Horfes Da\'S

Thus, 4:28:116:7 the Anfwer required.

After the like manner any Qvieflion in the Double Rule of

Three may beanfwered by two fingle Pofitions, if Care be taken

in flating them right, viz. Whether their Operation mufl be per-

formed by the fingle RulcDireiSt, or Inverfe.

But all Queflions in this Double Rule, where five Numbers
are propofed to find a fixth, may more eafilv and readily be an-

fwered by one general Theorem ; which comprifeth both the

Direct and Inverfe Rules ; without confidering either of them be-

ing deduced from the fingle Operations before-going.

But firfl you mufl carefully note, that in all Q^^ieflions of this

Nature, three of the five propofed Terms are always conditional
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and fuppofed ; and that the other two move the Queftion. As
for Inftance in Example i.

Viz. If lOo/. will gain 6/. in 1 2 Months ; thefe threeTerms
are only fuppofed or conditional. Then come the Queftion 5

What will 300/. gain in 9 Months ? Now, in Order to raife

the general Theorem, let us fuppofe, inftead of Numbers, thefe

Letters.

fP= 100. Tht Principal, the Suppofition

' Viz, IjttsT z=i 12. The V of any propofed

C (?= 6. The Gain. J Queftion.

i pz=. 300. The Principal, 1 The three Tprms
And,

"J
/ = 9. The Time. ^ wherein the Que-

t ^= 13,5. The Gain, 3 ftion lies.

n-u P /^..v. ^^—.5 Producl of the two Means di-
itic .ijr p ijr -

I vided by the firft Extreme.

00 X 6 ? Which IS the

That is, 100 : 6 : : 300 :

^ = 18. < firft Part of the
'''''

I Queftion.

Then r •
—̂ • • / • ^ i

^^'^^

Fiz, 12 : 18 : : 9 : 13,5 ^ the Queftion.

jj,
/ C That is, the Product jof the Extremes

6 — /> I is equal to that of the Means.

Confequently, Tg P Gpt is the Theorem,

This Theorem affords two Rules, by which all Queftions in

this Double Rule of Three, or rather of five Numbers, may be

refolved ; due Regard being had to the true placing down of the

propofed Terms, which muft be thus

:

Always place the three conditional Terms in this Order ; let

that Number which is the principal Caufe of Gain, Lofs, or

A<^^ion, &c. {viz. P.) be put in the firft Place ; that Number
which denotes the Space of Time, or Diftance of Place, &c,

(viz. T) be put in the fecond Place. And that Number which

is the Gain, Lofs, orA(5lion, ^c. {viz. G.) be put in the third

place. Now according to thefe Dire6lions, the conditional

Terms of the laft Queftion will ftand thus ; P. t. G.

That done, place the other two Terms which move the Q^is*

{lion, underneath thofe of the fame Name,

P. T.

p, i.
Thus, {

^•

Then
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Then if the Blank or Term fought> fall Under the third Place*

as in this Queftion,

It will be
I

= g. Which gives this Riile.

' r Multiply the three lajl Terms together for a Dividend^

Rule I. \ and the two firji togetherfor a Divifor ; the ^othni
1 artfingfrom them will he thefixth Term*

That isj in our propofed Example i.

^hus 6 X 300 X 9 = 16200 the Dividend.

And 100 X 12 = 1200 the Divifor.

Then 1200) 16200 (13 i the Anfwerj as before^

but if the Blank or Terni fought fall under the firft flace^.

then

It will be ^ —5 -y^

Or if the Blank fall under the fccond Place^

{T <T p
-^y = /, Either of thefe give this Rule.

r Multiply thefr/I, fecond, and lajl Terms together fot
Rule 2. < J Dividend, and the other two together for a Divifer ;

t the ^otiint ariftngftom them will be thefixth Term

And bccaufe our Example 2, falls under the Confideration both
bf Dire£l and Reciprocal Proportion, let it be here propofed again.

Fiz, If 6 Bufliels of Oats will ferve 4 llorfes 8 Days j hoW
many Days will 21 Bufliels ferve 16 Horfes, iffc.

If the 'Terms of this Q^ieftion be placed down as before di-

reded, they will ftand

Horfii, Days. Bujheh»

Thus
I j5

' ^ *

21 Terms in the Suppofitloiii

Here the Blank falls under the fecond Place, therefore it muft
be found by the fecond Rule.

Thus 4 X 8 X 21 = 672 the Dividend.

And 16 X 6 = 96 the Divifor.

Then 96) 672 (7 the Anfwer^ as before.
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i^efl, 3. What Principal or Stock will gain 20 /. in 8 Months
at 6 ^er Cent, 'perAnnum ?

Prin* TimCt Gain,

100 . 12 , 6 Terms in the Suppofiticn.

8 20

In this Queftion the Blank falls under the firft Place, thcrer

fore it muft be found by the fecond Rule.

. Thus 100 X 12 X 20= 24000 the Dividend.

And 8 X 6 = 48 the Divifor.

Then 48) 24000 (500/. theAnfw. required.

i ,

The Proof of all Queftions in this Double Rule of five Num-
bers, is beft performed by varying the Queftion; viz, by ftating

it in another Order, as in the Example : Thus,

If 100/. gain 61. in 12 Months, what will 500/, gain in 8

Months ?

The Anfwer to this Queftion muft be 20 /. if theWork of the

laft Example be true.

Prin, Time, Gain,

Stated thus $ • • ^ J then, /^^r Rule I,
t 500 . 5 . J '

^

^ 500 X 8 X 6 = 24000. And 100 X 12 r= 120O.

Then 1200) 24000(20/. the Anfwer, ^V.

^ej!, 4, If two Men can do 12 Rods of Ditching in 6 Days,

How many Rods may be done by 8 Men in 24 Days, at the fame

Rate of working?
Anfw. 192 Rods.

^eji, 5. If the Carriage of 5 C. ^grs, IFeight^ 150 Miles,

coft 7 s. 4.d, What muft be paid for the Carriage of 7 C, 2qrs.

25 lb. iPeigJjtj 64 Miles, at the fame Rate ?

Anfw. 1 1 1 8 J. 7 Id,

^ejl. 6. If 8 Men deferve 2/. Wages for 5 DaysWork, How
much will 32 Men deferve for 24 Days, at the fame Rate ?

Anfw. 38/. 8 J.

^ejl. 7. Suppofe a Hundred Pounds would defray the Ex'-

pences of five A/Ien for Twenty-two Weeks and fix Days, How
long would twelve Men be in fpending of one Hundred and Fifty

Pounds, at tha fame Rate ?

Anfw. 14 Weeks and 2 Days.

CHAP.
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CHAP. VIII.

0/ Trading in Company^ ufually called the ]Rtll6 Of

ifeHotoOip ; aifo oaatteci'nff, ^nd ercfiansiuff

of Coins^ &c.

'TP H E Rule ofFellow/hip is that by which the Accompts of fe-

veral Partners trading in a Company, are fo adjufted or

made up, that every Partner may have his juft Part of the Gain,

or fuftain his juft Part of the Lofs ; according to the Proportion

or Share of Money he hath in the Joint-Stock : Now this falls

under two Confiderations, called the Single and Double Rules of

Fellow/hip,

Seft. I. The ©I'nffIC EUle of ifCl!Ob)fl[)ip, viz. nat,

without Time.

T>Y the Single Rule of Fellow/hip is adjufted the Accompts of

thofe Partners that put all their feveral and perhaps different

Sums of Money, into a common Stock at one and the fame
Time; and therefore it is ufually called the Rule of Fellow/hip

without Time : Now all Queftions of this Nature are anfwered

by fo many feveral Operations in thQ Rule of Three Dire^y as

there are Partners in the Stock.

For^ as the Total Sum of Money in the Stock Is in Proportion /a

the whole Gain, or Lofs : fo is every Alan's particular Part of that

Stock ; to his particular Share of that Gain^ or Lofs.

^eji. I. Three Partners, fuppofe A, and C, make a Joint-

Stock of g6/. in this manner.
yf, puts in 24/. puts in 32/. and C, puts in 40/. with

this 96/. they trade and gain 12/. It is required to find each

Man's true Part of that Gain.

The Operation will ftand, thus

f 24/. : 3/. ^ J's

96/. : 12L : : < -^il, : 4/. = B's > Part of the Gain.

I 40/. : 5/. =: C's 3

Proof 3/. 4/. 5 /. = 12/. the whole Gain.

That is, if the Sum of each Man^s particular Gain, amount to

the whole Gain, the Work is true ; if not, fome Error is committed
which mufl be found out.

Note, Thefe Operations will be very much abbreviated, if you
work them by Theorem 2. page 87. For here 96 is a common
Antecedent, and 12 is the common Confequcnt in all the three

Proportions^

O 2 \ Therc-
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Therefore 96 : i2 : : i : 0,125 a common Multiplicator.

Then
^3^J

^ 0,125=:
^4^-

J for as before.

Now this Method is piore readily performed than the o|her,

efpccially when the Partners are many j bccaufe one Single Di-
vjfion ferves for all the Work.

^ue/I. 2. Three Merchants, J, and C> freight a Ship with
at48 Tons of Wine : Thus, Ay loaded 98 Ton, 5, 86 Ton, and

64 Ton. By Extremity of Weather the Seamen were forced

to caft or throw 93 Ton qf it over-board. How niuch of thi$

I^ofs muft each Merchant fuftain ?

Firft, 248 : 93 : : I : 0,375 th« common Multiplier.

€98 7 036,75 for-^sl

Then < 86 X x 0,375 = < 32,25 for Bh >

1 64 3 L 24,00 for C-s 3

Lofs.

Proof 93,60 = the whole Lofs.

Now if the Queftion were to find how much of the remaining

Wine that was faved, belongs to Ay to 5, and to C,

€98 — 36,75 = 61,251
Then { 86 — 32,25 =: 53,75 >

C 64 — 24,00 = 40,00 J

belongs to

Lc.

That is, bought to have 61 Tons and 63 Gallons. jB, ought

to have 53 Tons and 189 Gallons. And C, ought to have 40
Tons of what was left.

^efl. 3, Suppofe fix Men, viz, 5, C, D, and Fy make
a Joint-Stoc^ of 2558 /.

Thus

The whole Stock

the ^eji'm.

/. J.

r654 . 10 = 654>5Q

\

543 • 15 = 543.75

} puts m <
480 .

254 .

00
10

= 480,00

= 254>50

\
1

365 . OS = 365.25
u26o . 00 =: 260,00

2558 • 00 = 2558,00 according to

-
* ^ With
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With this Stock of 2558 /. they Trade eighteen Months, and

Gain 831 /. 7 It is required to find every Man's Part or Share

of that Gain.

Note, Although the Time of Tradings viz. eighteen Months^ he

pientioned in the ^ejlion^ yet it is no Way concerned in anfwering

9f it ; as you may obferve in the following TVirk.

Firft, 2558/. : 831,35/.
Confequently, I /. : 0,325

654,50

543»75
480,00

254*50
365.25
260,00

X 0,325 =

i/. ; 0,325 Decimal Parts.

654,5 : 212,7125. That lis,

212,71250

176,71875
156,00000

82,71250

That is, < gains 1

1 18,70625

84,50000

/. Parts, I,

f 212,71250 = 212

176,71875 = 176
156,00000 = 156

82,71250 = 82

118,70625 ~ I 18

84,50000 == 84

Sum 831,35 = 831 . 07 . 00

I have omitted refolving this Queftion according to the ufual

Method (as before dire(fted) of finding every Man's particular Part

of the Gain by the Golden Rule, as in the firft Work of Ex-
ample i. leaving that for the Learner's Pradice.

Seft. 2. <rhe Double Ellle of JFellOtUfljl'p ; or that

with Time.

H I S is ufually called the Double Rule of Fellowjlnp^ becaufe

every particular Man's Money is to beconfidered with Rela-
tion to the Time of it's Continuance in the Joint-Stock.

^ejiion i. ^, and 5, join in Partnerfhip upon thefe Terms
viz. agrees to lay down 100/. and to employ it in Trade 3
Months : Then is to lay down his 100 /. and with the whole
Stock of 200 /. they are to trade 3 Months more. Now at the
pnd of that Time, they find their whole Gain to be ill. It is

required to know what each Man's Part of the Gain ought to be,

ficcording tp his Stock, and the Time of employing it.

Here

_
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Here it is but reafonable to conclude, that ought to gain

more than B, notwithftanding their Stocks of Money are equal

;

becaufe A employed his Money a longer Time than B,

Now for folving of this Queftion, let us fuppofe jT% ico /. em-
ployed the firft 3 Months to gain Z 1= a Sum as yet unknown ;

then it muft gain 2 Z in 6 Months \ and to find what By muft

gain, it will be,

/. Months,

100 . 6 . a Z =z s Gain ? . d 7 ^ n
100 . 3 . toFsGainJ ^"^'91.

Ergo = B's Gain.
100 X 6

But A's Gain added to i5*s Gain muft =21/, the whole

Gain by the Qiieftion.

Therefore 2 Z -f-
^ 3 ^ ^ ^ 21 /.

xoo X 6

That is, 100 X 6 X 2Z -|- 100 x3x2Z=2ix 100 x 6.

Which contradled is, 900 x 2 Z = 21 x 600.

Confequently, 2 Z =: 2iiL^££, which gives the following A-
nalogy.

Viz. 900 : 21 : : 600 : 2 Z == 14/. for A*s Gain,

And 900 : 21 : : 100 X 3 = 300 : 7/. for B*s Gain,

Now this way of arguing hath not only refolved the prcfent

Queftion, but it alfo afrords (and demonftrates) a general Rule |

for refolving all Queftions of this Nature, be the Partners never |
fo many.

Multiply every particular Man*s Stocky with the Time it
^

is employed^ t^en it will he^ as the Sum of all ihofe

Rule. ^ ProduSfs\ is to the whole Gain (or Lofs), So is every

one of ihofe ProduSfs : to it's proportional Part of that

whole Gain (or Lofs),

^ejlion 2. Three Merchants A, B, and C, enter into Partner-

fhip, thus; A puts into the Stock 65/. for 8 Months ; B puts in

78/. for 12 Months; and C puts in 84/. for 6 Months. With
thefe they traffick, and gain 166/. 12 s, It is required to find

each Man's Share of the Gain, proportionable to the Stock and

Time of employing it.

I, A*3

1
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1. A's 7
2. \ Stock

65 /, X 8

78/. X 12

84/. X 6

Months^ the Time it was
employed

1

520

504
The Sum of thofe Produ(^s is, i960

Then, according to the Rule, the feveral Proportions will

Hand thuS)

f 520 : 44,20 = 44/. 4.s,od.
f

CA.
i960 : 166,6 : : ^ 936 : 79,56 = 79/. 11 s. 2rd.> for <

L 504 : 42,84 nr: .42/. 16s. qi d.} t C.

The whole Gain =. ibo/. i2j. o^^.

Or you may work as in feme of the former Examplesy viz. by

finding the proportional Part of the Gain due to one Pound, i^c^

Thus i960 : 166,6 : : I : 0,085 the common Multiplier.

f52O0 f44>2 1 C^.l
Then < 936 > x 0,085 = •) 79»56 J.

for < B. >^c. As before^

(5043 C42,84i CCJ

^ejiion 3. 5ix Merchants, viz, 5, C, Z), and en-

ter into Partnerfhip, and compofe a Joint-Stock in this manner;

/.

64
7^
100

80

74
125

They traffick, and gain 258/. \\d. It is required to

find every Man's Share of the Gain, according to the Stock and
Time it was employed.

The feveral Stocks of Money, and their refpedive Times be-

ing firft brought into Decimals, and then multiplied together,

will produce thefe following Produ(5ls.

/. Months.

64,50 X 4,50
7^>75x^»oo

1 00,00 X 8,25

80,50 X 12,00

74,6 X 9,50
125,15 X 7,00

Viz.

t'A
B
C
D
E

puts in for Months.

Stock
The Time it was

employed

290,25

472,50
825,00

966,00
708,70
880,^5

^ -
-

The Sum of thofe Products 4142,70

Then
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Then if you work by the common Way ; it will be

4142,7 : 258,91875 :: 290,25 : 18,140625 = 18/. 2 j. 9!^^
for jfs part of the Gain ; and fo on for the reft.

But if you work by the eafieft Way, viz, by finding the pro-

portional Part of the Gain due to one Pound.

Thus 4142,7 : 258,91875 : : r : 0,0625.

. Then /. /. d.

29O525-J ^ 18,140625=: 18 . 02. 09 J

472,50 I 129,531250= 29.10.0711 \b
^^5'OoI . _j 51,562500= 51. 11.03 IforJ^
966,00 p 60,375000=60.07.06 r^'s D
708,701 144,293750= 44.05.101:1 \e
880,25 J 155,015625= 55. 00. 03 1

J

y^F

The whole Gain = 258 . 18 . 04!-

Thefe few Examples being well underftood, are fufEcient to

fhew the whole Bufinefs of Fellowfhip, ^^r.

Seft. 3. Of Bartering*

'lyl/'HEN Merchants, orTradefmen, exchange one Commodity
for another, it is called Bartering ; and the only Difficulty

in this way of dealing, lies in duly proportioning the Commodi-^

ties to be exchanged, fo as that neither Party may fuftain Lofs.

^ejiion i. Two Merchants, and 5, Barter -y A would

exchange 5 C ^qn, 1 ^pound Pepper^ which is worth 3/. lOJ.

per C. with B for Cotton^ worth 10 d. per pound weight; hoW
much Cotton niuft B give to J for his Pepper ?

Note, In order to the refolving of this ^lejlion (and all other

^uejlions of this Nature) you mujl firji find^ by the Rule of Three

(or Qtherwife) the true Value of that Commodity whofe Quantity is

given (which in this ^ejlion is Pepper). And then find how much

of the otler Commodity will amount to that Sum^ at the Rate pro*

pofed,

Firft 5C. 14 lb. = 5,87s I i„ Decimak
And 3/. 10 J. od, =3,5003

Then i : 3,5 : : 5,875 : 20,5625 = 20/. lis. 3^. the true

Value of the Pepper,

Next, it is eafy to conceive, that A ought to have as much
Cotton at 10 d. per Pound^ as will amount to 20/, lis, ^d,

which may be thus found ;

10 d, : lib. : : 20/. II/, 3d. z=: ^7^$^* ' 493^5
That



Chap. 7. EUle of jFellOWp, &c. 105

That is, 4C i ^r, 1 7 i /><?«?z^ of Cotton. And fo much 5 muft

give to A in exchange for his 5 3 ^rj. 14 /><?«w^ of Pepper.

^ejiion 2. Two Merchants A and 5 barter thus ; J hath

86 Yards of Broad Cloth worth gs. 2d. perTard ready Money:
but in Barter he will have perTard. B hath Shalloon

worth 2 s. id. perTard ready Money ; it is required to find hov^f

many Yards of the Shalloon B muft give to J for his Cloth, to

make his Gain in the Bartec equal to that of jfs.

The Method of refolving this, and the like Queftions, difFers

a little from the laft Cafe ; for in this you muft firft find what
Advance B ought to make perTard upon his Shalloon, in pro-

portion to what A hath done upon a Yard of his Cloth.

rr^t { s. d. d. s. d. s. d, d. s, d, d,
1 hUS \ r

(9.2 = 110: 1111:132 :: 2. 1=25 :2.oz=:30
the advanced Price for a Yard of Shalloon. Then proceed as

before in the laft Example.

Thus I Yard' : \ \s. : : 86 Yards : 946 j. = 47 /. 6 the ad*

yanced Value of all the Cloth.

Next, If 2 J. ^d. will buy one Yard of Shalloon, at it*s ad-*

vanced Price, how many Yards will 47/. 6^. buy.

Thus 2,5 : I : : 946 : 378,4 Yards.

That is, B muft give 378 | Yaifds of his Shalloon to for

his 86 Yards of Broad Cloth.

Thefe two Examples are fufHcient to fhew the Learner, that

the Met;hod of bartering, or exchanging Commodities for Com-
modities, wholly depends upon a clear underftanding of the

Golden Rule ; which indeed is fo called, becaufe of it's Univer-
fal Ufe.

Sedi. 4. Of (Crcljanffinff ,Coi'nsf*

pXchanging the Coins of one Country for thofe of another, is

like theRufinefsof bartering Commodities. That is, it con-
fifts in finding what Sum of one Country Coin will be equal in

Value to any propofed Sum of another Country Coin. And, in

order to perform that, it will be very neceflary to have a true

Account at all times of the juft Value of thofe Foreign Coins v;rliich

are to be exchanged, as they are compared in Value with our

glij}} Coin.

I fay, at all times, becaufe the Par of Exchange (as the Mer-
chants call it) differs almoft every Day from to other Coun-
tries. That is, it rifes and falls, according as Money is plenty or

fcarce or according to the Time allowed for Payment of the Mo-
ney in Exchange, {sfc.

p ^^^^
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Thofe that defire to be fully fatisfied in the common Values of

Foreign Coins, Weights, Meafures, i^c, may find them in a Book
called the Merchants Map of Commerce^ which for Brevity fake I

have omitted tranfcribing, and only colle6ted thefe few of Coins.

Foreign Coins,

French Coin,

Germany.
|

A Denier

1 2 tiefiiers — i Soulz =:

1 2 Soulz 1 Livre —
2 Livres I Crown

—

Low-Country Coin. A Stiver—

6 Stivers = I Flemi/h Shilling—
20 Stivers =r I Gilder—

10 Gilders= 33 t Shillings \ _
or a Flemijh Pound )

*~

iEmhden
Dollar —

Camden Dollar'^-

Zealand Dollar zl

Lyons Dollar zi

Specie Dollar zi

Duccatoon —

A Rixclollar of the Empires:

A Gilder of Nuremberg zz

f The Livre at Leghorn —
Florence Crown Current—

Venice Ducat de Banco zz

The Current Ducat iz

The Naples Ducat zz

The Cadiz Ducat zz

The Barcelona Ducat =
The Valencia Ducat z:

The Bergonia Ducat zz

The Portugal Te/ioon =
V. The Piece of Eighth

Notey The Englijh generally reckon their Exchange with other

Countries by Pence, viz, other Countries value their Crowns,

Dollars, or Ducats, ^V, by Engliflr Pence. Except with fome

Parts of the Low -Countries, with whom the Exchange is ia

Pounds Sterling.

^eji, I. How many Dollars at \s, 6d. per Dollar, may one

have for 162/. 18 x. Anfwer 724 Dollars.

Thuj

In Italy

and
Spain.

Knglijh Coin,

I. s. d.

0 0

0 . 0

0 , I . 6

0 . 4 . 6
0 . 0 . li
0 , 0 ,• 7t
0 . 2 . 0

I
,» 0 , 0

0 , 2 .

0 . 2 .

0 . 0 0
0 . 4 • 0
0 . 5 . 0
0 . 6 . 3i
0 , 4 • Si
0 . 7 . I

0 . 0 . 9
0 . 5 . 3
0 . 4 . 4
0 ,. 3 . 4
0 . 5 . 0
0 .. 5 .

0 ,. 6 . 0

0 , 5 • 3
0 . 4 • 4
0 . I . 3
0 .. 4 . 6
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Thus 162/. iSs. = 3258/. and 4^. 6. = 54^5?.

Then 54 : 1 : : 3258 : 724 the Anfwer.

^ej. 2. How m2inY SaragoJJaDucztSy of 5 J. 6d. the Ducat,

may be had for 275 Bergonia Ducats, at 4 s. 4 d, the Piece ?

' Anfwer 216 and 3^. ^d, over.

Thus 5 J. 6 ^. = 66 d. and 4 i. 4 ^. 5 2 ^.

Then 275 X 52 = 14300 d. = 275 Ducats,

Confequently 66) 14300 (216 f the Anfwer required.

^eji. 3. A Traveller would change 233/. 16 j. 8 ^. Sterling

Money ; for Venice Ducats at 4 ^. 9 J per Ducat ; How many
Ducats muft he have ? Anfwer 976 Ducats.

Thus 4 J. 9|i3?. =z $7,5^. and 233/. i6s. Sd, =56120^.
Then 57,5 d.) 56120 d. (976 the Anfwer required.

^uej^. 4. A Caftiier hath received 759 Ducats, at y s. 6 d,

per Ducat ; And 579 Dollars at 41, 8^. per Dollar : Which he

would exchange {qx Flemljh Marks at 14 3^. /)fr Piece: How
many ought he to have ?

Anfwer 589 Marks, and 15 J. over.

For 7;. = 90</. and 4/. 8^?. = 56

The { 759 X 90 = 68310^. the Value of the Ducats.
" 1579x56 = 32424^. the Value of the Dollars^

their Sum = 100734^.

And 14 J. 3^. = 171^/. the Flemijh Mark in Pence.

Confequently 171) 100734 (589 ^c, the Anfwer required.

^ieji, 5. A Bill of Exchange was accepted zt London for the

Payment of 400 /. Sterling, for the like Value delivered in Am^
Jierdam^ at i /. 13J. bd. for i/. Sterling; How much money
was delivered zx. Amjlerdam ?

Avi(^tr, 6joL Flemijh,

For i/. = 240 and i/. 13/. 6i. = 402
Then 240 : 402 : : 400 : 670 the Anfwer required.

^eji» 6. When the Exchange from Antwerp to London is at

i/. 4x, *j d. Flemijhy fori/. Sterling; How many Pounds Sterling

mull be paid at London ; to ballance 236 /. Flemijh at Antwerp,

Anfwer 192/. Sterling.

Thus iL 4.S. y d. z=z 2()$d, and i/. = 240^.

Then 295 : 240 : : 236 : 192 the Anfwer.

P 2 ^iJf^
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^eft. 7. A Merchant delivered at London 120/. Sterling to

receive 147/. Flemijh at Amjierdam y How much was i /. Sterling

valued at, in Flemijh Money ?

/ Anfwer. i/. 45. 6d.

Thus 120 : 147 : : 240^. : 294^. = il, 4/. 6d. &c.

^ejl. 8. A Faaor hath fold Goods at Cad'i% for 1468 Pieces

of Eight, valued at 4;. b\d. Sterling per Piece ; How much
Sterling Money do thofe Pieces of Eight amount to ?

I

Anfwer 333/. 7 J. id.

Thus, if I =: 54,5^. then 1468 x ^5^= 830C^<i. i^c,

^iiejl, 9. A Traveller would have an equal Number of Crowns
at 5 J. (dd. per Crown ; and Dollars at 4^. 5^. pfr Piece; How
many of each fort may he have for 309 /. 8 j. ?

Anfwer 624 of each.

Thus 309/. 8 J. = 7425

6

And 5 J. bd. -f- 4 J. 5 ^. z= 1 19

Then 119) 74256 (624 the Anfwer required.

^ueji, 10. Suppofe I would exchange 527 /. 17J. (y'd. for Dol-

lars at 4 J. bd, a Piece, Ducats at 5 5. 8 ^. a Piece, and Crowns
at 6 J. \d, a Piece ; and would have 2 Dollars for i Ducat, and,

3 Dollars for 2 Crowns. How many of each fort jfuift I have ?

Anfwer 927 Dollars, 463 \ Ducats, and 618 Crowns,

r 54^;?. = I Dollar.
J

For \ 68 ^Z. = I Ducat. > per ^ejilon.

C y^d. z^:: I Crown. 3

And 126690 = 527/. 1 7 J. 6^.

Now if the Crowns, Dollars, and Ducats, were to be equal in

Number ; then 73+ 54-4- muH have been the Divifor, by

which 126690 mud have been divided, and the Qi^iotient would

have been the Anfwer to the Queftion. As in the laft Example.

But here inftead of their Sum, fuch Parts of them muft be

taken as are afligned or limited by the Queftion; that fo the Num-
ber of fome one of them may be found.

f , iiui^ Dollars for i Ducat, and
And becaufe there mult be s n r o

C 3 Doll4rs for 2 Crowns,

Therefore it will be | of a Ducat for one Dollar, and 5 of a

Crown for one Dollar.

Confequently,
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Confequently, 54+ • + 3 of 73 = 7, or wiU be^

the Divifor to find the Number of Dollars.

Thus 126690 (927 the Number of Dollars.

' Then f of 927 =: 463 i is the Number of Ducats.

And ^ of 927 = 618 is the Number of Crowns.

Or if you pleafe you may form Divifors to find either the Du-

cats or Crowns firft : For if it be 2 Dollars for i Ducat, and 3

Dollars for 2 Crowns, as before

;

Then will 6 Dollars be for 3 Ducats, and 6 Dollars for 4

Crowns.

Therefore,
{ ] ""J, l^^l \

-11 be for x Crown.

Confequently, ^ of 54 ^ + i of 68 : + 73 205 will be

the Divifor to find the Crowns firft, ^c.

^ejl. II. A Cafhier is to receive 500/. He is ofFered Crowns

at 6 J \kd. per Crown, which are worth but 6 s. Or he may

have Dollars at 4^. 5^. the Piece, which are worth but 4^. 4^.

Which of thefe fnall he receive to have the leafl Lofs ? And how

much will he lofe in the Payment ?

5 I Crown = 72^. \ according; to their true Values.
^ I I Dollar = 52 ^.

C I Crown =: 73,5^; I the advanced Values.
^ \ I Dollar ==: 53,0^. 3

Now to find which will be the leatt Lofs ; find what the ad-

vanced Value of a Dollar ought to be in Proportion to that of I

Crown.
1 T>k It

Thus 72 : 73,5 : : 52 : 53,083 But he may have Dollars

at 53^. />^r Piece, therefore the Payment in Dollars will be the

leafl Lofs; viz. 53 is lefs than 53,083 ^c.
. . ^

Next, to find what the whole Lofs will be by receivmg Dollars.

Becaufe the 500/. =: 120000^. is advanced as much above the

true Value, as 53^. is above 52^. Therefore fay. If 53^. ad-

vance i i/. 5 3 ^. 52^.; what will 120000^. advancer ^.

53J. : li. :: 120000^. : 2264x3 ^- == 9 ^- 4Tf ^-= ^^6

Lofs.

^eji. 12. Supoofe I exchange 4/. 10 j. 10 d, for 11 Crowns

and 7 Dollars ; and at another Time I have 4 Crowns and 3 Dol-

lars fori/. 15 J. each being of the fame Value with the firft.

What is the Value of a Crown, and of a Dollar I

Firft
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Firft 1 1 Crowns + 7 Dollars 1=^1090 d.l , , ^ ^.

Second 2 Crowns + 3 Dollars ^420^, S
0-"^^^^"-

Then in order to find the Value of i Crown, you muft caft ofF

the Dollars by making them of the fame Number ; Thus,

33 Crowns 4- 2ti Dollars= 3270 d. the firft multipl. with 3.

28 Crowns -j- 21 Dollars= 2940 the fecond multipl. with 7,

Then 5 Crowns = 330^. being the Difference.

Confequently 5) 330 (66d, = 55. 6d, is the Value of i Crown.

And 4 Crowns = 264 d.

Then will 3 Dollars z=i 420 d. — 264 = i$6d.

Confequently 3) 156 (52^. = 4;. ^d, the Value of i Dollar.

CHAP. IX.

0/ mmm^n.
TTI7HEN it is required to mix feveral Sorts of Ingredients to-

gether; as different forts of Corn, Wines, Wool, Spices,

or Metals ; or to compofe Medicines, &c, the Method of propor-

tioning fuch Mixtures, is called the Rule of Alligation ; and is di-

vided into two Parts or Branches ; called Medial and Alternate,

Sea. I. Of auigation ^cWaU

ALligation Medial^ is that by which the Mean Rate or Price

of any Mixture is found, when the particular Quantities of

$he Mixtures apd Rates are given ; and is thus performed.

Firft find the Sum of all the Quantities propofed to be mixed ?

And alfo the Sum of all their particular Rates.

Then the Proportion will be,

C Ai the Sum of all the Quantities : Is to the Sum of all their

P.ule "S Rates : : So is any Part of the Mixture : To the Mean
t Rate or Price of that Part.

^e/I, I. Suppofe 15 Bufhels of Wheat at 5 s. the Bufliel, and

12 Buftiels of Rye at 3/. 6d. the BufheJ, were mixed together;

What
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What is the Mean Rate or Price, it may be fold for a Bufbel,

ivithout Lofs or Gain ?

This Queftion prepared as directed above, will ftand

Thusi
Bufbels of Wheat at 5 j. />^rBufheI, comes to goo d.

\ 12 Buftielsof Rye at 3i. 6 d. each, comes to S^A-d.

27 = their Sum. And their total Value = 1404^,

Then 27 Bufhels : 1404^3^. : : i Bufhel : 52^^. = 41. 4^. the

Anfwer required.

^eji, 2. A Grocer mixeth 36 Pounds of Tobacco, worth

I J. 6i. a Pound, with 12 Pounds of another fort at 1$, a Pound,

and 12 Pounds of a third fort at u. 10 d. the Pound. How
may he fell the Mixture />^r Pound ?

lb. s, d, d»

r36 . at I . 6 1 r 648
Firft ^ 12 , at 2 . o V />^r Pound amounts to < 288

( 1 2 . at I . 10 3 t 264

60 = the Number of Pounds. Their Value =: 1200

Then 60 lb : iiood, : : lib : 20 d.z=, is, Sd. the Anfwer
required.

^ejf. 3. A Vintner mixeth 31 Gallons and a half of Malaga
Sack worth 7 s. 6 d. the Gallon ; with 18 Gallons of Canary at

6 J. gd. the Gallon ; 13 Gallons and a half of Sherry at 5 J. the

Gallon ; and 27 Gallons of WhiteWine at 4J. -^d, the Gallon-

It is required to find what one Gallon of this Mixture is worth.

GaL s. d, Pence^

Firft

!3if at 7 . 6 1 r
18 at 6 . 9 f

Gallon comes to \13! at 5 . o r ^
I

27 at 4- . 7 J L

2835
1458
810

1377

90 =: the Number of Gall. TheirValue =: 6480

Then 90 : 6480 : : 1 : 72 = 6 j. the Rate or Price of one
Gallon, as was required.

The Proof of all Operations in^ thefe fort of Mixtures, is done

by comparing the Value of all the Mixture (being fold at the

Mean Rate) with the total Value of all the particular Quantities,

fuppofmg they had been fold at their refpe<^ive Rates unmixed ;

if thofe Sums are equal, theWork is true.

Sea
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Sedt. 2. Of aileBattoii MzxmtZi

JLUgcligation Alternate^ is that by which the particular Quanti*

ties of every Ingredient concerned in any Mixture are found

;

when the particular Rates of every one of thofe Ingredients, and

the mean Rate are given ; being (as it were) the Converfe to Al-

ligation Medial ; as will appear by the following Operations,

which admit of three Cafes.

Cafe I. The Particular Rates of any Ingredients propofed to

be mixed, and the Mean Rate of the whole Mixture being given.

To find how much of each Ingredient is requifue to compofe t-he

Mixture ; when the whole Quantity, or any Part thereof, is not

lif^ited.

^efi, I. How much Wheat at 5;. the Bufhel, and Rye at

31* 6^. the Bufliel, will compofe a Mixture that may be fold

for 4 J. dfd, the Bufhel ?

Note, In all ^eftiom of this Nature^ it will he convenient to

place the Mean Rate foy as that it may be eaftly compared with the

Particular Rates^ in order to find every one of their Differences from

the Mean Rate^ by Infpe£iion only.

Thus, the Mean Rate == 52 | R^t^^^ 42^!

^hen take the feveral Differences between the Mean Rate^ and

the Particular Rates ; fetting down thofe Differences alternately^

and they will be the Quantities required,

Thus^:2 5 i 5 = 52 — A^

That is 52 — 42 =: 10 for the Quantity of Wheat.

And 60 — 52= 8 ifor the Quantity of Rye, that will

compofe the Mixture required.

The Proof by Alligation Medial.

> ^ LAA S^^ Bufhels of Wheat at bod, per Bufhel = 600 a?.

jjJr { 8 Bu fhels of Rye at 42 d, per Bufhel 336^.

18= thp Number of Bufhels. = 936
Then 18 : 93^: : i : 52^. = 4^. 4<5?. the Mean Rate.

Note^ Although 10 and 8 do anfwer theQueflion, as plainly

-appears by the Proof, yet they are not the only two Numbers

;

for this Queflion, and all others of this kind, will admit of va-

rious Anfwers, and all whole Numbers ; for any two Numbers

that are in the fame Proportion to one another, as 10 is to 8, will

as truly anfwer the Queflion,
' ' ^ . Viz.
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. g . . J 15 : it I
• ^ • • 1 20 : 16 r

L 2C : 20 J

F/z. ib:8:: ^ « ^ infinhum.

— / • - —

7

C »S 1 f 4+ 2 = 2.

Mean Rate 20 < 22 > < 2 = 20— i:

C 24 i L 2 =1 20— I

25

^eji. 2. A Grocer would mix three forts of Tobacco to-

gether, viz. One Sort of 1 8 per lb. another Sort of 22 d. per lb.

and a third Sort of 2 j. the lb. How much of each Sort muft he

take, that the whole Mixture may be fold for 20 d, the Pound ?

Having fet down the given Rates, as before, then find each of

their Differences from the propofed Mean Rate, and place thofe

Differences alternately. Thus,

189(4+ 2 = 24— 20 and 22— 25
8

24 J C 2 =1 20— 18

Thefe Differences, viz. 6 . 2 . 2 are the Quantities required.

f 61b. of Tobacco at 18 "1 rio8^.
Prcof. < 2 lb. — at 22 <af. > the Pound come to ) 44 d,

(. 2 lb. at 24^. 3 c 48^/.

10 = the Number of Pounds. Their Value = 200 d*

Then 10) 200 (20 the Mean Rate.

Or indeed any three Numbers thA ha^e the fame Ratio to one

another as 6 and 2 have, will anfw^r the Queftttxn.

That is, 6:2:: 12 S- ^c,

I 15 5 3

But if only one of the three given Rates had been greater than

theMeaaRate; fuppofe 14^/. /)^r Pound, d. /)^r Pound, and

24 d. per Pound"^\nd the Mean Rate 20 d. as before. Then their

Differences muft have been placed.

C U 7 C 4
Thus, 20'<i8 ><4 J.

^c, as before.

C 24 3 C 6 + 2

^eft. 3. A Vintner would make a Mixture of Malaga, worth

75. 6d. p^rGallon, with Canary at 6j. ()d, />^rGalion, Sherry

at 5 per Gallon, and White Wine at 4J. 3^. ^^r Gallon ;

What Qijantitv of each Sort muft he take, that the Mixture
may be fold for 6 s. per Gallon ?

In all Queftions of this Kind, wherein it is required to mix
four Things together, two of them having their Prices greater,

and iwo leffer than the mean Rate : you muft' always alligate or

compare
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compare a greater and leflTer Price with the mean Price, fetting

down their Differences alternately, as in the inrH Example of this

!'

Malaga god. 7 ( 2i =: 72 — 51
White c^id. y L iS z=z Qo— 72
Sherry 60^. 7 C 9 = 81 — 72

. Canary 81 J. 3 C 12 = 72— 60

Hence 21 Gallons of Malaga, 12 of Canary, 9 of Sherry, and

18 of White will compofe the Mixture required.

{Malaga god.
J i I2 Malaga

"J
Sherry 60^. ) i 18 Sherr/ / -n c -

Canary 81 21 Canary f^'"'
White 51^. 5 I 9 White J

Either of thefe Mixtures equally anfwer the Queftionj which
may be eafily tried as before in the laft,

Cafe II. The particular Rates of all the Ingredients propofed to

be mixed, the Mean Rate of the whole Mixture, and any one of

the Quantities to be mixed being given : Thence to find how much
of every one of the other Ingredients is requifite to compofe the

Mixture.

Notey This is ufually called Jlllgation Partial,

^eji. 4. How muchWheat at 5 s. the Bufhel, muft be mixed

with 12 Bufhels of Rye at 35. 6i^. aBufhel ; that the whole Mix-
ture may be fold for 4 j. 4 ^. the Bufhel ?

In this Cafe you muft fet down all the particular Rates, with

the Mean Rate, and find their Differences juft as before 5 without

any regard had to the Quantity given.

o-u TN/r T> * , C Wheat bod. 7 C 10
Thus, Mean Rate 52^.

\ 42^. M 8

!As the S^uantity found by the Differences of the fame
Name with the ^antity given : Is to the Quantity given :

:

So is any of the other Quantitiesfound by the Differences :

To the ^aniity of it's Name,

'

Thus 8 : fi :: 10 : 15, the Quantity or Number of Budiels

of Wheat required.

^eji, 5. How much Malaga at 7J. bd. the Gallon, Sherry

at 5^. the Gallon, and WhiteWine at 41. 315?. the Gallon, muft

be mixed with 18 Gallons of Canary at bs, gd. the Gallon ; that

the whole Mixture may be fold for bs, the Gallon i*

The
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The Terms being fet down, ^c. as before, will ftand

1

Malaga go 7 ^ 2i

^, ,T r. J i White 51^. J C 18
Thus, Mean Rate 72 rf.

-J
g^^^^^ 60^. 7 C 9
Canary 8i 5 ( 12

f 21 : 31 1 Gallons of Malaga.

Then, as 12 : 18 :: < 18 : 27 Gallons of White,

t 9 : 13 f Gallons of Sherry.

That is, 31 f Gallons of Malaga, 27 of WhiteWine, and 13

1

of Sherry, being mixed with 18 Gallons of Canary, will make

the Mixture required.

Malaga 9^
| |

White 51 } 1 9

, J Sherry 60 S I 18
Or thus, 72

I
(.^^^Jy ^ ^

f 12 : io/t the Malaga. 1

Then, as 21 : 18 : : < 18 : 15 ^\ the Sherry. > isfc.

V 9 : 7 It the White, j

Gallons, Pence,

each
925 -i-T

393 ^^T

1458

2.

1

Sum 51 i\ Value = 3702

Then 5 1 3702 (72 ^. = 6 j. the Mean Rate.

Therefore the Quantities are as truly afligned here, as in the

laft Work.

Cafe III. The particular Rates of all the Ingredients propofed

to be mixed ; and the Sum of all their Qiiantities with the Mean
Rate of that Sum being given ; to find the particular Quantities

of the Mixture.

This is called Alligation Totals and is thus performed.

Set down all the particular Rates, with the Mean Rate, and
find their Differences, as before : add together all the Differences

into one Sum
;

f As the Sum of all the Differences : Is to the Sum of all

Then < the Quantities given : : So is every particular Difference :

C To iis particular ^4antity\

Siueft. 6. Let it be required to mix Wheat at 5 the Bufliel,

with Rye at 35. 6d. the Buftiel ; fo that the whole Quantity may
be 27 Bufhels, to be fold for 4;. 4^?. a Bufliel ; what Quantity
of each muft be taken to make up the Mixture?

Q^z Meaix
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18 = their Sum.

Then 18 : 27 ::
|

^8
• ^2 } ^^^^ Quantities required.

^ejilon 7. Suppofe it were required to mix Malaga at 7 j. 6 d.

the Gallon, with Canary at 6j. 9^. the Gallon ; Sherry at 5 x.

the Gallon, and White Wine at \s. the Gallon; fo that

the whole Mixture may be 90 Gallons; to be fold for 6s, the

Gallon : How much of each fort will compofe that Mixture?

f
Malaga 90 ? 5

' I Canary 8r 7 \ 9
I Sherry 60 3 1 12

60 = their Sum.

r Malaga.

Then 60 : 90 : : <J :

J>

the Gallons of <
WhiteWinc.

{

Malaga 90 7 C 12

r> ^ J Sherry 60 i X 18Or thus, 72 < ^ o, -» r^ '
I

Canary 81 7 C 21

White 51 } I Q

lerry.

V Canary.

60 =: their Sum.

18 -| r Malaga.!I2 : i«
-J

r

^« (Gallon, of]

9-i3fJ L

Tben 60 : 90 : : < *
i 5> Gallons of ^

5-^*'''^-

^ J2i:'?ivf I Canary.

WhiteWine

Either of thefe Ways do equally anfwer the Quefiion, as may
be eafily tried by JUigation Medial. As before, (fff

.

Note, The Work of ihefe Proportions may be much Jhortened

{^efpecially when there are many Ingredients to be mixsd) if you ob-

ferve the fame Method as was propofed in the Rule of Fellow fhip,

page 99, ^c,

I have made Ufe of the very fame Examples both in Alligation

Medial, and Alternate, throughout the three Cafes; being, as I

prefume, much better than if they had been different ones ; be-

cauie the Learner may (if he confiders them a little) eafily perceive,

not only the Difference between the two Rules, but alio wherein

the
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the chief Difference of each Cafe in ihc Alternate Rule depends,

l5fc. Not but that I could have inferred many various

as alfo the Manner of compofing Medicines, ^c. w^hich, for

Brevity fake, I have omitted, and refer thofe that defire to fee

into that Bufinefs to Sir yonas Morels Ariihmeiick^ vi'herein he

v/ill find it largely handled. And fo I fhall conclude vi^ith AIR-

gation Alternate^ v^rhich altho' it gives true Anfwers to Queftions

of that Kind, with fome little Variety, according as the Ingre-

dients are more or lefs in Number ; as appears by the foregoing

Examples ; yet it will not give all the Anfwers fuch Queftions are

capable of, nor perhaps thofe which fuit beft with the prefent

Occafion : Nor can this Imperfection be remedied by common
Arithmettck \ but by an AJgebraick way of arguing it may;
whereby all the pofTible Anfwers to any Qiieftion may be clear-

ly and eafily difcovered ; as (hall be fhewed further on in the

Second Part.

CHAP. X.

Of ^%\M and their g)peci'ficfe ©laai'tfeis, c^^-

Sea. I. Of ©old and ®iH}er^

T>URE Gold, free from Mixture with other Metals, ufually

^ called Fine Gold, is of fuch a Nature and Purity that it will

endure the Fire without wafting, although it be kept continually

melted : And therefore fome of the ancient Philofophers have

fuppofed the Sun to be a Globe of liquid or melted Gold.

Silver having not the Purity of Gold, will not endure the

Fire like it : Yet Fine Silver will wafte but a very little by be-

ing in the Fire any reafonable time; whereas Copper, Tin,
Lead, ^c. will not only wafte, but may be calcined or burnt
to a Powder.

Both Gold and Silver in their Purity, are fo very flexible or

foft (like new Lead, ^c.) that they are not fo ufeful either in

Coin, or otherwife (except to beat in Leaf- Gold or Silver) as

when they*are allay' d, or mixed and hardened with Copper or
Brafs. And altho* moft Places differ more or lefs in the Quantity
of fuch Allay, yet in England it is generally agreed on, that.

Standard
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Standard for ©OlS^

22 Carats of Fine Gold, and 2 Carats of Copper, being

melted together, ftiall be efteemed the true Standard for Gold
Coin, is'c. (The French and ^panijh Gold being very near of the

fame Standard.) That is, if any Quantity or Weight of Fine

Gold, be divided into Twenty-four equal Parts, and 22 of

thofe Parts be mixed with 2 of the like Parts of Copper; that

Alixture is called Standard Gold.

Whence you may obferve, that a Carat is not any certain

Quantity or Weight, but part of any Quantity or Weight

;

and the Alinters and Goldfmiths divide it into 4 equal Parts, which
they call Grains of a Carat; alfo they fubdivide one of thofe

Grains, into Halves, Q^>arters, ^V.

Standard for ^tlUCi:*

Eleven Ounces and Two Penny-weight of Fine Silver, and

Eighteen Penny-weight of Copper being melted together, is

efteemed the true Standard for Silver Coin, called Sterling Silver.

And fo in Proportion for a greater or leffer Quantity ; which is

a lefs Proportion of Allay for Silver, than the other is for Gold.

Note^ When either Silver or Gold is finer than Standard, it is

called Better ; . if coarfer, it is called Worfe ; and that Betternefs

orWorfenefs, is reckond bv Carats and Grains of a Carat in

Gold, and by Penny-weights in Silver ; and is thus difcovered :

The Goldfmiths or Refiners^ &c. take a fmall Q^iantity of fuch

Gold as they intend to cry (which they call making an Afjay) and

weigh it very exactly, then they put it into a Crucible, and melt

it in a ftroug Fire, fo long, that if there be any Copper, or other

Allay mixt with it, that Allay may be confumed or burnt away :

When it is cold they weigh it very exadlly again, and if it have

loft nothing of it's firft Weight, they conclude it is Fine Gold,

but if the Lofs be -i^ Part, they call it 23 Carats Fine, or one

Carat better than Standard : If it have loft a"+ Parts it is 22 Ca-

rats fine, or Standard : If Parts, it is faid to be 21 Carats

fine, or rather one Carat worfe than Standard, and fo in Pro-

portion as it happens to be better or worfe.

In the fame Manner they make their AfTay on Silver, only they

compute it's Lofs by Penny- weights, i^c.

The Author of the Prefent State of England^ mentioned before

{page 320 fays,

< That
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' That the Engli/h Com may want neither the Purity nor

* Weight required, it is moft wifely and carefully provided, that

' once every Year the chief Officers of the Mint appear before the

* Lordfi of the Council in the Star- Chamber at Wejlminfter^ with
* fome pieces of all forts of Monies coined the foregoing Year,
' taken at adventure out of x\\^ Mint^ and kept under feveral

* Locks, by feveral Perfons, *till that Appearance, and then by
* a Jury of 24 able Goldfmiths^ in the Prefenceof the faid Lords,

** every Piece is moft exadlly weighed and aflay^d.'

This if it were conftantly pradlifed would keep our Coin to

it's true Standard, i^c.

Many pretty Queftions may be ftarted concerning the Finenefs

of Gold and Silver, ^c,

EXAMPLE I,

If an Ingot of Silver weighing 787 Oz, 14 Pwt, 6 Grains^ be

II Qz, bPwt, fine; How much fine Silver is there in it, and
what amounts it to, at 51. i\d. the Ounce?

This Ingot is better than Standard by 4 Pwt, For 1 1 Oz,
2 Pwt. = 222 Pwt. the fine Silver in 12 Oz, of Standard. But
It Oz. 6 Pwt. = 226 Pwt, the fine Silver in 12 Oz, according

to the Qifeftion.

Firft 787 Oz. 14 Pwt. 6 Grains = 378102 Grains,

And 1 2 Ounces ~ 240 Pwt,
Then, As 240 : 226 : : 378102 : 356046 = 741 Oz.

15 Pwt, 6 i:\5 Grains the fine Silver in that Ingot.

Which at 5 J. i\d, the Ounce, amounts to 190/. ij. bd.
and near a Half-penny. *

EXAMPLE 2.

If an Ingot of Gold weighing 115 Oz, I'^Pwt, 18 Grains-,

be I of a Grain worfe than Standard : Hov/ much Standard Gold
is there in it, and what comes it to at 3 /. 11 s, an Ounce ?

Firft 115 Oz, i^Pwt, 18 Grains = 55530 Grains Troy.

Then 24) 55530 (2313,75 iz: a Carat of that Quantity.

And 4) 2313,75 (578,4375 = a Grain of that Carat.

Confequently 4) 578,4375 (i44>6o9375 =: | of a Grain.

Again, 2313,75 x 22 = 50902,5 ought to be the fine Gold in

that Ingotj if it had been Standard

;

But
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But 50902,5 — 144,609375 = 50757,890625 is the Quantity

of find Gold according to the Queftion. Therefore 509025 :

50757,890625 : : 55530 : 55372,244 ^c. Grains = 115 Oz.

7 Pwt. 4,244 ^c. Grains 7roy^ being the Quantity of Standard

Gold in that Ingot, as was required.

Next for the Value of it at 3 /. 11 s. per Ounce ; I Oz. = 4^0
Grains j and 3/. 11 j. = 7W. Confequently 480 171::
55372,244 iffc. : 8190,4777 ^c. = 409/. 10 s. Si^' v^^y

near ; being the Value of that Ingot, as was required.

Or the laft Queftion may be otherwife wrought thus; 115 Oz,
j'^Pwt. lo Grains := 11 ^^6Sj ^. And | of a Grain of a Carat

is tV the i of I) Then 22 — tV = 21 tI = 21,9375.
Confequently 22 : 21,9375 :: 115,6875 : 115,358842
= 115 Oz. 7 Pwt. 4,244 Grains, &c. as before.

Next for the Value ; as i : 3,55 :: 1 15,358842 : 409,523,889
409 /. 10 J. 5 I very near : as before.

Sea. 2. ne ®pectficfe ©?aaitp of petals, &c.

T Take an Enquiry made about the different Gravities, or

Weights of Metals, and other Bodies, to be (not only aWork
of Curiofity, but alfo) of very good Ufe upon many Occafions.

Therefore feveral Authors have given us fuch Proportions, or

Difference of their Weights, as they are faid to have one to an-

other ; fuppofing every one of them to be of the fame Magni-

tude or Bignefs. Some of vvhich I fhall here infert.

1. Henry Van Etten^ in hh MathemaUcal Recreations., printed

Anno 1633, fets down the Proportion of their Weights thus ;

Gold 1875. Lead 1165. Silver 1040. Copper 910. Iron Sic.

Tin 750. Water 100.

2. Ont Aljied., m his Encyclopedia^ printed ^;7«5 1649,

them thus : Gold 1875. Quickfilver 1500. Lead 1165. Silver

1040. Copper 910. Iron 806. Tin 750. Honey 15c. Water
100. Oil 90. Thefe Teem to be taken from thofe of Fan Etten^Sy

with fome Additions only,

3. The ingenious Mr Oughtred, in his Circles of Proportions,

printed Jnno 1660, hath their Proportions (according to the Ex-
periments of one Marinus GbetaUi, in his Tradt called Archime-

des Promotus) thus: Gold 3990. Quickfilver 2850. Lead 2415.

Silver 2170. Brafs 1890. Iron 1680, Tin 1554.
4. In
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4. In the Philofophical Tranfadlions^ [Number 169 and 199)
there is an Account of a great many Experiments of this Kind ;

from whence I colle(S^ed thefe following, v:z. Gold 18888.

Mercury 14019. Lead I1343. Silver 11087. Copper 8843.
Hammered Biafs 8349. Caft Brafs 8100. Sceel 7B52. Iroa

7643. Tin 7321. Pump-water 1000.

Thefe laft Proportions being approved of and publifhed by
Order of the Royal Society feem to be unqueftionably true: Never-
theJefs, becaufe they differ fo much from the beforementioned

(and ihofefrom one another) I have for my own Satisfa(51:ion made
feveral Experiments of that Kind : And have {I prefume) obtain-

ed the Proportions of Weight that one Body bears to another of
the fame Bulk or Magnitude, as nicely as the Nature of fuch

Matter, wiiich may be contradled or brought into a leflerBody

{yi%. either by Drying, or Hammering, or otherwife) will admit
of; which are as follow :

A Cuhick

Inch of

Fine Gold^ is - -

Standard Gold - -

^tckftlver - - -

Lead - - - - -

Fine Silver - - -

Standard Silver - -

Rofe Copper - - -

Plate Brafs - - -

Caji Brafs - - -

Steel

Common Iron

Block Tin - - -

Fine Marble - ^

Common Glafs

Alabajler - - -

Dry Ivory - - -

Dry Box-wood -

Sea JVattr - - -

Cohmon clear floater

Red Wine -

Proof Spirits of Brandy
Sound Dry Oak - -

LinfeedrQ-il ^ -

Oiiaiiv^ - - •

Ounces Troy. Ounces Avoird.

10,359273 I 1,365602

9,962625 10,930422
7,384411 8,i0'753

5,984010 6,553885
5,850035 6,418324
55556769 6,096569
4,747121 5,208369
4,404273 4,8321 16

4,272409 4,630300
4,142127 4^544505
4,031361 4,422979
3,861519 4,236638
1,429411 1,5^8859
1,360841 1^493037
0,988456 1,084477
0,962083 1,055542
0,543282 0,596057
0,542742 0,594894
0,527458 0,578697
0,523766 0,574646
0,489268 0,536796
0,489008 0,536569
0,491591 0,539345
0,481569 0,528350

V

R In



122 SlntlimencL Parti.

In this Table you have the Specifick Gravity or Weight of a
Cubic Inch, of various forts of Bodies, both in Troy Ounces
and jfvoirdt/pois Ounces^ and Decimal Parts of an Ounce, which
I can afTure you required nnore Charge, Care, and Trouble, to

find out nicely, than I was at firft aware of.

Now from hence it will be eafy to determine the Weight of

any propofed Qiiantity, of the fame Matter and Kind with thofc

in the Table ; it's Solid Content being given in Cubic Inches,

For it is plain, that if the Number of Cubic Inches contained in

any given Quantity, be multiplied with the tabularWeight of one
Inch, {of thefame Kind of Matter) the Produd will be theWeight
of that Quantity in Ounces, ^r.

EXAMPLE,
Suppofe It were required to find the Weight of a Piece of

Marble, containing three Solid Feet, and 40 Cubic Inches.

Firft 1728 X 3 = 5184 the Cubic Inches in 3 Solid Feet.

And 5 1 84 4- 40 = 5224 the Number of Cubic Inches in the

Piece of Marble.

Then 5224 x 1,429411 =: 7410,066624 Ounces Troy,

Or 5224 X 1,568859 = 8 195,71941 6 Ounces y/z/^/r^/zz/Jw;

The Weight of that Piece of Marble, in Ounces, ^c, which is

eafily brought into Pounds, l^c, I'he like for any of the reft.

The Converfe of this Work is as eafy; v'lx, if the Weight of

any propofed Quantity be given, thence to find the Solid Con-
tent of that Quantity in Cubic Inches, ^c.

Thus, divide the given Weight of the propofed Quantity (//

le'ing firji reduced into Ounces^ by the tabularWeight of one

Inch {of the fame Kind ofMatter)^ and the Quotient will be the

Number of Cubic Inches contained in that Quantity.

Noie^ If you would find what Weight any Quantity of thofe

Bodies mentioned in the Table will have, when it is immerfed

or put into Water, you muft fubftradl the Weight of an equal

Quantity of Water (with that of the Body), from the Weight of

the propofed Body (if it be heavier than Water), and there will

lemain the W^eight required. As for Inftance,

A Cubic Inch of Lead = 5,984010 7^ ^ ^

A Cubic Inch of SeaWatcr = 5^42742 ^''9'. &c.

. their DifFerence is = 5,441x68 the Weight of a Cubic

Inch of Lc»d ia the Water, ^c,
CHAP.
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CHAP. XI.

CaOlUtlOltj or ExirfMing the EODtg out of all gjlttglC

IpOtoCCjS ; one Geometrical Method,

SECT. L

Volution is the Unravelling, or as it were the Unfolding and

Refolving any propofed Power or Number, into the fame

Parts of which it was compofed, or fuppofed to be made up.

Now in order to perform that, it will be convenient to confider

how thofe Powers are com pored, ^c,
A Square Number is that which is equally equal ; or which is

contained under two equal Numbers. Euclid. 7. Def. 18. Thus
.the Square Number 4 is compofed of the two equal Numbers 2

and 2. viz. 2x2 = 4. Or the Square Number 9 is compofed
of the two equal Numbers 3 and 3. viz. 3 x 3 = 9: according

io Euclid. That is, if any Number be multiplied into itfelf;

that Product is called a Square Number.
A Cube is that Number which is equally equally equal. Or

which is contained under three equal Numbers. Eucl. 7. Def. 19.

Thus the Cube Number 8 is compofed of the three equal Num-
bers 2 and 2 and 2. viz. 2 x 2 x 2 =: 8, &c. That is, if any
Number be multiplied into itfelf, and that Produdl be multipJi*

ed with the fame Number ; the fecond Product is Ciilled a Cube
Number.

Thefe two, viz. the Square and Cube Numbers, borrow their

Names from Geometrical EKr:a^Cions or Figures; as from the

three Signal Quantities mentioned in page 2. That is, a Root h
reprefented by a^tHC or ^(OC, having but one Dimenfion, viz,

that of i^Cngtb only. The Square is a Plane or Figure of two
Dimenfions, having equal LCHg^tl) and J5rCStt(% The Cube is a

Solid Body of three Dimenfions ; having equal LCH^tl}, ISc^aDth,
and SLijtCtillCfe : But beyond thefe three, Nature proceeds not,

as to Local Extenfion. That is, the Nature of Place or Space,

admits no Room for other ways of Extenfion, than Length,
Breadth, and Thicknefs. Neither is it poffible to form, or com-
pofe any Figure or Body beyond that of a Solid.

And therefore all the fuperior Powers above the Cube or third

Power ; as the Biquadrat or fourth Power, the SurfoUd or fifth

Povi^er, ^c. are beft explained and underftood by a Rank or Series

of Numbers in Geometrical Proportion. For Inftance : Suppofe

any Rank of Geometrical Proportionals^ whofe firft Term and

Ratio are the fame 3 and to them let there be affigned a Series

R 2 of
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of Numbers in Arithmetical Progrejfioriy beginning with an Unit
or I, whr.r- common Difference is alfo i, as in page 79.

Thus, ^ ^-^'S' 4« 5* 6. 7 Indices.

'(2.4.8. 16 . 32 . 64 . 128 in -rf

Then are thofe Numbers in ~ produced by a continued Multi-
plication of the firft Term or Root into itfelf ; and thofe in Jrith-
metical Frogrejfion or JHHlfrS, do fhew what Degree or Power each
Term in the Geometrical Proportion is of. For Example ; In this

Series of -fr 2 is both the firft Term or Root, and common Ratio
of the Series. Then 2 x 2 zz: 4 the fecond Term or Square ; and
a X 2 X 2z= 8,or4 X 2= 8, the Cube or third Term j 2 x 2 x 2 x 2 =1 6,
or 8 X 2= 1 6 the fourth Term or Biquadrat. And fo on for the

reft.

Note, This is called JntJOlUtiOlt, viz. When any Number is

draivn into itfelf^ and aftervjards into that FroduSi^ &c. // is [aid
U be fo often involved into itfelf \ and the Indices are the Exponents

of their refpe£live Powers fo involved.

And according to thefe Involutions, is formed the following

Table of Powers ; wherein the Root is only one fmgle Figure.

Root,

or

finglc

Side.

b
::>

t»
«»

•>K
*c
«a

V.
'a

Co

V.
v»
0
f0

S
v>

Index

(3)

a a

03 ^
0 v.

Surfolid,

or

the

jifth

Poiver.

Square

cubed,

or

Cube

fquarcd

J
the

fixth

Poiver.

w0

^^

St

The

Biquadrat

fquared.

or

the

eighth

Poivcr.

tN,

5
5

Index

(^)

Index

(4)

Index

I

I n dex

(6)

Index

(7)

Index

(«)

Iiulcx

(9)

I

2

I f I I I 1

4- 8 ir-

^

v_ 64 2 v6 512

3 9 81 2187 6;6 I 10683

4 16 6j. 2 ;6 1024 4096 r6384 262 144

5 25 62: 3'^S 15625 7812; •19062, 9^3^^5

6 36 aj6 I 2q6 777& 466s6 279Q';6 1679616 roo77696

7 i 343 2401 i6So7 1 (7fi49 Xi354V 576480 1 40-^ 53607

8 e4 4096 ;27b8 462144

S3 '441

20971 ^2 167772 16 1 34217728

9 ' 81

,

904^ 4782969 4^4*^ 387420489

This Table plainly (hews (by Infpe<E^ion) any Power (under the

Tenth) of all the nine Figures ; and from thence may be taken the

neareft Root of any Square, Cube, Biquadrat, L'fc. of any Num-
ber whofe Root or Side is a finglc Figure.

But
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But if the Root confifts of two, three, or more places of Fi-

gures, then it muft be found by piece-meal, or Figure after Fi-

gure, at feveral Operations.

The Extra£lion of all Roots, above the Square {viz, of the

Cube, Biquadrat, Surfolid, ^^r.) hath heretofore been a very tedi-

ous and troublefome Piece of Work : All which is now very much
(hortened, and rendered eafy, as will appear further on.

When any Number is propofed to have it's Root extracted, the

firft Work is to prepare it, by Points fet over (or under) their pro-

per Figures ;
according as the given Power, whofe Root is fought

doth require ; and that is done by confidering the Index of the

given Power, which for the Square is 2, for the Cube 3, for the

Biquadrat is 4, ^c. (as in the precedent Table) Then allow fa

many Places of Figures in the given Power, for each fingle Fi-

gure of the Root, as it's Index denotes ; always beginning thofe

Points over the Place of Unity, and afcend towards the Left-

Hand if the given Number be Integers, and defcend towards the

Right-Hand in Decimal Parts. As in thefe following.

Suppofe any given Number; as 75640387246 which I (hall all

along hereafter call the Refolvend.

Then if it be required to extra£t any of the following Roots,

it muft be pointed (according to the forementioned Confideration)

in this manner :

^ Square Root Thus 75640387246

Viz, For the

Cube Root 75640387246
• « •

Biquadrat Root 75640387246

^ Surfolid Root 75640387246

Or fuppofe the Number to be 0,674035982

r Square Root Thus 0,6740359820

Then for the Cube Root 0,674035982
f ° • . . •

*^ Biquadrat Root 0^674035982000

Now the Reafon of pointing the given Refolvend in this man-
ner; viz. the allowing two Figures in the Square; three Figures
in ..the Cube, and four Figures in the Biquadrat, &c, for one
Figure in the Root, may be made evident feveral ways ; but I

think it is eafily conceived from the Table of fingle Powers,
wherein you may obferve that ail the Powers of the Figure 9

(which
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(which is but a fingle Figure) have the fame Number of Places of

Figures, as the Index of thofe Powers denotes : Therefore fo many
Places of Figures mud be taken or affigned for every fingle Figure

in the Root. Confequently by thefe Points is known how many
Places of Figures there will be in the Root, viz. So many Points

as there are, fo many Figures there muft be in the Root, and
whether they muft be Integers or Decimal Parts, is eafily deter-

mined by the refpe6live Places of the Points.

Sea. 2. To ejtttart gquatc Eoot

AND firft how to extra(Sl the Square Root, according to the

common Method.
Plaving pointed the given Refolvend into Periods of two Figures

as before directed ; then by the Table of Powers (or otherwife)

find the grcateft Square that is contained in the firft Period to-

wards the Left-Hand (fetting down it's Root, like a Quotient

Figure in Divifion) and fubftra6l that Square out of the faid Period

of the Refolvend : To the Remainder bring down the next Period

of Figures, for a Dividend, and double the Root of the firft Square

for a Divifor
;
enquiring how oft it may be had in that Dividend,

fo as when the Quotient Figure is annexed to the Divifor, and

that incrcafed Divifor multiplied with the fame Quotient Figure,

the Produdl may be the greateft Number that can be taken out of

that Dividend ; which fubftra£t from the faid Dividend, and to the

Remainder bring down the next Period of Figures, for another

new Dividend : Then fee how often the laft increafed Divifor, can

be had in the new Dividend {with the fame Caution ai before^ viz.),

fo as that the Quotient Figure being annexed to the Divifor, and

that increafed Divifor multiplied with the fame Quotient Figure,

their Product may be the greateft Number that can be fubftra6ied

from the new Dividend. (As before) And fo proceed on from

Period to Period {viz. from Point to Point) in the very fame Man-
ner, until all be finiftied.

An Example or two being well obferved will render the Work
of forming the newDivifors, dsfr. more plain and eafy than caa

be exprefled in a Multitude of Words.

Example I. Let it be required to extract the Square Root out

of 572199960721. This Refolvend being prepared or pointed as

before diredted, will ftand

Thus,
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I. Div

2. Divifor 1506) 9fc>99

6 9036 = 1506 X 6

3. Div

Thus, 572199960721 (756439 the Root.

49 = the greateft Square in 5 7.

for 145) ' 821

5 y^"? = 145 ^ 5

for 15 124) 66396
4 60496 = 15 124 X 4

4. Divifor 151283) 590007

3_ 4^3849 = ^51^^3 X 3

5. Divifor 1512869) 13615821

9 13615821 = 1512869 X 9

Proof 756439 X 756439 = 572199960721 the Refolvend.

Example 2. What is the Square Root of 1850701,764025 ?

Operation 1850701,764025 (1360,405
I

3 69

266) 1607 C Hence 1360,405 is the

6 1596 \ Root required.

I7204) 1101,76

4 1088 16
mfci— —— • •

^720805) 13604025
5 13 604025

(o)

Ex, 3. What is the Square Root of 0,0607 6225 Decimal Parts ?

Operation 0,06076225 (0,2465 the Root required.

^04 — ,2 X ,2

,44) 207

4 176 00,2465x0,2465 =
,486) 3162 Proof \ 0,06076225 the

6 2916 ' Refolvend,

,4925) 24625
5 24625

What
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What is here done in whole Numbers, mixed Numbers, and

Decimals, may alfo be done in Vulgar Fradlions ; if you firft

change the given Fraction into Decimals. (As in SeSi, 5. />. 68.)

Example 4. Let it be required to extra(Sl the Square Root of

Firft i| = 0,64 . .

Then 0,64 (,8 the Root required,

,64

Jn thefe four Examples the Refolvend hath been a perfect Square;

and therefore the Root hath been extracted without leaving any

Remainder : But it very often happens that the Refolvend is not a

true Figurate Number, according to the propofed Power. That is,

it is not a perfect Square, Cube, Biquadrat, bfV. and then fome-

thing will remain after the Extradion hath been made through-

out all the Points. Such Numbers are called ^UtD Numbers, and

their Roots can never be truly found, but will become a continued

Series, ad infinitum : If to the Remainder there be ftill annpxed

Cyphers according as the propofed Power requires, viz» by two's

in the Square; three's in the Cube, four's in the Biquadrat, ^c.

And the Operations continued on as before.

Example 5. Suppofe it were required to extract the Square Root

of 6968. . .

Operation 6968 (83,4745, ^c,

163) 568

3 489

1&64) 795O0

4 ^6 56

16687) 12 4400
7 .11 6809

166944) 759100
4 667776

1669485) 9^32400

5 8347425 f
1669490) 784975 ^c.

Then the Root of any Surd Number may be continued on to

what Exa£lnefs you pleafe, but cannot be truly found.

In my Compendium of Algebra^ Chap. 9. I have propofed an-

other Way of extruding the Square Root, and there given Ex-

aoiples of the Work \ which to avoid Prolixity is thus

;

Having
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Having pointed the given Refolvend, and taken the greateft

Square to the firft Point from it, as before. Then divide the

Remainder of the whole Refolvend by 2 (that is, half n) and

point it a-new. (This I call a new Dividend) Then make the

Root of the firft Square a Divifor, inquiring how oft it may be

found in the new Dividend to the next figure forward, refrrving

that Figure under the next Point for the half Square of the Qr^io-

tient Figure. Which bein^ found, multiply the Divifor with it,

adding to that Produ(5l the Tens of the half Square if there be any,

as in plain Divifion. Then annex the Quotient Figure to the laft

Divifor for a new Divifor, with which proceed in all Refpeds as

tvith the laft Divifor ; and fo on until ail be finilhed.

Example 6. What is the Square Root of 2990667969

Operation 2990667969
—- 25 (5 The firft fingle Root

2) 490667969 The Remainder to be divided by 2.

• . • •

tirftRoots) 245333984,5(54687
+ 4 208 = 5 - + I theSquarcof4, Wz.\^= 8.

Divifor 54) 3733

f 6 3258 = 54 X 6 : -j- I the Square of 6.

Divifor 546) 47539
+ 8 43712 = 546 X 8 :

-f. I the Square of 8.

Divifor 5468) 382784,5

+ 7 382784,5 = 5468 X 7 : 4- 1 the Square of y.

(o)

Hence the Root is found to be 54687, as was required.

All the Difficulty in this Method is only the true placing of the

half Square of the QlJOtient Figure, when it happens to be an odd

Number : In that Cafe you muft bring down one Figure more of

the Dividt nd ; viz. of the next Period ; under which, place the

odd 5 that will always arife from the half Square o^^ an odd Num-
ber : As 7 whofc Square is 49 ; the Half of which is 24^5 to be

placed as in the laft Operation of this Example.

N. B. tp^hen the Number of Figures in the Root of any Surd
Number is limited

; you) need not proceed in extraSiing the whole

Root as before ; hut only to one Figure more than half the difigned

Number of Figures j for the reji may be obtained by plain Divifion

only.

S Exampk
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Example 7. Suppofe it were required to extrad^ the Square Root
of 7 (a Surd Number) to have 1 2 Places of Figures in it.

ft.emalnder

2)

-f- ,6

2,6)

-I- ,04

2,64)
•4- ,005

2,645)
•4- ,0007

^-5^57)
-^^00005

2.64575)
,000001

7 (2,64575 1 I^irft part of the Root.

4

1,50 = Half the Remainder.

1,38 = 2 X 56 : 4- I the Square of 0,6 = 0,18

1200
1048

152000
1^212^

19^7500
1851745

^

^3575500
13228625

34687500
264^7^05

8229995

Having thus got 7 of the 12 Figures required in the Root; the

reft may be eafily found by the contrail: Way of Divifion pro-

pofed in page 68.

Thus 2,645751) 8229995
7937253

292742
2.64575

(2,64575131106

28167
26457

1710
1097

(13J

Hence 1 find the Root of 7 to be 2,64575131106, as was

required*

Thus you have two ways of extrading the Square Root, ei-

ther of which may be pradifed as every one likes beft.

Sea,
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Sea. 3. Ti? ^x/r^<^ //^^ CUbC EOOt^

'TpH E Method I fliall here propofe for extradling the Cube Root
admits of two Cafes; both which are to be very well obferved.

Having pointed the given Refolvend, (as before directed) viz,

into Periods of three Figures ; then feek a Cube Number by the

Table of Powers (or otherwife) that comes neareft to the firft Pe-

xiod of the Refolvend, whether it be greater or lefs than that Period.

Cafe I. If the Cube Number fo taken, be lefs than the firft

Period of the Refolvend, cali it's Root ^ICfS than Juft : And fub-

ftrad that Cube from the firft Period of the Refolvend.

Cafe 2. But if that Cube be greater than the firft Period of the

Refolvend, call it's Root than JuU : And fubftrad the

Refolvend from that Cube, annexing Cyphers to it, that fo

Subftra£lion may be made.

To the firft Root, whether it be lefs or more than juft, annex fo

many Cyphers as there are remaining Points over the whole Num-
bers of the Refolvend, and multiply it with 3 : Then making that

Produ(fl: aDivifor, by which you rnuft divide the Difference be-

tween the Refolvend and the forefaid Cube ; that Qiiotient will be

the Refolvend deprefTed to a Square, and therefore muft be pointed

as fuch, viz. into Periods of two Figures each. That being done,

make the firft Root (without thofe Cyphers that were annexed to

it) a Divifor, enquiring how oft it may be found in the firft Period

of the new Refolvend (as before in extracting the Square Root)
with this Confidcration, that if the Root (now a Divifor) be le(s

than juft, as in Ccfe i. you muft annex the Quotient Figure to it,

and then multiply the Root fo increafed, into the faid Quotient

Figure ; fetting down the Unit's Place of their Product under the

pointed Figure of that Period, fubftradting it, as in Divifion. And
fo on from one Period to another, as before.

But if the faid Root (now a Divifor) be more than juft, as in

Cafe 2. Then you muft fubftrachl: the Quotient Figure from a Cy-
pher annexed, or fuppofed to be annexed, to the faid Divifor;

multiplying the Root fo decreafed into the Quotient Figure ; fet-

ting down their Product as before, i5fc. An Example or two in

^ach Cafe will render the Work plain and eafy.

Note, Each ^otient Figure ought always io he twice added to the

Divifor^ if the Tabular Cube was taken lefs than jujl^ or twicefuh^
Jira^led fromit^ ifgreater \

"^ 'yl, once before you multiply by it and
once with the next Quotient Figure : as will be Jhewn in the following

Examples j which are therefore more exa£i and concife than as done

by the Author in all thefirmer Editions of his Work,

S 2 Exampk
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Ex, I.What is the Cube Root of 146363 1 83 the given Refelvend,
• • •

to be pointed thus 146363183 (the firft Root, lefs than juft.

• 125 = the neareft Cube to 146

500 X 3 = 1500) 21363183 (14242,12 new Refolvend

Firft R^jpt.5)

1 Divifoii 5fP 14242,12 (527 the Root required.

4- 27 104

2 Divifor 547) . 3842
•^-'29

13 the Remainder to be rejef^ed.

Here the Root 527 is the true Root at the firft Operation, as

may be eafdj^ tried by involving it.

That is 527 X 527 X 527 ~ 146363 183 the given Refolvend,

But if it had not been the true Root, then every thing that hath

been here%ne r .uft have been repeated ; only inftead of the firft

fingle Root5[ '^z. 5) you muft have taken the increafed Root (viz.

527) and this call a fecond Operation ; which would increafe the

laft Root to riir J Places of Figures ; viz, every Operation triples thq

Number of Pi "}es in the laft Root ; as will appear further on.

N. B. ^ Jtfc ten hrsp^ns that four, five^ and fomelimes more Places

of Figures mr.y be taken 'into the Root : ejpecially ivhen the fecond Place,

proves to he a Cypher. That is^ when the frfl Cube comes very near

to the firji Period of the Refolvend.

EXAMPLE 2.

What is theCube Root of675078^239 (4000 Root lefs than

Firft neareft Cube = 64 f [juft-

Root4ooox3 = 12000) 3507^24239^j(292.3i8, 68

Firft Root 4)

07 . . . .

1 Divifor 407) 2923i8,68'?(4^7.i,79

-I- 07 1 2849 »

2 Divifor 4141) 4^8

-f- 1.7 414^

3 Divifor 4142,7) 3277*^8'
'

4- .79 2899,8^

4 Divifor 4I43j49) 377>79

' In this Example I have taken fix Figures into the Roots, bc-

caufe the fecond Place proved to be a Cypher. And in thefe fix

the
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the Excefs is not an Unit in the laft Place j for if there were made

a fecond Operation, the Root would be 4071^578 Csff. as may b«

eafily tried.

EXAMPLE
Let it be required to extract the Cube Root out of this Number ;

Viz, 976379602989073960279630298890

The neareft Cube to 976 is 1000 whofe Root is 10 more than juft^

it's Cube looooocoooooooooooooooocooooooo

— 976379602989073960279630298890 the Refolvend^

Remains 2362039701C926039720369701 1 10

The firft Root loooooooooo x 3 = 30C00000000 the Divifor.

Then 30000000000) 2362039701 0926039720369701 no (78734-?

6567030867990 for a new Refolvend,

ift Root 10
— QQ7 / 10000000000 = ift Root.

1 Div. 993) 787 346567030867990 V 0079364 &c. fubftrad.

— 79 ^95 ^ Remains 9920636000 the Root true

2 Div. 9851) 92246 to the fixth Figure, and only too— 93 88659 little by an Unit at the feventh, at

3 Div. 98417) 358756 the firft Operation.

4 Div. 984134) 6350570— 64 5004804

5 Div. 9841276 44576O30
&c, &c.

' For a fecond Operation (if you require no more than ten Places of

Figures true in the Root) you need only alTume 9920000000 3 which
being lefs t^an juft, proceed with as follows

:

From the given Refolvend, = 976379602989073960279630298890
S5ub. the Cube of9920000000= 97619 1

488000000000000000000000

Remainder 1881 1498907396 &c.

Then 3x992 &c.=:2976 &c.} 18811498907396 &c.(632io68i8i &c.

for a new Refolvend.

99200
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99200)

+ /9920000000 the Root affumed,

99206) 6321068181 V ^37 163,'; add

+ ^3 595^3^ 9920637163,5 the Root true to

992123) 3087081 the tenth Figure, and only

+ 37 2976369 too much by an Unit in the

9921207) 71071281 eleventh.

+ 7 6944.886q

992127 *) 1622412 * Here the Additions of theQuo-

. , , , qQ2 1 27 tient Figure being of no Con-

030285 fequence, therefore the Divi-

cr\eonf\ ^10" carried on from hence,

as in pa^-e 68.
35009 ^ ^

29763
"52^5

4960

&c.

In the fame manner the Cube Roots of Decimal Parts ; or of
Vulgar Fradlions, being firft changed into Decimals; may be ex-

tradted.

Sea. 4. ro extras the 'Bi'quantat Eoott

TN extrad^ing the Biquad rat Root, or that of the Fourth Power;
(and indeed the Roots of all even Powers) there are feme fmall

Difficulties, not fo eafily exprelTcd and explained in a few Words,
as they are by 2in Algebraick "theorem', (fuch as fhall be (hewed fur-

ther on) I have therefore in this Place m^de choice of extracfling

fuch Roots by two feveral Extractions, and the rather, becaufe I

prefiime the Reader by this Time thoroughly acquainted with the

Bufinefsof extracting the Square Root, bv which this may eafily

be performed. Thus: ^
'

Firft, Extract: the Square' Root of the propofed Refolvend,

then the Square Fvoot of that firft Root will be the BiquadrSC

Root required. 1

Exampli t. What "is the Biquadrat Root of 4857532416?
Firft extraft it's Square Root,

Thu§
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Thus 4857532416— 36 = the greateft Square, whofe Root is 6.

1257532415 Remainder to be divided by 2,

• • • •

Firft Root 6) 628766208 (69696
5805

4826
4158
66862*0

626805

418158
418158

(0)

Then 60606 S ^^'"^ fi^^ Root, whofe Square Root

^ ^ \ muft now be extrafted.

29696 Remainder to be divided by 2.

Firft Root 2) 14848 (264 the BiquadratRoot as was required.

+ 6 138

26) 1048

-f- 4 1048

9

69J
6

696)

9

6969

264 (0)

This is fo eafy I need not infert any more Examples.

Sea. 5. 7i extras the ©UCfOliO ROOt*

TTAVING pointed the given Refolvend according as it's Index

denotes; vi%. into Periods of five Figures; feeking fuch aSur-

folid Number in the Table of Powers (or otherwife) as comes the

neareft to the firft Period of the Refolvend, whether greater or lefs,

and call it's refpedlive Root accordingly, viz. more than juft, or

lefs than juft ; annexing fo many Cyphers to it, as there are remain-

.
ing Periods of whole Numbers in the Refolvend ; as before in ex-

tracting the Cube Root: Then find the Difference between the

Refolvend, and theSurfolid Number fo taken, by fubftra6ling tlie

leffer from the greater (as before in the Cube], Next find the

Cube of the aforefaid Surfolid Root with it's annexed Cyphers,
(which you may alfo do by tile Table of Powers) and multiply

that Cube with 5 the Index of the Surfolid, the Produ6t muft be

a Divifor, by which the DifFerence between the Refolvend and
the Surfolid Number muft be divided ; that fo it may be deprefled

to
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to a Square (as before in the Cube) which muft be pointed into Pe-
riods of two Figures each, calling it the new Refolvend (as before).

Then make the firft Root, without it's Cyphers, a Divifor, en-

'qufring how oft it may be found in the firft Period of the newRe-
folvend, with this Con fideration, if the Root (now a Divifor) be

Jefs than juft, you muft annex twice the Quotient Figure to it

;

but if it be more than juft, you muft fubftract twice the Quotient

Figure from a Cypher either annexed, or fuppofed to be annexed

to that Divifor or Root, multiplying it fo increafed or diminifhed,

with the faid Quotient Figure, fetting down their Produdl, ^V. as

before. An Example in each Cafe will render it plain and eafy.

Example i . Suppofe it be required to extra£l the Surfolid Root
out of this Number 12309502009375.

« e •

12309502009375 the Refolvend pointed.

The neareft Surfolid Number to 1230, the firft Period of the

Refolvend, is 1024, whofe Root is 4 being lefs than juft.

• • .
•

Therefore 12309502009375— 1024

20695020C9375 their DilFerence.

Next the Cube of 400 is 64000000 per Table, ^V. And
64000000 X 5 = 320000000 the Divifor.

Then 320000000) 2069502009375 (6497

Firft Root 400

f 2 X 10 = + 20
^ ,

r 400
I Divifor 420) 6467 \+ 15

4-20 + 2 X 5 = 4-30 42 415 Root true

450 2267
2250

1 7 the Remainder to be rejeded.

That is 415 is the Surfolid Root of the given Refolvend.

As may be eafily tried by involving it to the fifth Power. Viz,

415 X 415 X 415 X 415 = 12309502009375 the given Re-

. Iblvend.

Note, Here again the double ^otient Figure ought to be twice

added or fubjira^ed, in thefame Manner as the fingle one was di'

reeled for the Cube Root^ page 131 , and the Operationfor theSur^

folid Root in ihefe two Examples is performed accordingly : contrary

to what was heretofore done by the Author^

Examfli
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Example 2. What is the Surfolid Root of 2327834559873

The neareft Surfolid Number to 232 is 243 whofc Root is 3
being more than juft.

Therefore 2430000000000
— 2327834559873

Remains 102165440127 For a Dividend.

The Cube of 300 is 27000000 and 27000000 x 5 = 13500000O

Then 135000000) 102165440127 (756,7810 new Refolvcnd.

/300

Firft Root 300— 2x2 = — 4 • « • •

1 Divifor 29b) 756,7810—4—2 X 0,5 = — 5.0 592

2 Divifor 29J>o) 164,78
I— 2 X Ojo6 = — 1,12 145^50

3 Divifor 289,88) 19,2810
&:c.

297,434 The Root

only too little by 2

in the lowcft Fi-

gure.

Now the Reafon why this Root comes out to fo many Places

of Figures at the firft Operation ; is becaufe the firft Surfolid

Number was fo near the Refolvend, ^V. As before.

4£.

Seft. 6. To exira5l the RpOt of the @)quai:e CUbCO*

'TpHIS may beeafily performed by two Extra£lionSjj^ according
^ as it's Name denotes. Thus, firft extract the Square Root
of the given Refolvend ; then extradl the Cube Root of that

Square Root, and it will be the Root required : That is, it will

be the Root of the fixth Power. Or thus, firft extract the Cube
Root of the Refolvend ; then extradl the Cube Root of that Cube
Root, and it will be the Root required.

EXAMPLE I.

Let it be required to extract the Square cubed Root out of this

Number 145220537353515625 the Refolvend.
• Firft I extrad the Square Root of this Refolvend, which I take

to be the beft and eafieft Way.
T Thus
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Thus 145220537353515625— g

Remains 55220537353515625 to be halfed.

Then 3) 27610268676757812,5 (381078125
-f- 8 272

38) 4102

+ 10 3805

3810) 2976867
-4- 7 2667245

38107) 3096226
-f- 8 3048592
38107b) 47634757

I 38107805
^

3810781) 95269528
-4- 2 76215622

38107812) 1905390612,5

+ 5_ 1905390612,5

381C78125 (0)

Having found the Square Root of the given Refolvend, T pro-

ceed to extract the Cube Root of that Square Root.

•.,».•
That isj of 381078125— 34.3 the neareft Cube, it's Root is 700

Then 700 X 3 = 2100) 38078125 (i8i6i

Firft Root 7 . .

-4- 2
• •

1 Divifor 72,) 18161 \+
"f- 25 144 725

2 Divifor 745) 3761
3725

(36;

Hence I find 725 to be the Square cubed Root required ; as

may eafily be tried by involving it to the fixth Power. That is,

725 X 725 X 725 X 725 X 725 X 725 will be found = 14522053-

73535 15725 the given Refolvend,

Sea
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Sedl. 7. To extract ^^e EODt ^/ //^^ feventh l^Ofeer*^

TJ Aving pointed the given Refolvend, as it\s Index denotes, wz.

into Periods of feven Figures, feek out fuch a Number of the,

feventh Power, by the Table of Power?, as comes neareft to the

firft Period of the Refolvend ; whether it be greater orle0er, cal-

ling it's refpe6^ive Root more than juft, or lefs than juft, annexing

it's proper Number of Cyphers, &'c. as in the Cube and Surfolid,

Then find the Difference between the given Refolvend, and

that Number of the feventh Power (found by the Table of

Powers) by fubftrading the lefler from the greater.

Next find the Surfolid or fifth Power of that Root with it's an-

nexed Cyphers (which you mav alfo do by the T-^ble of Powers)

and multiply that Surfolid Number with 7, the Index of the given

Refolvend; that Produd muft be a Divifor, by which ?hc forefaid

Difference mufl be divided, that fo it may be deprefTed to a Square*

to be pointed, ^c. as before in the Cube, ^c. ih-^r. - • ^ 1

Root, without it's Cyphers, a Divifor ;
"

new Refolvend (as before) only here you

nifh the Divifor with thrice the Quotient Figu

Example. Vv^hat is the fecond Surfolid Root, or that of the

feventh Power,

• • •

of 382986553955078125 the Refolvend pointed.

— 2187 the neareft of the feventh Power.

16428655395507^)125 their Difference.

The firft Root is 300 being lefs than jufl-, and the fifth Power
of 300 is 2430000000000, which being multiplied with 7 is

1 70 1 0000000000 for a Divifor, by which the aforefaid Diffe-

rence mufl be divided; which contra£led may ftand thus,

1701) 16428655 (9658,23

Firft Root 300

-f- 3 X 20 = -f- 60 . . / 300
1 Divifor 360) 9658 V+ 25

60 + 3 X 05 = 7? 7^ 325 = the true Root re-

2 Divifor 43 5 J 2458 [quired.

283 the Remainder to be rcje<fled,

[as before.
7 ———

—

* That is, by twice adding or Aibftrafting the triple Quotient Figure, as was done

with the double (^otient Figur^ for the Root of the fifth Power, fage 136 j and tl^c

linglc Quotient Figuie for the Cube Root page 131,

. T 2 Hence
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Hence I have found 325 to be the true Root required, that is,

the true Root of the feventh Power.

I think it needlefs; to proceed farther; viz, to infert Examples

of higher Powers. For if what is already done be well underftood,

it will be eafy to conceive how to proceed in extracting the Root
of any fingle Power how high foever it. be (for the Mahoc! is ge-

neral and alike in all Powers), due Regard being h?d :c> tiieir In-

dices ; and to the firft fingle Side or Root. That is, whether it

be more, or lefs than juft, ^c.

Yet methinks I hear the young Learner fay, it is poflible ta

follow the Directions and Examples, as they are here lai J ciown ;

but ftill here is not the Reafon why they are fo, and fo, pf^rform-

ed ; and why there fhould be a Remainder left after the Root is

found ; viz. when the given Refolvend hath a true Root of it*s

Kind.

It is true, the Reafons of thefe are not here laid down ; nei-^-

thcr indeed can they be rendered fo plain and intelligible by

Words, as by an Algebraick Procefs, from whence the Theoreftis

or Rules here given, had their firft Invention as fhall be fhewed

in the next Part, when I come to treat of refolving compounded
or adfe<5ted Equations ; however, take this fhort and general Ac-
count of this Method,

This, and all other of the new Methods of Converging Series

(as they arc called), are very different from the former (and ftill

common) Methods of extracting Roots, which require the firft

lingle Side or Root of the firft Period (in any Refolvend) to be

taken exaCtly true, and then by involving, and other tedious

Ways of ordering it, there is formed a Divifor j which helps to

grope out by Trials a fccond Figure in the Root. And fo proceed

on from Point to Point ; ftili repeating the wholeWork for every

fingle Figure that comes into the Root. And if by Chance there

be a Miftake or Error committed in any one Figure (as it is pof-

fible there may) it fpoils the whole Procefs, which muft then be

wholly begun anew, or at leaft from that Part of it where the

Error firft entered.

But the Nature and Defign of the Method which I have here

laid down is quite otherwife ; it being fo contrived, as to gradu-

ally leften the Difference betwixt any propofed Power, and thp

hke Power of another Number afTumed ; viz. it leftens that Dif-

ference until it is either quite vant|uiftied, or becomes fo infinitely

fmall as to be infignificant.

Therefore when any Number is propofed to have it's Root ex-

tracted ; it is here required to take the next neareft Root of the

firft Period in the Refolvend 5 that fo the Difference betwixt the

given
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given Refolvend, and the Homogeneal Power {viz. the like

Power) of the Root thus taken, may be lefs either in Excefs, or

Defe<Sl. Which Difference being reduced, or depreffed lower,

becomes fo prepared, that by plaiii Divifion (comparatively)

there will arife fuch Quotient Figures, as will both correal and

increafe the firft Root to three Places of Figures at leaft, fome-

times to four or five Places of Figures
;
according as the faid firft

Difference happens to be more or lefs (of which you may have

obfervcd Inftances) : But yet th'^re will be a Remainder left,

and perhaps an Excefs or Defe(St in the Root fo increafed, viz^

in the laft Fip:«ire of it.

Now to rectify the faid. Excefs or Defcd* in the Root, and to

difcover whether the given Refolvend be a true Figurate Num-
ber, or not : That is, whether it have a truePvOot of it's kind;

it will be neceflary to make a fecond Operation ; by taking the

Root fo increaftd, and proceeding with it and the given Refol-

vend, in all refpe<5ts as in the firft Work (like to the third Ex^
ample of extrading the Cube Root): I fay, if the given Refolvend

have a true Root, it will appear at this fecond Operation, and all

the aforefaid Differences, ^V. will be vanquifhed ; provided the

Root required is not to have more than three (or four) Places of

Figures in it.

But if the Root be to have more than three Figures in it; or,

that the given Refolvend prove to be a Surd Number. Thea
there will be a Differerice as before ; which will afford Quotient

Figures to redtify and increafe the Root laft taken, to three Times
as many Places of Figures, as it had at the Beginning of that fe-

cond Operation, As you may fee in the aforelaid Example 3. of

the Cube Root ; wherein that Root is increafed to twelve Places

of Figures at two Operations ; which if it were to be extracted

the old (and ftill common) way, it would require at ieaft forty

times the Number of Figures I have here ufed.

Again, if there chance to be a Miftake committed in any Ope-
ration performed by the Method here laid down, that Miftake

will not deftroy the precedent Work, but will be rectified in the

next Operation, although it were not difcovered be/ore. And
|:hus you may proceed on to a third Operation, which will afford

27 Places of Figures in the Root, i^c. with very little Trouble,

if compared with former Methods.

The brief Account, which I have here given (by JVay of ex~

plaining the Nature of this Method of cxtraBing Roots) being well

confidered and compared with the feveral Operations of the fore-

going^ Examples^ muft needs help the Learner to form fuch an

|dea pf it, that he cannot (I prefume) but underftand how to

proceed
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proceed in extracting the Root out of any fingle Power, how
high foever it be ; without the Help of an Algehraick Theorem.

Not but when that comes to be once underftood ; the Work will

be much readier and eaficr performed : As will appear in the

next Part.

I did intend to have here inferred the whole Bufmefs of Intereft

and Annuities ; but finding that it would require too large a Dif-

courfe, to fliew the Grounds and Reafons of the feveral Theorems

ufeful therein, I have therefore referved that Work for the Clofe

of the next Part. Neither indeed can the raifing of thofe Theorems

be fo well delivered in Words, as by an Algehraick Way of argu-

ing; which renders them not only much Ihorter, but alfo plainer

and ealler to be underftood.

I have alfo omitted that Rule in Arithmetick^ ufually called the

Rule of Pcfiiion^ or Rule of Falfe : Becaufe all fuch Ql,ieftions, as

can be anlwered by that gueffing Rule, are much better done by

9ny one who hath but a very fmall fmattering of Algebra. I fhaU

therefore conclude this Part of Numerical Arithmetick ; and pro-

ceed to that of Algehraick Arithmetick^ wherein I would advife

the young Learner not to be too hafty in pafling from one Rule

to another, and then he will find it very eafy to be attained.

A N



143

A N

INTRODUCTION
TO THE

atl)emattck$»

PART IL

PROEM.
HAVING formerly wrote a fmall Traa of 0lgcbra,

perhaps it mayfeem (tofome) very improper to write again

upon the fame Suhje^; but only (as the ufual Cujlom is)

to have referred my Reader to that Tra£l. However

y

hecaufe the following Parts of this Treatife are managed by an Alge-

hraick Method of arguing ; which may fall into the Hands of thofe

who have not feen that Traily or any other of that Kind ; / thought

it .convenient to accommodate the young Geometer with the firji Ele^

menis^ or principal Rules, by which all Operations in this Art are

performed ; that fo he may not be at a Lojs as he proceeds farther on :

Befides, what 1formerly wrote was only a Compendium of that which

is here fully handled at large.

The princ ipal Rules are a^Ditioii, §>ubnraction, ^ulcipli^»

cation, SDtMon, ^[ntJOlUtion, and CBtolUttOn, in common
Slrit^lllCticU, but differently performed ; and therefore fome

call it 5llgeb:atcb :^rtt]^mettcfe* Others call it arit^mettch m
Specie, becaufe all the Quantities concerned in any Queftion,

remain in their fubftituted Letters (howfoever managed by Ad»
tlition, Subjlraiiion, or Multiplication, &c.) without being de-

ftroyed or changed into others, as Figures in common Arithme*

tick are.

Mr. Harriot called it JiOgtfliCvl ppCCiOfS, or Speciou: Compu-
tation,

C H A jP.
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CHAP. I.

Concerning the g9etf)0tl of nOtUlff dcuun CiUailtttieiS h

and tCaCWff their g)tepg,

seft. I. Of mtmm.
^T^ H E Method of noting down Letters for Quantities is va-

rious, according to every one's Fancy ; but I (hall here fol-

low the fame as in my former Trad^:, and reprefent the Quantity

fought (be it Line or Number, ^c.) by the fmall (<?), and if

more Quantities than one are fought, by the other fmall Vowels,

e. u. or y.

The given Quantifies are reprefented by the fmall Confonants,

€. d, f g. i5fc.

And for Diftindlion fake, mark the Points or Ends of Lines

m all Schemes, with the capital or great Letters, viz. A, B.

C. D. &c.

When any Quantity (either given or fought) is taken more
than once, you muft prefix it's Number to it; as 3a ftands

for a taken three times, or three times tf, and jb ftands for feven

times b, &c.

All Numbers thus prefixt to any Quantity, are called Coeffi-

cients or Fellow-Factors ; becaufe they multiply the Quantity ;

and if any Quantity be without a Coefficient, it is always fup-

pofed or underftood to have an Unit prefixed to it ; as « is i <7,

or ^ is I ^, ^c.

The Signs by which Quantities are chiefly managed are the

fame, and have the fame Signification, with thofe in the firft

Part, page 5. which I here prefume the Reader to be very well

acquainted with. To them muft be here added thefe three more 5

f f Involution.

Viz, t^y r the Sign of ^ Evolution, or extra£ling Roots.

( 3 t Irrationality, or Sign of a Surd Root.

All Quantities that are exprefTed by Numbers oi\Iy (as in Vul-

gar Arithmeiick) are called Abfolute Numbers.

Thofe Quantities that are reprefented by fingle Letters, as,

a, b. c. d. ^c, or by feveral Letters that are immediately joined

together; zsab. cd, or y bd. ^c, arc called Simple or Single

whole Quantities.

But when different Quantities reprefented by different or un-

like Letters, are conne(fted together by the Signs (-j- or—) ; as

a + by a-^by ox ab^-dc^ they are called Compound whole

Quantities,
^^^^



Chap. I. Bomion of Cluaittitteg. 145

And when Quantities are exprefled or fet down like Vulgar

Fraaions, Thus ^, or t±l, or &c. they arc
b d b-^c

called Fraaional or Broken Quantities.

The Sign wherewith Qiiantities are connefted, always belongs

to that Qiiantity which immediately follows it; and therefore all

the Quantities concerned in any Queftion, may ftand in any order

at PJeafure, viz. the moft convenient for the next Operation.

As -j- — ^ may ftand thus ^— <i + or thus a-^d-^-b, or

^d-^a-\-b &c. thefe being ftill the fame, tho' differently placed.

That Qiiantity which hath no Sign before it (as generally the

leading Quantity hath not) is always underftood to have the

Sign -f- before it. As is or ^— is -f-^— rf, 5cc. for

the Sign -f- is the Affirmative Sign, and therefore all leading or

pofitive Qiiantities are underftood to have it, as well as thofe that

are to be added.

But the Sigh — being the Negative Sign, or Sign of Defe^,
there is a Neccffity of prefixing it before that Quantity to which
it belongs, wherever the Quantity fiands.

Seel. 2. Of tracing the @teplS tifed in hinging

fiCluantitre0 to an cquatiom
'TpHE Method of tricing the Steps, ufed in bringing theQaan-

tities concerned in any Queftion to an Equation, is beft per-

formed by regiftering the feveral Operations with Figures and
Signs placed in the Margin of the Work, according as the feve-

ral Operations require; being very ufeful in long and tedious

Operations.

For Inftance : If it be required to fet down and regifter the

o Quantities, a and b^ the Work will ftand,

Firft fet down the propofed Quantities, a and
over-againft the Figures i, 2, in the fmall Co-
lumn (which are here called Stejxs), and againft 3

Thus I a

2 b

I + 3
a+b

Then againft that third Step, fet down i -|- 2 in the Margin j

which denotes that the Quantities againft the firft and fccond Steps

are added together, and that thofe in the third Step are their Sum,
To illuftrate this in Numbers, fuppofe == 9, and ^= 6*

Then it wiil be.

Thus! \

2

1+ 2 3

a =9
b =6
tf-{-^= 9-j-6=i5 being the Sum of 9 and 6,

U Again^
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Again, If it were required to fet down the Difference of the
fame two Quantities ; then it will be,

Thus I

2

a=:g
b — ()

I— 2 3 a — b — g — 0 ~ 3 the DifF. between 9 and 6.

Or if it were required to fet down their Produdl.
Then it will be,

Thus I

2 bz=6

1x2 a ^< h or ah— q y h-=: 54. the Prod, of 9 into 6.

Note, Letters fet or joined immediately together (like a Word

)

ftg*^ify the Re^angle or Produ^ of thofe ^antities they reprefent ;

4is in the lajl Example, wherein ab =: 54 is the Product ofz.z=zg
end b= 6. ^5V.

1. If equal Quantities be ^dded to equal Quantities, the Sum
of thefe-Qi^iantities will be equal.

2. If equal Quantities be taken from equal Quantities, the

Quantities remaining will be equal.

..-•3. If . equal Quantities be multiplied with equal Quantities,

their Produd^s will be equal.

4. If equal Quantities be divided by equal Quantities, their

Quotients will be equal.

5. Thofe Quantities, that are equal to one and the fame

Thing, are equal to one another.

Note, I advije the Learner to get ihcfe five Axioms perfeSlly hy

Heart.

Thefe Things being premifed, and a perfe^l Knowledge of

the Signs and their Significations being gained, the young Alge-

broiji may proceed to the following Rules. But firft I muft make
bold toadvife him here (as I have formerly done) that he be very

ready in one Rule before he undertakes the next.

T^at is. He fhould be expert in Addition^ before he meddle^

with SubJiraSiion ; and in Suh/ira^fion^ before he undertakes

Multiplicationy &c. bccauf© they have a Dependency one upon

9fUother.

CHAP.
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CHAP. II.

Concerning the Principal EUleS, of aigebCOlCfe

aritljmetic^, of whole CluantttieiS.

Sea. I. SCSltlOtt of whole ^VmtiHZ^.

ADDICTION of whole Quantities admits of three

Cafes.

Cafe I. If the Quantities are like, and have like Signs; add

the Co-efficients or prefixt Numbers together, and to their Sum
adjoin the Quantities with the fame Sign.

I

2

Exam. I.

a

a

Exam. 2.

— a

Exam. 3.

5^
3^

Exam, 4.

— 8i^r

I -f- 2 3 2 a — ia

Thus
I

2

Exam. 5.

3^+ 5^
la -^r- 1 h

Exam.

3<^

2 —
6.

7^

Exam, 7.

6rt ^ -{- 12

3 <7 ^ -4- 24

m-2 3 5 -\-lib
1 5 ^ — I 2 b c^ab -4- 36

TZ'^ Reafon of ihefe Additions is evident from the Work of Com-
mon Arithmetick. For fuppofe a, to reprefent one Crown^ to

which if I add one Crown^ the Sum will be two CrownSy or 2 a.

as in Example I

.

Or if we fuppofe — a, to reprefent the Want &r Debt of one

Crown^ to which if another Want or Debt of one Crown be added^

the Sum muft needs be the Want or Debt of two Crownsy or — 2 a j

as in Example 2, And fo for all the reji,

Cafe 2. If the Quantities are alike, and have unlike Signs 5

fubftrad the Co-efficients, from each other, and to their DifFe-

rcnce join the Qiiantities with the Sign of the greater.

Exam. 8. Exam, 9. Exam, 10. Exam. 1 1.

I -f- 5^ — 5 ^ ^ y b c —- g a b d
2 — ? ^ ^ a • — 6bc ~{- J abd

I -f- 2
ti «

3 I -{-'2a — 2 a — ibc — 2a bd

1-^-2

Example 12.

7^ — 5^
— 5 « "h 7 ^

Example 13.

— Sab — 7^^4-15
-1-12 a b -4- y b c 24

2 a 2 b r 4 /2 ^ —- 9

U 2
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The Reafon of the Operations in this Cafe may he eafily underfioody

hy any one that duly confiders the comparing of Stock and Debts toge-

ther^ or the ballancing of Accounts betwixt Debtor and Creditor,

That is^ the Affirmative ^amities reprefent the Stock or Creditor :

The Negative ^antities reprefent the Debts ; and their Sum repre-

fents the Ballance^ &c.

Cafe 3. When the Quantities are unlike, fet them all down,
without altering their Signs ; and thence will arife compound
Quantities, which can be no otherwife added but by their Signs.

Thus I a a 5b J dc
2 b — b 4<? -f- '^0

I -f- 2 3 a ~\- b a-^-b ^b-\~ydc-\-^4.a — 20

Here follow a few Examples wherein all the 3 Cafes are pro-
mifcuoufly concerned.

I aa-\^2ab-\^bb ^ a b be — 37
2 — ^a b — y a b — be —f- 42 — 6 d

1+ 2 3 a a — lab -\- b b a b -4- 5 6d

I aa^%ab-\-hb g be y ab -~ 45
2 •A- d^ab — b b 4. d — 6 be -- ^ ah -A- da

I-f-2 3 aa-\~lab-\-'hb ^bc
/\.
d -- 45 -\- da

ab

— a b -\- y c — ^-J-4^-j-/'

14-2+ 3

3 ^ ^

7.bb

dd

+ Of-abc

2aa
2 a a

bb +30
labc — 25

3^^^ — 3

-\~ d d -4- 7. a a + b b — a b c 2

Seft. 2. ^ubifiMcn'on of whole duautiti'es*

QUBSTRJCTION of whole Quantities is performed

by one general Rule.'

RULE.
Change all the Signs' of the Suhjlrahend (viz. of ihofe ^antities

which are to be fubflra^ed) or fuppofe them in your Mind to be

changed ; then add all the ^antities together^ as before in Addition,

and their Sum will be the true Remainder or Difference required.

This
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This general Rule is deduced from thefe evident Truths.

To fubftradl an Affirmative Quantity, from an Affirmative,

is the fame as to add a Negative Qiiantity to an Affirmative : that

is -(- 2^ taken from +3^?, is the fame with — 2<2 added to -|-3<?.

Confequently, to fubftracl: a Negative Quantity from an Affir-

mative, will be the fame as to add an Affirmative Quantity to

an Affirmative : that is — 2 a taken from -f- 3^ wi^^ the fame
with -|- 2a added to -f- 3 ,

Exam, I, Exam. 2. Exam, 3-
' Exam, 4.

I 2^2 - 2 « Sb — 15 be
2 « 3^ — 8^^

T— 2 a - « 1 5 ^ - ybc

Exam. 5 • Exam, 6. Exam, 7,

I 5 a + 12 ^ - 12 ^ 9 <2 ^ -f- 36
2 2^-4- 7 2 a - 7* :^

a b -\- 24.

I— 2 3 ? ^ -4- S 3^ - t) ^ /> -f- 12

Exam. 8. Exam. 9. Exam, 10. Exam, ir.

1 -f- 2 <2 -2a be — 2abd
2 — 3^ 4-3^ ^6 b c -f- '1 abd

I — 2 3 -4- 5 - 5 ^ -h 7 ^ ^ — q ab d

Example 12. Example 13-

I 2a 2b 4. « ^ —"9
2 — 5-^-4- 7^ Sab-^

1 — 2 3 7 ^ ~-5^ 12 a b J b c — 24

If thefe 13 Examples be compared with thofe in Jdditiofj, the

Work will appear very evident, thefe being only the Convcrfe or

Proof of thofe ; according to the Nature of Addition and Sub^

JiraSlion in common JrithmeticL

lylore Examples in Subftra5fion,

I ^bc ^ 2da Sa ^^bd+ 25
2 S be — /\.da J a — ^bd— 12

1-^-2 3 -4- 2 ^ y d a a S b d -{^ 7^

Ir- 2

1
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I 0
2 3 <7 — i? — 2 c b la — \ b

I — 2 3 3^ 4-13 — 3^ -f- a — b — 2^ + 4^

2 ^—54 76
I d— T^h— he — 7«; a^h-^^d^rl^

1 — I 3 a b b c -ir- 7. i — d

That a — b taken from a h Jeaves -f- 2 for the Re-

mainder, as in the firft of thefe Examples^ may be thus proved ;

Let I <3 4- ^

And 2 zz: A*

24-^ 3 per Axiom I.

I — 3 4 h rz: z per Axiom 2.

4 4- ^ 5 lb — X which was to be proved.

-The Truth of all Operations in SuhJ}ra£llon^ where any

Dpubt arifes, may be proved, by adding the Subftrahend to the

Remainder, as in Common Arithmetick,

EXAMPLE.
From I 4- 5^ 0 —^gbc

. Take 4-3^ — t d (2 Subftrahend.

I — 2 3 4- b d a — q b c Rem;ii infer.

24-3 4 4- 56! 0 b c t^root.

Sea. 3. a^iutipiicatiou of whole £iuaiiti'ticjaf*

UIT IPLICATION of whole Qiiantities admits

of three Cafes.

Cafe I. When the Qiiantities have hke Signs, and no Coeffi-

cients, fet or join them together, and prefix the Sign 4~ before

them ; and that will be their Produi^.

Exam. I. 1, }]^am. 2. Exam. 3. Exam. 4.

Thus
\

I

2
, — a a 4- ^

d

—
'/z — b

T X 2 3 ah
j

-i- ab a d -\- b d -\~ a d b d

Cafe 2. If there be Coefficients ; multiply them, and to their

Product adjoin the Quantities fet together as before.

Thu«
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Thus
1

I

2

Exam. 5.

5 «

Exam. 6.

— 6^
-7^

Exam. 7,

3 ^ 2

Exam. 8.

T X 2 3 15 -f- 42 5 -}- <; /f?/^

3. When the Quantities have unlike Signs ; join them
and the Produdt of the CoefHcients together (as before), but pre:

fix the Sign — before them ;
'

Thus
j

I

2

Exam. 9
-4-

Exam. 10.

^ 6^
•4- 7 ^.

Exam. II.

4^—7^
? f

Exam, il, '
'

4 — 7 ^

- 3 A .

I X 2 3
— 42 12 a f— 21 b f — ViafJ^ bf

That is, 4. into +, or - into gives -f ) ^
But + into — , or — into -f-, gives — i

That into -f- will produce ~j~ in the Product, is evident

from Multiplication in Common Arithmetick : viz. -f- 5 into -f- 7
will give -4- 35 ^c. But that -f- into — , or — into -f- fhould

produce the Sign —, as in the four lafl Examples ; and that— into — fhould produce the Sign as in the fccond, fourth,

and fixth Examples, may perhaps feem fomewhat hard to be

conceived \ and requires a Demonftration.

Firft to prove that — 7 ^ into -f- 3/= — 21 ^/i As in

Example 11.

\a — 7^ = 0
\a ^ b per Axiom i

.

4- 3/= + 3/
12 af zzz 21 bf per Axiom 3.

12 af— 21 bf •:=L0 per Axiom 2.

Co;ifequently -j- into — , or — into -4- produces —, which
was the Thing to be proved.

Secondly to prove that — 7^ into — 3/ gives + 21 ^y* as in

Example 12.

Suppofe

Then will

But

2x3
4 — 21 ^/

Let

Then
But

the 2 X 3 is

a
"]
b o I

23 before.
a zzz

'J
b 3

-3/= -3/— i2af z=. — 2ibfhy wjiat is proved above,

— 12 af -[- 21 bf-=z 0. . per Axiom i.4 21 bf

Confequcnily —- into — gives -f-, which was to be proved.

Or
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Or thefe may be otherwife proved by Numbers.

Thu. fuppofe and ^^r^^"
Then <2— ^==6 ^— ^^= 4 per Axiom 2,

Confequently, — b x c — ^=6x4= 24, per Axiom 3.

but a— b \ c— according to the precedent Rules, will be,

ai^ cb ^ b d — da^ which, if true, liiuft be equal to 24.

Proof I
^ ^ = ^0 X 12 =240 f 3 =12x14 = 168

f^^ = i4x 8=112 da = 8 X 20 = 160

Hence a c b d per Axiom i.

And c^-|-^^ = 328 which being fubftra^cd,

Leaves ac^bd — cb — = 352— 328 = 24, which
plainly fhews.

That 4- into - produces - )
j,^^ p^^^And — into — produces 3

^. D.

Notey If the Multiplier confifts of feveral Terms, then every

one of thofe Terms muft be multiplied into all the Terms of

the Multiplicand ; arid the Sum of thofe particular Produdls, will

be the Product required, as in Common Arithmetick,

EXAMPLES.
I a^b^d Tb + Sd
2 3^ —

I X « 3 aa ba— da 21 ba i^da

I X ^ 4 — ba— b b ^ db

3+ 4 5 a a— d a— bb '\-db 2iba \- IS da— 35^/— 25 df

I a a '•^ b a 2 c ^2d
2 a -f- b 3 ^ -4^

1x2 3 a a a — abb tea — da — % b c \ 2db

I a a -\- 2 a ^ ^ aa ba bb

2 a — 2 a -^b

aaa^2aa'-\- A.a aaa— baa^ bba
— 2a a -^a— 8 ^ baa '•~'bba -^-hbb

1x2 3 aaa — 8 aaa-^-bbb

Sea.
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\ Sea. 4. Di'tii'fian of whole ^mntitics.

\ T\^'^^'^fi'^^ Species, is the converfe or dire£l contrary to that of

Multiplication., and confequently is performed by converfd

Operations (as in common Arithmetick)^ and admits of four Cafei^

Cafe I. When the Quantities in the Dividend, have like Signs

i to thofe in the Divifor, and no Co efficients in either; caft ofF

< or expunge all the Quantities in the Dividend, that are like thofe

1 in the Divifor; and fet dovi^n the other Quantities with the

I
Sign -f- for the Quotient required.

Thus|
I ah ^ah ad -\' hd ^ a d b d
2 b — h d — ^

I ~ 2 3 a ~\~ a a b a -\r b

Cafe 2, When the Quantities in the Dividend have unlike

Signs to thofe in the Divifor; then fet down the Quotient Quan-
tities found as before, with the Sign — before them.

Thusj i
\

a b — a b — b d ah c + bcd+ bcf
2 — b -f- b -^bc

I ~ 2 3 i
— ^ — a — d — a — d-f

Cafe 3. If the Quantities in the Dividend and Divifor, have

Co-efficients; divide the Numbers (as in common -^mZ'/«^//Vi)

and to their Quotients adjoin the Quotient Quantities.

Thusj
I iSab d b 12 af — 21 bf
2 — 7b

-

3/-

i~ 2 3 ^ a j — hd

Note^ When the Qiiantities and Co-efficients in the Divifor and

,
Dividend are all the fame, the Quotient will be an Unit, or i.

Thus|
I a b g h c 7 « ^ 5 ^ r 85^ + 4^
2 a b — C) h c ^ab--{- Sbc — ^ a b —^ ^ d

1 2 3 I — I I — I

Cafe 4. When the Quantities in the Divifor cannot be exaiftly

found in the Dividend ; then fet them both down like a Vulgar

FraSiioriy as in common Arithmetick,

X Thus
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Thus
I

I -f- 2

Part II'

I

2

a

b

bbc
3^

5^
5^ 7^

8 ^^i:

/\. o b c

a %b 5 ^ -f- ^ ^

5^-1-7^

2^'

• N. B. In Divifion one ihing mufl: be very carefully obferved ;

viz. that like Signs give -\- and unlike Signs give — in the Quo-
tient ; which needs no other Proof than that already laid down in

the laft Se(5^ion, if duly compared with what hath been faid con-

cerning Multiplication and Divifton^ in Vulgar Ayithmeiick.

Examples of Divifiofi at large.

^iba 15 35^/^ 25^/(+ 3dr

7 ^ ^- 5 ^ .

2 X 3^2

1—3
2x— 5/
4— 5

I 2

I

2

3

4

5

6

11 b a -f- 15 da

O O —35^/— 25^/ (—5/

o o

3 ^ — the Quot. collefted from the 3 and 5 Steps.

Or Divifion of Qi'antities may (land as Numbers in common
Arithmetick do ; thus

3^ 6) 6 a a a a — 96 (2fl^7<i-|-4flj-f.8^ + i6
b a a a a — \7. a a a

0 + I 2 <2 90
12 aa a — 24^^

O -j- 24 ^2 a — 9b

24 /7 ^7 — 4.S a

O -4- 48 — 96

-f. 48 ^/ — 96

o O

That is, 6aaa — 9b -f- 3 a — 6 gives laaa-^^aa-i-Sa-^ 16

for the Q^jotient, as may eafilv be proved by Multiplication^^ viz.

2aaa^/^aa-\-'6a'^ib x 3^ — t> will produce 6^7'^— 96

;

and fo for the reft.

Sea. 5. 3[ai)oIuti'on of whole Ciuanti'tiesf^

TNvolution is the railing or producing of Powers, from any

propofed Root, and is performed in all refpefts like MultipH-

cation^ fave only in this ; Multiplication admits of any different

F^dtors, but Involution ftill retains the fame.

E XAMFLES,



EXAMPLES.
I /7 — a the Root, or fingle Power.

I 2 a a —f- a a Square, or Tecond Power.

1 (^3 3 a a a — a a a Cube, i^v third Power.

I 4 a a a a a a a a Biquadrat, or tourth Power.

I ^5 5 a a a a a — a a a a a tjurloJid, or fifth Power, ^c.

Note, The Figures placed in the Margin, after the Sign (^) of

Involution, (hew to what Height the Root is involved ; and are

called Indices of the Power ; and are ufually placed over the in-

volved Quantities, in order to contra£t the Work, efpeciaiiy

when the Powers are any thing high.

a"^ 1=1 a a a a a

zzz a a a a a a

"zz. a a a a abhhbh
a^^ b^ zziaaabbbddd

Thus

!a z=. a

a" m aa
aa a

If the Qnantities have Co-efficients, the Co-efficients muft be

involved along with the Qi.iantities, as in thefe,

Thus I 2 a

I 2 \aa
I 3 % aa a

I 4 i6 a a a a

I <; 17. n n a a a

— 3^
g a a

— 2j a a a

-f- Si a a a a

— 2^^ a'

5

2^ b b cc

125 bbbccc
625 b'^c^

3 I 2"^ he.

Involution of Compound Qiiantities is performed in the fame
manner, due regard being had to their Signs and Co-efficients,

if there be any. As for inftance, fuppofe ^ -f- ^ were given to be
involved to the fifth Power.

Thus I a b called a Binomial Rdot
a -4- b

J y. a 2 a a -i^ a b

1 X b 3 ^ab + bb

I 4 aa-\-2ab-\-bb^ the Square a ^ b

aJ^b

4x0 5 aaa -\' laab -^abb

4 X b 6 4- a n h -3r 2n bh A- bbh

7 aaei-\- n^aai? ^'^ab b -^boOy the Cube 01 a-^h

X 2 ^att
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7

7 X ^ 8

\ tf 9
I 10

10 X a II

I X h 12

13

^ -i- 3 ^ ^ ^ -i- 3 ^ ^ -4- ^ ^ ^

a -I- h

a'^ h ^a'^ bb-^ ^ a ab'^ ^ ab^

Again,

Then

I X ^

I X

—

h

J

4 X tJ

4x— b

I

7 X <3

7 X— b

I

10 X

lOx— b

&c.

Let — ^, called a Refidual Root, be given.

I

2

3

4

5
6

8

9

10

1

1

12

13

^7 —.-^

.7 — ^

a a a b

— a b h b

a a — 2 a b -{^ b b the Square of a

<7 /7 « —- 2a a b -\~ abb
'— a n b -4- 1 ahh bhh

aaa — 'i^a a b^ 'x^a b b— bbb^ the Cube of a

a-^b
— 3

a aaa — '^aaa b ^^a hb — abbb
— a a n b ri^a a hh — 'labbb -Ubbbb

a aaa — ^aaab-^baabb —\a b bb bbbu
a--b

a A^a^b~\- taHb
^ -4- A.a^" bb

^aab^ ab^
b^

— ^a^ b "^-loa^ bb-^ioaab^ -Y-^ab"^— b

By comparing thefe two Examples together, you may make

the following Obfervations.

1. That the Powers raifed from a Refidual Root {viz. the;

Difrerence of two QlJantities) are the Tame v/ith their like Powers

raifed from a Binomial Root (or the Sum of two Quantities) fave

only in their Signs ; viz. the Bino^nial Powers have the Sign 4-
to every Term, but the Refidual Powers have the Signs -f- and

interchangeably to every other Term.

2. The Indices of the Powers of the leading Quantity [a) con-

tinually decreafe in Arithmetical ProgreiTion ; viz. in the Square

it
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it is aa^ a: In the Cube aaa^ aa^ a: In the Biquadrat

aaaa^ aaa^ aa^ Sec.

3. The Indices of the other Qliantity b do continually- increafo

in Arithmetical Pro^reffion ; viz. In the Square it is b, b b: In

the Cube ^, bh^ bbh: In the Biquadrat ^, bb^ bbb, bbbb^ &c.

4. The firft and laft Terms, are always pure Powers of the

Tingle Quantities, and are both of the fame Height.

5. The Sum of the Indices of any two Letters joined together-

in the interrrrediate Terms, are always equal to the Index of the

higheft Power, viz. of the firft or laft Term.

Thefe Obfervations being duly confidered, it will be eafy to

conceive how the Terms of any propored Power ra ifed from a

Binomial or P^efidual Root muft ftand, without their Unciae or

Numerical Figures.

Forluflance, fuppofe it were required to raife the Binomial

Root a b to the feventh Power ; then the Terms of that

Power will ftand without their Unciae in this Order.

Viz. a'' a"" b ^ a' b"- b^ aH^ -\. b' + a

And becaufe the Uncia (not only of any fingle Letter, but alfo)

of every fingle Power, how high foever it be, is an Unit or I

(which neither multiplies nor divides) and all the Powers of any
Binomial or Refidual Root are naturally raifed by multiplying, of

the precedent Power into it's original Root, which is done by only-

joining each Letter in the Root to the precedent Power, with it's

Unciac, and then removing the faid Power, when it is To joined

to the fecond Letter, one place forward (either to the left or

right Hand) it muft needs foijow,

That the Uncije of the fecond Terms (in any fuch Power) will

always be the Sum of fo many Units added together more one,

as there have been Multiplications of the firft Root ; which will

always be determined by the Index of the firft Term in the

Power.

And becaufe the Uncias of all the intermediate Terms, are

only removed along with their Letters, it alfo follows; that if

they are added together, their refpedlive Sums will produce tiie

true Uncise of the intermediate Terms in the new raifed Power.
As doth plainly appear from the following Numbers fo removed
without their Letters ; which both (hews and demonftrates an
eafy Way of producing the Uncis of any ordinary Power [viz.

of one not very high) raifed frojn either a Binomial or RefiduaL

Root.
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TThus

j
I , I . The two Uncias of the Root,

i I . 2 . 1 The Unciae of the Square.

I I . 2 . I

Add

Part J r.

3

3

I

3

The Uiiciae of the Cube.

Add
^

1.4. 6 . 4 . I Ths Unciae of the fourth Power.
6 . 4 .

i 1
.
5 . 10 . 10 . 5

C I • 5 .10 .10
1 Unciae of the fifth Power.

5 •
I

Add . 1 Unciae of the 6th Power.

C I . 6 . I 5 . 20 . 1 5 . 6 . I

I. 7. 21. 35. 35. 21. 7.1 Uncise of 7th Pow.

And fo on in this manner ad infinitum,

Nov/ if thefe Numbers are prefixed to the aforefaid Letters,

all the Terms will be compleated with their refpcdlive Unci.-e,

and will ftand thus

;

^7 7^7fl^Z;+ 2Ifl5^*+35^'^^^+ 35z7^/''^-[-2lfl^^S_J,y^^G_|_^^

Biit that the Bufinefs of finding thefe Uncine, may be rendered

yet more eafy for Practice, it will be convenient to confider what
Series or Progrcfiion, the Uncioe of each Term do make from the

aforefaid additions, >

of

the

:rm. of

the

Term.

u

"
b'

of

the

Term.

of

the

'erm. of

the

'erm. of

the

iTerm.

of

the

Term,

•r "t:
Vj 1-1

c 3

y 1;

^ -5:1

-^i

I t

I
2

'

I

I
"3

3 I

I 4 6 4 1

I s 10 10 5 1

f 6 20 6

I 7 z 1 35 I35 2.1 7 X

Unciae of the fingle Qnantities*

Unciae of the Square.

Unci.ie of the Cube.

Unciae of the 4th Power.

Uncia: of the 5th Power.

Unciae of the 6th Power.

Unciae of the 7 th Power, &c.

The Uncise of the firft Term are only a Series of Units, whofe

Sum is every where the Uncias of the fecond Term. The Unciae

of the fecond Term, are a Series of Numbers in Arithmetick Pro-

grefiion, whofe Sum is every where the Unciae of the next Su-

perior Power in the third Term, and may be found by Propofi-

tion
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tion I, Chap. 6. Part i. For Inftance, in the feventh Power

it will be — = 21 = the Uncia of the third Term.
2

The reft of the Unciae are a compounded Series, whofe re*

fpev5^ive Sums may be obtained from the Unciae of their prece*

dent Terms.

Thus—^— = 35. Then
^

=: 35, Again
^

=21.

21x2
And — — = 7 (3\\

From hence may be deduced this general Rule.

RULE.
If the Index of the firji Letter of any Term be multiplied into it's

own Uncia, and that ProduSi be divided by the Number of Terms

to that Place ; the Quotient will be the Uncia of the next fucceeding

Term forward.
That i?, by the help of thofe Indices that belong to the feve-

ral Powers of the firft or leading Letter only (as a) the true

Unciae of every Term may be eafily underftood.

EXAMPLE 2.

Let it be required to compleat all the Terms of the aforefaid

feveral Powers, vi%. a"^^ b-\-a^ b'^-^a^ b^ -{-a^

b^^a"^ b^'-^-a b^-^b^y with their proper Unciae.

1. The Index of the firft Term will be the Uncia of the

fecond Term. Thus a"^ a^ b.

2. Then half the fecond Term's Index into it's Uncia, viz,

= 21 will be the third Term's Uncia. Thus

7 <2« b ^ 21 a^ b^ will be the three firft Terms.

2 1 X c

3. Again = 35 is the Uncia of the fourth Term, whence
3

<?7^7^6 l,*-^2ia^ ^ *
-J- 35 a -^^^ will be the four fir ft Terms.

4. And = 35 will be the Uncia of the fifth Term,
4

whence a'^J^ja^ b+ 2ia^ ^^-+-35^"^ ^^+ 35 ^2 ^ will

be the five firft Terms.

And fo proceed 'till all the Terms are compleated with their

refpe<5live Uncisc ; which will ftand, thus a"^ '•^7 b-^2ia^
i*+ 35«* ^^+35a^ ^+2ia* t^-^ja b^-^b^

Now
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Now here it may be further obferved, that the Unciae do only

increafe until the Indices of the two Letters become equal, or

change Places ; and then the reft of the Unciae will return or

decreafe in the fame order. That is, wherever the Indices of

the Letters are alike, there the Unciae will be alike.

And therefore one needs to find the Uncia: (as before) but to

half the Number of Terms in any Power.
If what hath been faid, and the Work of the Example be well

underllood, I prefume it will be found very eafy to raife any
Power from a Binomial or Refidual Root, to what Height you
pleafe ; without the Trouble of a continued Involution ; and
without the Help of fuch a Table of Powers as is propofed by
Mr Oughtrek in his Key to the Mathetnaticks^ Page 40, and

fince by others.

Now from thefe Confiderations it was, that I propofed this

thod of raifmg Powers in my Compendium of Algebra^ Page 57,
as wholly New [vi'z, fo much of it as was there ufeful) having

then (I profefs) neither feen the Way of doing it, nor fo much as

heard of it's being done. But fince the writing of that Tradl, I

find in Dr WaUh\ Hijiory of Algebra^ Page 319 and 331, that

the Learned Sir Ifaac Newton had difcovered it long before :

which the Do<filor fets down in this manner.

Let m be the Exponent of the Power.

Then < i x x x x — 1 x ^ ofd^42345
Will be the Series of the Unciae required ; but he doth not tell

us how they firft came to be found out, nor have I ever met with

the leaft Hint of it in any Author.

I I I, I . . I . .
«— I. '

'

Sea. 6. csoliitian of whole duantitiejs^

Volution is the extra£ling of Roots from any given Power,

That is, it is the Converfe Work to that of Involution, and

in fingle Quantities it is eafy, if the given Power have fuch a

Root as is required, which may be thus known.

If the ^iven Power have no Numbers prefixed to it, and it's

Index can be divided by the Index of the Root required, the Qjo-
tient will be the Index of the P^oot fought. 7'hus, if the Cube

Root of aaaaaa^ viz. were required (the Index of the
ft.

s

Cube is 3) then 3) 6 (2. That is, a :=za'^ the Root required.

And fuch Operations are ufually fet down
Thus
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Thus I a b /;« ^«

I wJ^ 2 b'i dz

I usP" 3
«i

3 4 a a b a b d

NotCy The Figures placed in the Margin after the Sign (ctt») of

Evolution, denote the Index of the Root to be extracted.

If the given Powers have Co-efficients : [viz. Numbers pre-

fixed to them ;) then you ;nuft extract their refpedive Roots, at

in Vulgar Arithmetick,

Thus I 8i fl*
'

1296 b^ 20736 fl* h*

I WJ 2 9.^ 36 b* f?4 ^*

3 3 ^ 6 ^* 12 ^ r—
^ m

€r 2 tcu* 4 3 « 6 12 a b c

But if the Root required cannot be truly extra£led out of both
the Co-efiicients and Indices of the given Power; then it is a

Surd, and muft have the Sign of the Root required prefixed to it*

Thus I a' 67 J4 2l6bbbddd

I too* 2 i/ 67 ^* \/2ibbbbddd

3 V fl* 3^/ 67 ^74 bbd

Evolution of compound Quantities or Powers, is a little more
troublefome than that of Single Powers ; and would require a

great many Words to explain the Manner and Reafon of forming

the feveral Canons, that are commonly ufed in extracting the

Roots of compound Qiiantities ; efpecially if the Powers be very

high, ^c. I (hall therefore for Brevity's fake omit them, and in-»

Head thereof propofe an eafy Method of difcovering the Roots of

all compound Powers in general. And in order to that, it will

be neceflary to premife ; that if either the Sum or Difference o£

feveral Quantities be involved to any Power, there will arife fo

many fmgle Powers of the fame height, as there are different

Quantities*

As for inftance, if a-^b-\-d be fquared, that is, be involved

to the fecond Power, it will be aa'{^2ab^2ad^bb-{^2bd-\-ddf
here you have aa^ bby and dd. Again, if a-f-b-^d were cubed,
viz, involved to the third Power, then you will have aaa^ bbb^
ddd^ in it,

Y Whence
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Whence it follows that in extracting the Roots of all com-
pound Quantities, there muft be confidered,

1. How many different Letters (or Quantities) there are in the

given Power.

2. Whether the fingle Powers of each of thofe Letters be of

an equal Height, and have in them fuch a fingle Root as is re-

quired : which if they have, extrafl it as before.

3. Connect thofe fmgle Roots together with the Sign -f-, and

involve them to the fame Height with the given Power ; that be-

ing done, compare the new raifed Power with the given Power ;

and if they are alike in all their refpedlive Terms, then you have

the Root required ; or if they differ only in their Signs, the Root
may be eafily corred^ed with the Sign —r as occafion requires.

Example i. Let be required to extract the Square Root of

cc-^-lcb— Icd^bb— 2bJ-\-dd, In this Compound Square,

there are three diftindl Powers, viz. b by c c, d whofe fmgle

Roots are ^, c, </, wherefore I fuppofe the Root fought to be

bJ^c-\^dy or rather b-\-c— dy becaufe in the given Power
there is — icd^ and — 2bdy therefore I conclude it is — ^;
then ^-f-f being fquared, produces bb-{-2bc— 7.bd-{-cc

^ 2cd--\-dd, which I find to be the fame in all it's Terms with

the given Power, although they Hand in a different Pofition;

confequently b~^c— d is the true Root required.

Example 2. It is required to extradl the Square Root of

-^2aabb-{-b'^, Here are but two fingle Powers, v\z. fl* and

whofe Square Roots are da^ and bb. And becaufe in the given

Power there is — 2a a b by therefore I conclude it muft either be

au'^bby or bb— a a. Both which, being involved, will produce

a* '^2aabb^b^ y
confequently the Root fought may either be

aa— bby or bb— aa, according to the Nature or Defign of the

Queftion from whence the given Power was produced.

Example 3. Let it be required to extract the Square Root of

2(>aaaa loSaa -^Si, Here the two fingle Powers arc

26aaaay and 81, whofe Roots are 6aa and 9. And becaufe

the Signs are all -f-, therefore I fuppofe the Root to be baa -f- 9,

the which being involved doth produce 36^''--f- loStf ^ -f- 81 j

confequently 6aa -f- 9 is the true Root required.

Example 4. Suppofe it were required to extradl the Cube Root
of I2^aaa^ ^ooaae 4.^oaa 2^oaee— j2X)a£^6^eee

*-f-540^?— 288^^-4-432^— 216. In this Example there are

three diflin£t Powers, Wz. I25<itf </, 64^^^, and— 216. And
the Cube Root of I2^aaa is ^a; of b^eee is 4^; of *— 2i6
is —. 6, Wherefore I fuppofe the Root fought to be 5^7 -f- 4/~ 6, which being involved to the third Power, does produce

* the
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the fame with the given Power; confequently 5^+ 4^— 6 is

the Cube Root required.

But if the new Power, raifed from the fuppofed Root (being

involved to it's due Height), fhould not prove the fame with the

given Power, viz, if it hath either more or fewerTerms in it, ^c,

then you may conclude the given Power to be a Surd, which muft

have it*s proper Sign prefixed to it, and cannot be olherwife cxr

prefled, until it come to be envolved in Numbers.

Example 5. Suppofe it were required to extract the Cube Root

of 27^^2^2-4- ^^baa -^Sbbb, Here are two diftindl and per-

fect Cubes, viz. 2jaaay and Sbbb, whofe Cube Roots are 3^1

and 2b. Wherefore one may fuppofe the Root (bught to be

3 2 ^, which being involved to the third Power, is

2'jaaa-\^ ^^baa'\-2^bba -\-Sbb. Now this new raifed Power

hath one Term [viz. ^^bba) more ir) it than the given Power
hath; but this being a perfe(f^ Cube, one may therefore conclude

the given Power is not fo, viz. it is a Surd, and hath not fuch

a Root as was required, but muft be exprefied, or fet down.

Thus ' 27 <2 -j- 54 ^ a + 8 ^

^

If thefe ExampJes be well underftood, the Learner will frird it

very eafy by this Method of proceeding to difcover the true Root

of any given Power whatfoever.

CHAP. III.

Of aiffcb^aicfe jFcactioniS, or i5?o&cn Cluantiticjs^

Seft. I. I^QtattOIt of Fra5ftonal ^antities.

JT^Ra^ional ^antities are exprefTed or fet down like Vulgar^ Fradtions in common Arithmetick.

Thus J
^ s ^ — 4 g Numerators,

i^* Afd^ '] b Denominators.

How they come to be fo, fee Cafe 4, in the laft Chapter of

Divifion. Thefe Fra£lional Quantities arc managed jn all rcfpeds

\ ike Vulgar Fraftions in Cpmmon ArithmtticL

^ Y 3 feft
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Seft. 2. To aitei: cSange different iftactions
e?//^ DenominatioHy retaining the fame Value,

RULE.
{%/rUL TIPL T all the Denominators into each other for a

Vp-^ ' new Denominator^ and each Numerator into all the Deno-

minators hut it*s own for new Numerators,

EXAMPLES,
Let it be required to bring -7- and into one Denomination.

b c

Firft Jxr, and dxby will be theNumerators^ and hyc will be

the common Denominator, viz. 7- and ~ are the two Fractions
' t? c be

• , . . ca a % hd d
,

required : that is, 7- = and 7- = —

,

be b be c

Again, let ^---4 and f ^

,

be brought in one Denomination,
4- ^ b— d

, , ... , hh-\'hc— bd— dc .ad— ac-\-hd— be
and they will be

, ^ , , . , and . —j-.—7-
' ba-Srbb— da— bd ba+bb— da— bd*

&C.

Seft. 3. To tlim ^^^^^ Cluantitteis into jTractions
of a given Denomination,

RULE,
Cli/fULTIPLT the whole Quantities into the given Deno-

X—^ ^ minator for a Numerator^ under which fubjcribe the giv£n

Denominatory and you will have the Fra^ion required,

EXAMPLES,
Let it be required to bring: a-\-b into a Fra£lion, whofeDeno*

minator h d— a, Firft x l/ZTJ is da-\-bd— a a— ha:
_ da-^-bd-^aa— ha . , rv- • 1
1 nen . is the Fraction required.

a — a *

Again b+4 will be And willte i^^^^.
d d a a ^

Alfo 4. ^ ^ ^^^^t will be

When
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When who^e Quantities are to be fet down Fradlion-wife,

fubfcribe an Unit for the Denominator. Thus is ~. And

a a — hhy is —^ ^ , &c.

D

Seft. 4. To a6b?ei«'ate> or retlUCe Framonal ^anti--

ties into their loweft Denomination.

RULE.
JVIDE both the Numerator and Denominator by their greatejl

common Divifor^ viz, byfuch ^antities as arefound in bothi

and their Quotients will he the FraSlion in iCs loweji Term,

rr^L aac . aa abbh. bb . ,
,
bdc , ,

J hus IS IS — . And a-\ z=z a^d,
dc d a b c c be

lo fuch fingle Fra6tions as thefe, the common Divifors (if there

be any) are eafiiy difcovered by Infpeiftion only; but in compound
Fractions it often proves very troublefome, and muft be done
either by dividing the Numerator by the Denominator, until no-
thing remains, when that can be done : or elfe finding their

common Meafure, by dividing the Denominator by the Nume-
rator, and the Numerator by the Remainder, and fo on, as ia
Vulgar Fraflions. (Sedl. 4. Page 51.)

EXAMPLES.
Suppofe ^-^4 -At' were to be reduced lower.

c d— dd

Then cd-^dd) aac— aad the Fra6iion required.

aac— a a d ^

o o
In this Example it fo happens that the Numerator is divided juft

ofFby the Denominator ; but in the next it is otherwife, and re*

quires a double Divifion to find out the common Meafure, viz»

T . , . , a a a— abb
i.et It be required to reduce ~

—

. ,
,

to it's loweft Terms.^ aa
-f- lab -|- bb

Y\l^aa-\•^ab'\'bh) aaa— abb [a

aaa -\-laab-\-ahh

— 2^7^?^— 2^2^^ the Remainder,

Tten^2 5<7i— 2fl^^) aa -|- lah^bh [--^ - i-"^
aa-Arab A 2^ 2«

ab bb
ah bb

P o Hence
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Hence it appears that — 2a a b— 2a bb is the common
Mcafbirc J by which aa a^-^ abb being divided, .

V'i%. '^laab-^zabb) aaa-^abb f— ^ ^
— aab — abb— aab— abb

Then — 4, J- is the new Numerator ; and \
zb z 2b

1 . , _ I — 2<74-2^— — IS the new Denominator. But -7 H = 7

—

za zb z ii^o

^ J— the Numerator; and — -7 = 7
zb zb za /^b a

s= ; the Denominator. Let both be multiplied with 2 b
zb a

» Ml, — + ^ the Numerator. ,

and you will have ^ZT^ZTT the Denominator.
^^^"g-

— ab
ing the Signs of all the Quantities, it will be the new

T A- -J a-u * • aa-^^^ab aaa-^ab b
Fraction required, 1 hat is, r—r- = ;

; . ,^ tf-f-^ aa-Y zab-^^ bb

Again, let it be required to reduce —
^-ttvadd bob

The common Meafure of this Fra£lion will be the eafieft found

(as appears from Trials) by dividing the Denominator by the Nm-
merator, l^c. Thus,

dd— bb)ddd-^bbb (d

ddd—bbd
J^bbd^bbb) dd-^bb fd^

J^bd-^bb (bbd^ b^ b

\l,bcl^b^

O O }

Hepce it appears that bd^^bb is the common Meafure that

will divide both the Numerator and ths Denominator.

Confcquently
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Confequently — bb)dd— bb f d . xt^ ^ ^

^
4- 1 , IS the newNumcraton

" -^db—bb
db-^-bb

And bd-^bb) ddd---bbb fdd ^
ddd'-ddb + « + ^ new Denominator,

-^ddb-^bbb
ddb— bbd

bbd—bbb
bbd-^bbb

Let both be multiplied with ^, and then you will have
d + b the Numerator, ? r -n ri- • t

dd+bd+ bb the Denominator, S
^'^^^on required.

But if after all Means ufed (as above) there cannot be found
one common Meafure to both the Numerator and Denominator;
then is that Fradion in it's lead Terms already.

Notey Thefe Operations will be underftood by a Learner after
he hath pafled thro' Multiplicationy and Divifion of Fradlions.

Sea. 5. aonittan w Subiftactfan of Framonai

'TP H E given Fradions being of one Denomination, or if they
are not, make them fo, per Sedl. 4. Then,

RULE.
Add or Jubjlraa their Numerator as Occafion requires^ and to

their ^um or Difference^ fubfcribe the common Denominator: as in
Fulgar FraSiions,

Examples in 3lHlltfait*

I

bb a b 2 a — b I a^b-^d

2

c

aa
d

2 a c

d^c
ib'—a

d-^a
a-^b-^d

c d d-\-c d-^-a

1+2 3
bb-^-aa 2a+b+c a + b 2 a

c d d

Examphs
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Examples in gfUbffcaCtiOtt*

hh -\- a a + 2b
I

2

c

hb
^-h c

2 b— a

d d+ a

a '^b'^d

c d d-^-a

1 — 2 3

a a

c

la — b

d c

a b

d

b\— a-^-d

d-^a

Seft. 6. Multiplication of Fragonal ^antUies.

I R S T prepare mixed Quantities (if there be any) by mak-
ing them improper Fradlions, and whole Quantities by fub-

fcribing an Unit under them ; as per Sed. 3. Then,

RULE,
Multiply tbe Numerators togetherfor a new 'Numerator^ and thi

J^enominators together for a new Denominator \ as in Vulgar

Fra^ions,

Thus

1X2

ab

c

d

f

2 a — 2 b

2d
4/2 -4- 2 ^

I2a a ^ 2ab — ^bb

2 d d d c

Suppofe it were required to multiply 2 ^+ — — 25, with

36+ 4^. Thefe prepared for the Work (per Se6l. 3.) will ftand

Thus

2x2

or

3^-f-4^

b ba c -\'2bb— 75^c+8<7ff + 4^^— ce

c

tbb
6 ba '-"yib+ Sac^ 100 c + 2— per SciE^-. 4,

N.B.
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N. B. Any Fraction is multiplied with it's Denominator by

cafting ofF, or taking the Denominator away. Thus "^^^ S^^^'

b. For A X ^ =: ~ = ^, &c.ail
Sedt. 7. OlJjl'fion of Fra^fional S^uantities.

'TpHE Fractional Quantities being prepared, as direded In the

laft Sedion. Then,

RULE.
Multiply the Numerator of the Dividend^ into the Denominator

tf the Divifor^ for a new Numerator ; and multiply the other twp
together for a new Denominator i as in Vulgar Fractions,

EXAM P L E
ahd ah

Let "jj be divided by the Work may ftand thus^

»h\ ahd /ahdc d ^ ^

Or thus

1-4-2

ahd a -^h aaa — hbb

ah
d a -\^b

aa—'ab-\-bb

c a c

d aa -f- ha aaac— hhhc

f dc— dh aaa —{- hhb

Suppofe it were required to divide aa ^ ^+
The Work prepared will ftand thus,

a b^a a a a a b ^abbfaaa-]-'^aab-\^ 3 ^ b B

a -\- ^ b

(aaa
a a

aaa-]-/\.aab-^ 2, a b b a a b

a a -\- ^ b a -\- j^b b

4- r^b a -Y ^b b

(per Se6i:. 4.)

.But

When Fractions are of one Denomination, caft off the Deno-
• . . ab'^
minators, and divide the Numerators. Thus, if — were to

c
bb

be divided by — it will be bb)ah^ [ah the Quotient required. /

Z For
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^ ab'' (ab c „

—— abb
Again, luppofe it were required to divide by

c d
n a -\' 2 a b b b

. Cafting off c— d in both, it will be <7 j

2ab-^bb)aaa — abb (~— Sec,
\ a b

Seft. 8. ;jttSa!ll'a'On of Framonal ^antities.

RULE.
jNVOLVE the Number into itjelffor a new Nu?neraiory and
•* the Denominator into itfef for a new Denominator ; each as

iften as the Power requires.

Thus I

b

a

2bc

lad
b-\-d

a— c

I 2
bb

a a

C) b b c c

^a add

bb-^ibd-^-dd
a a — 1 a c c c

I 3
bbb 27 bbbccc bbb-^^bbd-\- 'i, b d ct -\- d d d

aaa %aa addd aaa — '^a a c -\- 3^^^: — c c c

Se6t. 9. CfiOUlttOn of Fra5iional ^antities,

TF the Numefatof and Denonlinator of the Fradion have each

of them fuch a RooLas»is required (which very rarely happens)

then evolve them ; and th*eir refpeitive Roots will be the Nume-

Thus
ga abb aa--\-2ab'-\-bb

I
4. d d a a — 1 a b b b

I UJJ

2a b a -\- b
2

2d a-^b

Again
2'] a a a b b b aaa -f- "^a ab -\- 3 a bb 4- bbb

I Sddd aaa — r^a a b —j- 3 a bb — bbb

2
b

2d

a b

a'-'b

Sometimes it fo falls out, that the Numerator may have fuch a

Root as is required,when the Denominator hath not j or thcDeno-
* minator
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niinator may have fuch a Root, when the Numerator h^th not.

In thofe Cafes the Operations may be let down

Thu5

I UJJ

a a b b

ddd
a a a \ bb — dd
a a — lab -f- b b

ab

Vddd
a a a \ bb— dU

a ^ b

But when neither the Numerator, nor the Denominator have
juft fuch a Root as is required, prefix the radical Sign of the Root
to the fradion j and then it becomes a Surd, as in the laft Step;

which brings me to the Bufinefs of managing Surds.

CHAP, IV,

Of ®ut5 gauantiti'ejs*

H E whole Doflrine of Surds (as they call it) were it fully

handled, would require a very large Explanation (to render

it but tolerably intelligible); even enough to fill a Treatife it-

felf, if all the various Explanations that may be of Ufe to make
it eafy (hould be inferted ; without which it is very intricate and

troublefome for a Learner to underftand. But now thefe tedious

Redu(f^ions of Surds, which were heretofore thought ufeful to fit

Equations for fuch a Solution, as was then underftood, are wholly

laid afide as ufelefs: Since the new Methods of refolving all fortj

of Equations render their Solutions equally eafy, although their

Powers are never fo high. Nay, even fince the true Ufe of

Decimal Arithmetick hath been well underftood, the Bufinefs of

Surd Numbers has been managed thatW^y; as appears by feveral

Inftances of that Kind in Dr lVaUh\ Hijlory of Mg^bra^ from
fo^e 23, to 29.

1 ftiaii therefore, for Brevity fake, pafs over thofe tedious Re-
duilions, and only (hew the young Algebraiji how to deal wit{i

llich Surd Qi^iantities as may arife in the Solution of hard QueftionSi

Sea. I. SlBOltian ani g)Ubffi:aCtiOn ofSurd SluantUies.

\ Cffe I, WT HEN the Surd Quantities are Homogeneal, (viz,

are alike) add or fubftr^j^ the rational Part, if they

Z 2 ara
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are joined to any, and to their Sum, or Difference, adjoin the

irrational or Surd.

Examples in StltlftiOn^

I (ih t/ a c b V a a c c

2 7 ^ Z^^" 4. b \/ a c 2 b \/ a a -\- c c

I-f-2 3
12 i/ ^i: \Q)b \/ a c 4. b \/ a a c c

I 4 <^ * aa b \^ aa — cc be \
^ V aa d

2 dW aa c — V aa — cc ibc : 5 i/ aa '-\~ d

1+2 3 $ \^ aa 4.bc :^ \/ aa d

Examples in ©UbfifraCtlOU*

I 12 i/Z*^ \oh s/ ac ^b i/ aa cc

2 7 i/^c A-b »/ ac 'T^b \/ aa cc

I— 2 3 5 "^hc bh Vac b \/ aa 4- cc

I ^d :^ \/ aa b ~\-'C ^bc :
^ \/ aa d

2 A.d s/ aa c — ^ \/ a a - - c c '^bc :
^ aa ~{- d

I— 2 3 d :^ \/ aa b ^ s/ aa • - cc be : ^ \/ aa -1- d

Cafe 2. When the Surd Quantities are Heterogeneal, (viz.

their Indices are unHke) they are only to be added, or fubftracted

by their Signs, viz. + or— . And from thence will arife Surdsi

cither Binomial, or Refidual.

Examples in ^fiDlti'Olt*

I \/bc d.d\/ a ^ sj ac— ba

2 Vba 2b\/ ac *J ac-\-ba

I-f.2 3 \/hc\ -^»Jba ^ds/ a-.^^b V ac Vac—ba : V ac-J^-ba

Examples in ^Mmtm^
I ^/h c b — d \/ aaa ~\- ca

2 \/ba d— la s/hd -i- dd

I-*2 3 Vbc-^y/ha •^d ^aaa-\-ca : — d-\~2a j^bd -{-d

d

Sea.
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Sed. 2. £13llltl'pltCatlOU Surd ^amities.

Cafe I. 'TTST'HEN the Quantities are pure Surds of the fame

VV Kind j
multiply them together, and to their Pro-

du£t prefix their radica! Sign.

EXAMPLES.
b a d a

V a \ *J c a

1x2

I

2

3 \/ ha ^bcaa-\-dc a a

*J a a -;- b b

^ a a — b b

>/ a a a a — b bhh

Cafe 2. If Surd Quantities of the fame Kind (as before) are

joined to rational Quantities, then muhiply the rational into the

rational; and the Surd into the Surd, and join their Produces to-

gether.

EXAMPLES.
.1 5 cdyJba-^-da

1 15 ^ ah
2 3^1/ a

1 3 a \/ c a 5 V'^

1x2 3 2db\/ bca 75 c da b e a a — d c a a ']SVahd

Sea. 6. DliJl'fiOlt of Surd ^antities.

Cafe I. W/ HEN the Quantities are pure Surds of theTamc
Kind, and can be divided ofF, {viz. without leav-

ing a Remainder) divide them, and to their Quotient prefix their

ladical Sign.

EXAMPLES.
\/ h a 'Jhcaa-^dcaa
\/ b si c a

1-7-2 \/ a ^ ba d a

n/ a a a a — bb b b

v/ a a — bb

>/ aa -\- bb

Cafe 2. If Surd Quantities, of the fame Kind, are joined to

rational Quantities; then divide the rational by the rational, if it

can be, and to their Quotient join the Quotient of the Surd di-

vided by the Surd with it's firft radical Sign.

EXAMPLES.
I 3^5 1^ he a i^c d a V beaa-\-dcad 75 \^ahd
2 T^b \/ a 2 a \/ e a

I -r- 2 3 d x/ be ^eds/ha-^da s/ ah
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Note^ If any Square be divided by it's Root, the Quotient will

be it's Root,

EXAMPLES.
I a bb --[ 2bc -f- aaaa —

-

ibbaa -4- bbbb

2 s/ bb 2bc cc ibbaa

3 ^ ci\*J hb ^ ibc cc ibbaa -1- b^

Seft. 4. 3inli£liUt(0ll of Surd ^antities.

Cafe l^HEN tlie Surds are not joined to rational Quan-
tities 5 they are involved to the fame Height as

their Index denotes, by only taking away their radical Sign.

EXAMPLES,
1

I
1
\^ a bca V aa — bh \/ da

I 1 2
1

a be a aa — bb Sa — da

Cafe 2. When the Surds are joined to rational Quantities ; in*

.volve the rational Q^iantities to the fame Height as the Index of

the Surd denotes; then multiply thofe involved Quantities into the

Surd Qiiantities, after their radical Sign is taken away, as before.

^ EXAMPLES,
I b\/a

1

Sd^ca
1

3^V^ a a — dd
I 2 bba

1
2^ d d c a 1 g b b a a— qbb dd

a:^ \/b a a b b \ d a :
^ \/ b

I a a a b c V2J dd daa -\^2ydddbb \ dddaaab

The Reafon of only talcing away the radical Sign, as in Cafe i.

is eafily conceived, if you confider that any Root being involved

into itfelf, produces a Square, ^c. And from thence the Reafon

of thofe Operations performed by the fecond Cafe may be thus

flated.

Suppofe b \/a zizx. Then i/ = -j- per Axiom 4. and both

Sides of the Equation being equally involved, it vt^ill he az=.

— , Then multiplying both Sides of the Equation into h b^ it

i b

' becomes bbazzxx per Axiom 3. Which was to be proved.

Again*
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Ae;aln, Let ':d^caz=:x: Then \/ c a =: x —- , and c a

X X
> ——— *

Alfo from hence it will be eafy to deduce the Reafon of mul
tiplying Surd Quantities, according to both the Cafes, For

Suppofe
^

I

2 ^ ^ ^ ^
Example I. C^t/^ i.

I

3x4
, 5

3

4

5
6

^ rn z z

a X X

ba zzL zxx X. perAxiom 2.

\/ b a 7. X, which was to be proved.

I>et
\

I

2

3

4 ^ ^ X
*"

3^

4x3 5 \/ a b c :=z
^Td^

^^^^ ^^-^t is proved above.

5 X 3^^ 6 ^hdiJhca'^LT.x^ Sic. for the reft.

Divifm being the Converfe to Multiplication^ needs no other

Proof.

CHAP. V.

Concerning the Nature of (EClUittlOnS how to prepare

them for a ©oUltlOn*

Vf THEN any Problem or Queftion is propofed to be analy-

tically refolved ; it is very requiHte that the true Dcfign or

Meaning thereof, be fully and clearly comprehended (in all it*s

Parts) that fo it may be truly abftra(Sl(;d from fach ambiguous
Words as Qiieftions of this Kind are often difguifed with ; other-

wife it will be very difficult, if not impoffible, to ftate the Que-
flion right in it's fubftituted Letters, and ever to bring it to an
Equation by fuch various Methods of ordering thofe Letters

as the Nature of the Queftlons may require.

Now
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Now the Knowledge of this difficult Part of the Work is only

to be obtained by Pra(5tice, and a careful minding the Solution

of fuch leading Queftions as are in themfelves very eafy. And
for that Reafon I have inferted a CoIle(flion of feveral Queftions

;

wherein there is great Variety.

Having got fo clear an Underftanding of the Queftion propofed,

as to place down all the Quantities concerned in their due Order,

viz. all the fubftituted Letters, in fuch Order as their Nature re-

quires ; the next thing muft be to confider whether it be limited

or not. That is, whether it admits of more Anfwers than one#

And to difcover that, obferve the two following Rules.

R U L E I.

TFhen the Number of the ^antities fought exceed the Number of

the given Equation!^ the ^ejiion is capable of innumerable Anfwers,

EXAMPLE.
Suppofe a Queftion were propofed thus ; there are three fuch

Numbers, that if the firft be added to the fecond, their Sum will

be 22. And if the fecond be added to the third, their Sum will

be 46. What are thofe Numbers ?

Let the three Numbers be reprefented by three Letters, thus'

call the firft ^, the fecond ^, and the third y.

Then | ^_J^^__^5 ^
according to the Q^iefi ion.

Here the Number of Quantities fought are three, tf, ^, ^, and

the Number of the given Equations are but two. Therefore this

Queftion is not limited, but admits of various Anfwers; becaufe

for any one of thofe three Letters you may take any Number at

Pleafure, that is lefs than 22. Which with a little Confideration

will be very eafy to conceive.

R U L E 2.

When the Number of the given Equations (not depending upon

one another) are jujl as many as the Number of the ^antities

fought ; then is the ^e/lion truly limited, viz. each Quantity

fought hath but one ftngle Value,

As for Inftance, let the aforefaid Queftion be propofed thus.

There are three Numbers ^, and _y, as before) ; if the firft be

added to the fecond^ their Sum will be 22 ^ if the fecond be added

to
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to the third, their Sum will be 46; and if the firft be added to

the third, their Sum will be 36. What are the Numbers ? That

is, a e z=z 22. ^ -{-^ zi: 46. and « -j-^^ 36, Now the Que-

ftion is perfedly limited, each fingle Quantity having but one

fingle Value, to wit az=z6, ezzilb, and y z=: 30.

N. B. If the Number of the given Equations exceeds the

Number of the Quantities fought ; they not only limit the Que-

ftion, but oftentimes render it impoffible, by being propofed in-

con fi (lent one to a.nother.

Having truly ftated the Qi-ieflion in it's fubftituted Letters, and

found It limited to one Anfvi^er (or at leaft fo bounded as to have

a certain determinate Number of Anfwers), thtn let all thofe fub-

flituted Letters be fo ordered or compared together, either by
adding, fubftra^ting, multiplying, or dividing them, &c. accord-

ing as the Nature of the Queftion requires, until all the unknown
Quantities except one, are caft ofl or vaniflied ; but therein great

Care muft be taken to keep them to an exact Equality j and
when that unknown Quantity, or fome Power of it (as Square,

Cube, t3c.) is found equal to thofe that are known ; then the

Queftipn is faid to be brought to an Equation, and confequently

to a Solution, viz. fitted for an Anfwer.

But no particular Rules can be prefcribed for the cafting ofF,

or getting away Quantities out of an Equation ; that Part of the

Art is only to be obtained by Care and Pracftice. And when that

is done, it generally happens fo, that the unknown Quantity

which is retained in the Equation, is fo mixed and entangled

with thofe that are known, that it often requires fome Trouble

and Skill to bring it (or it's Powers, ^c) to one Side of the

Equation, and thofe that are known to the other fide; (ftill

keeping them to a juft Equality) which the ingenious Mr Scooten.

in his Principla Mathefeos Univerfalisy calls Reduction of Equa-
tions.

The Bqfinefs of reducing Equations (^i of mofly if not all

Algehraick Operations) is grounded and depends upon a right Ap-
plication of the five Axionn propofed in Page 146, and therefore,

if thofe Axioms be well underftood, the Reafon of fuch Opera-
tions muft needs appear very plain, and the Work be eafily per-

formed; as in the following Sedlions,

A a
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Seft. I. Of Redumon by 3DOitlOIU

T3 EDUCTION hy Jdditlon is grounded upon Axiom I.

•''^ and is only the tranfpofing (viz. the removing) of any Ne-
gative Quantity from either Side of an Ktjuation to the other Side,

with the Sign + before it ; as in thefe

EXAMPLES.
Suppofe I z=id Again,

Then 2 a zizd Let I d c ^ a a

For 3 b l^d 2 a a — c — a a -f- d
1 -4- 4 a-rz-d -^b 2 -{-aa 3 la a ~ c + d

Let

l-f-4
a

3^— 4 = 6—^
3^2 1= 6 4— a

4a 6 4 z=io

*• N'ote, When any abfoJute Number 13

I regiftered in the Margin, you muft draw
< a Lint* over it, to diftinguifh it from the

J other Numbers. As 4 in the 2d Strp of
th's Ersmple.

Let I a a b -=2 dd — lb a

i^b 2 a a dd — lb a -\- b

T.'^d c 3 a a z^dd--- lb a -\' b -\- d

c

2-^-2ba 4 a a -f- lb a zzz dd b dc

Suppofe

1 J^a a a

2 'J^baa

2^3?^ — d — c c — i^h a a — a aa
a a a -\- 1 d a — d zzi c c — "T^b a a

aaa-^-^baa-}- 2 d a — d z=: c c

a a a -\- -T^b a a 2 da z=i c c -^^ d^ Sec.

Sea. 2. Of Redu^ion hy ©UbStaCtlOlU

Ty EDUCTION by SubJiraSIlon is grounded upon Axiom 2,
•^ and is performed by tranfpofing (or removing) any Affir-

mative Qiiantity from either Side of the Equation, to the other

Side, with the Sign — before it ; as in thefe

EXAMPLES. 1
Suppofe r a -{-b — d Let I 3^ + 4 = 6 -f- <?

Ahd 2 bz=. b I — a 2 2 ^7 4 =: 6

1 2
3 a =z — b 2—4 3 2 a -=1 6 — 4 = 2— i *

Suppofe I aa-^'dc-^bzudd^ 2b

a

I — 2ba 2 aa'^2ba^dc'\'b'=z.dd
2— dc 3 a a 2ba b zz. d d d

c

3-i 4 a a — 2b a d d — dc — h

Let
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Let I a a a di— c c -4- 7 h a a -h 2 d a

I — i^h a a 2 a a a ^ -f. rz: cc/^ 2 da
2— 2. da 3 a a a -3^ a a — 2da-\^dz:zicc

3
— d 4 a a a a a —' 2 d a c c d

Sedb. 3. Of Redumon by ^UltipIlCatl'OlU

TjpRACTIONAL Quantities, in any Equation, are brought
^ into whole Qtiantities by multiplying every Term in the

Equation with the Denominators of the Fradlions, pery^xiom^i

as in thefe

Suppofe

Then

Let

I x 2 b

EXAMPLES.

5

<7 zn 6 X 5 =: 30. For — x 5 : i-1

5

3 ^ =~T
b b a zii dc

Suppofe

I y

dd
a

a— b

J a — h a 'J d

Suppofe I

<2 a „ d X

I X ^ 2
f . > /• <2 A" ^

a
2 X 3 a a a h c a -f- ^/*^7 d xb

Suppofe

I xaa— bb

1 Y a-\-h

a a a ba ^hb
a a — b b a b

b a a a — bb a a — bbh a bbbh
aa a

a b

aaaa'\'baaa'='baaa— bbaa— bbba -^hbbh

Scd. 4. Of ReduSlion hy Dl'SlGOlU

any Quantity (either known or unknown) is in
' ^ every Term of an Equation, if the whole Equation be

divided by that Quantity, it will be reduced into lower Terms,
fir Axiom 4, as in thefe following Examples.

A a 2 EXAMPLES^
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EXAMPLES,
Suppofe

1
^

1

haa -f- = Let I a a -zz a

I -r- I ^ 2

Let I // a -f-//^^ ^ —//a znffda ^ffdda
2 a a ^ c a a — ^zz. da d d

a

a 3 <7-4-r^ — \:=. d ^dd

Or when the unknown Quantity is multiplied {vix. joined)

with any that is known ; let the whole Equation be divided by

the known Quantity, that fo the unknown may be cleared j as

in thefe

I

EXAMPLES,
Suppofe ha— caz=.d

d
a

Let caa— daaz=.cd— dd

aa

Suppofe I bbaaa-^%bbaa-=zbda'\-cba
ba 2 baa — 2 b a d -\- c

d-\- cl-^b 3 a a — 2 a z=L ——;—

-

b

Let

7.-^ a

2 a

I

2

3

49 <5f <5 -f- 42 ^ <2

y d a a 6 a a

J d a ^ 6 a
b c c

J b c a 21 c a

b c a 3 ^ ^

be 3f

a

Seft. 5. Of Redu5Jion ly SinfiOlUtl'OiU

HEN there happens to be an Equation, between any ho--

mogeneal or like Surds, tai^e a way the radical Signs from

the Quantities, and they will become rational 3 as in thefe

EXAMPLES,
3Suppofe lls/azzs/d-\-c Let I

I 21 a^ d-\-c I 2

^/a a —^\/dh+ ^ ^
^
parSe^i. 4.

aazn db-\-bc ' Chap 3.

Or if one Side of the Equation confifts of Surd Qj'^ntities, and m
the other Side be rational, then involve the rational Quantities; to .

th9
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the fame Power (or Height) with the Index of the Sard, and take

away the radical S'gn ; as in thefe

Let 1

2

EXAMPLES.
4/ a-=.()

I

Suppofe r s/a-iziLb-^c

Suppole

I
'

I a a — ba ~ d I

2 aa — ha — ddd 2

^\/aa zzL. 7
aa :iL itSoj,

Stct, 6. Of Redu5iion by CfiOlutl'Clt.

"TirrHEN any fingle Power of the unknown Qiiantity is on

one Side of an Equation ; evolve horh Sides of the Equa-

tion, according as the Index of that Power denotes, and their

Roots will be equal as in thefe

EXAMPLES,
Suppofe I

2 fl=: 36 =1 6

Let
T 3
* UJJ

I

2

aaa= 27
^=:^/27=:3, &c.

Suppoe

I vx<

\\aazz:.bb— dd

2| a~\/bb— dd

Lr.
3

I UJJ

aaa-z:zb^-\'^bbc~^;^bcC'j-c^

a -zr. b--\-c

Or if any compound Power of the unknown Quantity be on
one Side of the Equation (that hath a true Root of it's kind)

evolve both Sides of the Equation, and it will be deprellcd into

lower Terms ; as in thefe

EXAMPLES.
Suppofe il a a-^-^ha -\-bbz=.dd

j
aa— 2ba -\- hbzzzddcc

I LfJJ 21 a-^b=:d a dc

Here follow a few Examples of clearing Equations, wherein all

the foregoing Redudions are promifcuoufly ufed, as Qccafion re-

quires.

EXAMPLE I.

aa c — d
Suppofe

J X 4

4 b

aa + c d =. ii-

^ ^'^j what is ^7=:to?

4. /7 a.

31 X ^
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2 X h

4 -f~ ^ ^/

5 — be

7 tu/*

3

4

5
6

8

baa ^ If c — bd — /^aa
baa ^ ^aa be — bd z=,

baa 4- ^aa ^ be 4rg -fr b d
baa ^ ^aa ^g Jl^ bd— be

4^ -f- bd— be— b -n:
a a

a — ./ 4.g bd~bc
as was required.

Suppofe

\ y.a

4 "T- 4
5 ojJ^

3

4

5
6

EXAMPLE 2.

^
TT- what IS the Value of ai

a 354 — «

a + 354 = —2 ,

354 —

«

125316 — aa — i^aa

4<7^= i253i6

31329
a =z \/3i 329= 177, theValue of ^7 required.

EXAMPLE 3.

Suppofe

That is

For

And

Then

baa

4

, aa -X- xbb , aa — ^bb

4 4
a a "3, b b baa

a a ^ a'^— 9^'^ ^ ^

a a •i^hb a a — "i^bb 2 aa a a

4 4

\/aa
-f-

-^bb x \^
an = V

a a baa. *

4—
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4 —
h a a

* C

7 ±

9 X J f

10 X 4

12 -f-

For

14 wS"

5

6

7

8

10

1

1

12

13

15

2

hag y/^* — 9^

4 T" c c

cc
"*~ T

9
^ <: 4 r

^3

gccb^ = 4^^z* — 4^«*

a a a a 7ZZ —2
4c — 4^

4C — 4^ X ^4- —- — 4^<i*

() c c

() c c b"^

^ ^
, as was required.

By Help of thefe Reducf^Ions (properly applied) the unknown
Quantity [a) or it's Powers, are cleared and brought to one Side

of an Equation ; and if the unknown Qiiantity [a] chance to be

equal to thofe that are known, the Qiieftion is an fwe red : as in

the firft Example of Se^. i, and 2. Or if any fingle Power of

the unknown Quantity {a) is found equal to thofe that are

known, then the refpe&ive Root of the known Quantities is the

Anfwerj as in the firft four Examples of SeSf. 6, 5i:c.

But when the Powers of the unknown Qi^iantities are either

mixed with their Root, as aa^ba-=.ddy &c; or do confift

of different Powers, as aaa-\-baazrzdd. Sec: Then they

are called AfFecSled, or Adfeded Equations, which require other

Methods to refolve them ; viz. to find out the Value of (a) as

(hall be filewed further 6n.

C H A P.
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CHAP. VI.

"VKTHAT hath been faid of Numbers in Arithmetical Progref-

fion^ Chap. 6. Part i. may be eafily applied to any Series
of Homogeneal or like Quantities.

Seft. I. 0/fiuantitiejs inmtlymxmX p?os?efs[tom

Ht)SE Quantities are faid to be in the moft fimple or na-

tural Progreflion, that begin their Series of increafe or de-

creafe with a Cypher :

ThusJ
o • ^ • • 3^ • 4^ ' 5 • •

increafing.

\ o: — a\— ia\— 7^a\— 4^7:— 5 w.— 6a: Sec. decreafing.

OrUniverfally, putting a the firftTerm in the Progreffion, and

e the common Excefs or DifFerence.

Theni
^ •^+ ^'^"1" ^^-^+ 3 ^•^+ 4^-^+ 5

t a: a— e:a— 2e:a— 3^:^— 4.e:a— s^'-^— 6e:Scc,

In the firft of thefe Series it is evident, that if there be but

three Terms ; the Sum of the Extreama will be double to the

Mean.
As in thefe, 0 \ a \ia \ or, ^7:2^:3^: or, 2^7 : 35 : 4^, &c.

vi%, 2a : 0 -zz a -{^ a : or^ a "^a z=i 2a 2a, &c.

Alfo, in the fecond Series, either increafing or decreafing, it is

evident, that if the Terms he a : a e : a ^ 2e, Sec. increafing ;

then <7 -f- -|- 2 ^, viz. 2a 2e the Sum of the Extreams, is

double to ^ Mean, or if they he a \ a— e\a— 2<?, &c.

decreafing ; then a-^-a—^ 2e : viz. 2a — 2 ^, the Sum of the

Extreams, is double to a— ,e the Mean. And fo it will be in

any other three of theTerms. Secondly, if there are four Terms;
then the Sum of the two Extreams, will be equal to the Sum of

the two Means ; as in thefe, a : a-{-e : a^2e : «+ 3^> in the

Series increafing ; here a^a-^'^ez=za-\-e-\-a^2e.
Alfo in thefe, a \ a— e : a— 2e \ a— 3^, in the Series de-

creafing ; here aA^a— 3^ = ^7 — ^-f-tz — 2e^ Sec. in any

other four Terms.
* Confequently, If there are never fo many Terms in the Series,

the Sum of the two Extreams will always be equal to the Sum
of
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of any two Means, that arc equally diftant from thofe Extreams.

As in thefe, a : a + e : a -\~2 g : a + - ^ + ^ ' ^ "h S ^ -

Here « + ^7-|-5^zi:t7 + ^ + « + 4^= <?+2^4-<z + 3^, &c.

And if the Number of Terms be odd, the Sum of the two Ex-

treams vAW be double to the middle Term, ^c. as in Corol. I.

Chap. 6. before-mentioned.

CON SECTARY I.

Whence it follows^ (and is very eafy to conceive) that if the Sum
cf the two Extreams be multiplied into the Number of all the Terms

in the Series^ the ProduSl will be double the Sum of all the Series.

Now for the eafier rejolvingfuch ^uejiions as depend upon thefe

Progreffional Quantities,

Sa

1= the fir H: Term, as before.

y the laftTerm.

e ~ the common Excefs, i^c. as before,

Nz=z the Number of all the Terms.

5 = the Sum of all the Series, viz, of all the Terms,

Then will a-\-yxNz=.iS^ by the precedent Confe(Slary :

Na -4- N y
that is, Na -j-Ny z=:2S. Confequently ^—^ = 5, the

Sum of all the Series, be the Terms never To many. Thirdly,

In thefe Series it is eafy to perceive, that the common Difference

(e) is To often added to the laft Term of the Series ; as are the

Number of Terms, except the firft ; that is, the firlt Term (a)

hath no Difference added to it, but the laftTerm hath To many
times (e) added to it, as it is dif^ant from the firft.

Confequently, the DifFerence betwixt the two Extreams, is only

the common Difference [e) multiplied into the Number of all the

Terms lefs Unity or i. That is, A' — i x ezny— the Dif-

ference betwixt the two Extreams, viz, Ne— e zziy— a.

CO N S E CTARY 2.

Whence it followsy that if the Difference betwixt the tivo Ex-
trearns be divided by the Number of Terms lefs i, the ^otient will
be the common Difference of the Series,

B b . Now

To vtxty =: e.
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Now by the Help of thefe two Con Sectaries, if any three of
the aforefaid five Parts (viz, a. )\ e, N. S,) be given; the other
two may be eafily found.

Thus,

And

2 xN— I

4 ^

1X2

6 -^yN

9-^ iV

6 -^ 4-

5, and II

Na -4- Ny
2

a
as before.

I2xa

13 -^ 2

14 X 2e

15 — as

16 — ^ <?

3 4- «

19 -4- f

20 — AT"^

A'"

y — a -\- e
i=r A^^ the Number of Terms.

zS — Na ~ y, the laft Term.N

5

6

7

8

9

20

21

- = a, the firft Term.A'

2 5

y

'

:= N, the Number of Terms.

2 5
, per Axiom 5.

-'^^^^ 2 5, theSumof all the Series.
2 ^ 2

y y — aa'\-ae-X-ye~ 2 S e

y y — a a y e zzi 2S e — a e

y y — a a :zz 2S e — a e— ye
yy — a a ,

_= the common Diiterence.
20 — a — y
N e — e -\—a z=z the lafl Term.
Ne -{^ a — y -\- £

y e — N e z:z the firfl: Term,
&c.

In like Manner you may proceed to find out any of the five

Quantities [a, e.y. N,S.) otherwife, viz. by varying or com-
paring thofe Equations one with another, you may produce new

EquaC icn

t
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Equarions with other Data in them ; the which I fhall here omit

purfuing, and leave them for the Learner's Pradice.

Seel. 2. Of dUulttltiCS Geometrical Proportion. .

GEOMETRICAL Proportion continued has been already

defined in Sedt, 2, Chap. 6. Part I. And v/hat is there

faid concernino; Numbers in ~, may eafjly be applied to any fort

of Homogeneai Quantities that are in -ff.

The moft natural and fimple Series of Geometrical Propor*

tionals, is when it begins with Unity or i.

As i.a.aa.aaa,aaaa,a^ ' f in -fr

For I ; a :: ^ : a a '.\aa : aaa :: aaa : aaaa^ Szc*

^ ^
hh hbh hbbb b^ ^ ^ .

Ur a . b .
— . . . — , occ. are Terms m
a a a a a a a"^

, ,
bb bb bbb bbb b^ b^ b^ ,

For a : h \ : b '.-^ : : : : ^ &c.
a o, (I a aa

That is, when all the middle Terms betwixt the two Extreams
are both Confequents and Antecedents, that Series is in Geome-
trical Proportion continued. Therefore in every Series of Q^jan-

tities in all the Terms except the laft are Antecedents ; and all

theTerms except the firft are Confequents. But univerfally put-

ting a the firft Term in the Series, and ^ the Ratio, viz, the com-
mon Multiplier, orDivifor; then it will be

a.ae,aee,aeee.aeeee,ae^,c((^. &c. in -ff.

Or ^ . - . — . — . . ^ , &c. are in -~ decreaf.eeeeeeeeeee^
1 , a a e e ^
r or a \ a e a e '. a e czc,

a

a a a a a a a a ^And ^7 : - : : - : — — a \ \ \ — : — , &c.
e e a e e e e e e e e e e

\. In any of thefe Series it is evident, that if three Qj,iantlties

are in -ff , the Re(5tangle of the two Extreams will be equal to
the Square of the Mean ; as in thefe, a \ ae . aee^ here a y, aee

ae X a Cy a a t kc.

B b 2 Or
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Or <7 . — . — ; here alio ^zx — i=-x-- =— , 6cc.
e e e e e e e e e

II. If fourQiiantitics are in ~~ the Rectangle of the Extreams

will be equal to the Reftangle of the Means.

As in thefe, a,ae.aee.aeee'y here axae'^znaey^aee.

Or a , - . — . — ; here alio a \ — ~ - x — —— , 5cc.
e e e e e e e s e e e e e e e

Confequently, If there are never fo many Terms in the Series

of -ff, the Redian^le of the Extreams will be equal to the Refl-

angle of any two Means that are equally diilant from thofe Ex-
treams.

As in thefe, a , a e . a e e , a e e e . a e'^ , a

viz. ae^ X azuae'^ a e. Or a x a zzl aeee x aeezn aoe^

III. If never fo many Quantities are in -~ it will be, as any

one of the Antecedents is to it's Confequents ; fo is the Sum of

all the Antecedents, to the Sum of all the Confequents.

A • Ca.ae^aee.aeee.aeelee.ae^. he. increafin^.
^ < a a a a '

a

thefe, fa.— . — . — . . — , Icq. decreaGng.
V e e e e e e e e e e e'"

T a ~ :: a -X- -\ -4 A A- - -4- — A •

e ^ e e e e " e e e e

•4-^—1- --^> viz. a X a e a e e a -{^ a ^ a z:z a e

X a -f- a e -f- aec -f- ae"^ -\- ae^

.

That i?, the Rec^langle of the Extreams is equal to the Red-
angle of the Means ; pc?r Second of this Ze3.

Note^ The Ratio of any Series in -rf increafing, is found by

dividing any of the Confequents by it's Antecedent.

Thus, a) a e [e Or a e) aee &c.

But if the Series be decreafing, then the Ratio is found by di-

viding any of the Antecedents by it's Confequent.

Thus, ^ "7

C O N-
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C O N S E C T A R Y.

Tlyefe Things heirig prsmtfed^ fuch Equaikns may be deducedfrom

them^ as will fohe all fuch ^uefiions as are ifually propofed about

^antities in Geometrical Proportion. In order to that^

a = the firft Term. 7 , ^
. . > as beiore.

e in: the common Ratio. 5
let

y the laft Term.
5 = the Sum of all the Tejrms^

Then 5— }/ m the Sum of all the Antecedents,

And 5 — a zr. the Sum of all the Cohfequents.

Analogy.

I
*.*

2 -r- ^

4 — 5

Z-r^-y

5 -4-^

8 ^ e

I

2

3

4

5

6

I

8

TO

a : a e : : S— y : S— a per III. of this 5^^.

S a — a a zzz a e S — a ey

S — a ~ e S — ey

S ey — a z=z e S

e y — a zzz e S — S

If-^^^ z=z 5, the Sum of all the Series.
e — I

S — a

10 5 111

= the common Ratio,
i>— y
e y e S -\- a — S

" ^ ^ =y, the lafl: Term.
e

S e y z=. e S a

S e y — e S zn a^ the firft Term.

Note.^ The *.* fet in the Margin at the (econd Step, is inltead

of ergo\ and imports that the Recian^Ie of the two Extreams in

the firft Step, is equal to the Rectangle of the Means. And fo

for any other Proportion.

Sea. 3. 0/ ^arniOniCal 'Proportion.

TJARMONICAL or Mufical Proportion is, when of three

Q^jantities (or rather Numbers) the firft hath the fame Ratio
to the third, as the DifFerence between the firft and fecond, hath
to the Differehce between the fecond and third. As in thefe fol-

lowing.

Suppofe ^7, ^, in Mufical Proportion.

Then I a : c : : b — a : c h

J 2 €b — caz=:ac — ba

24.
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2 ca

5 — cb

2 a

3

4

5

6

7

8

c b z=i 2 a c — b a

cb — tf, the firft Term.
2 c — b

2acz=:cb-^ba
2 a c

=. b, the fecond Term.
c -\- a

lac — cb zzL b a

b a

2 a
m: r, the thirJ Term.

If there are four Terms in Mufical Proportion, the firft hath

tlic fame Ratio to the fourth, as the DifiVrence between the firft

and fecond hath to the Difi^erence between the third and fourth.

That is, let

Then

2 — da

-^id — c

ca

b-^db

7

a, b^ c, d, be the four Terms, ^V.

aid :: b — a : d — c

d b — da — da-^ca
d b zzz 2 d a — c a

db

2d — c

2 d a

a

c a

db c a zz: 2 d

a

c a zzz 2 d a d b

2 d a — d b

e a

\ 2 a — b

a

z=d.

CHAP. VII.

Of Proportion jUltCt, ^f^d how to turn Equations into

PROPORTION Disjuna, or the Rule of Three in Num-
^ bers, is already explained in Chap. 7. Part I. And what

hath been there faid, is applicable to ail Homogeneous Quanti-

ties, viz, of Lines to Lines, ^c.

Sea.
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SECT. I.

IF four Qijantities, {viz. either Lines, Superficies, or Solids) be

proportional : the Rectangle comprehended under the Ex-
treams, is equal to the Redangle comprehended under the two

Means. (i6 Euclid 6.)

Forlnflance, Suppofe, a , h . c , d . to reprefent the fourHo-

mogeneal O^iantities in Proportion, viz. a : b : : c : d ; then will

a d z=i be. For fuppofe b zz: 2a^ then will d zzz 2 c, and it will

he a : 2a :: c : 2c. Here the Ratio is 2. But a x 2c ziz 2a x c.

viz. 2ca z=L 2a c. Or fuppofe b z=i "^a then will d 3^, and

it will be : 3 ^ : : f : 3 f. Here the Ratio is 3. But <i x 3f

3 X f . viz. 'T^c a zil '^a e. Or univerfally putting e for the

Ratio of the Proportion, viz. making b-zzae^ then will d^ce,
and it will a : a e : : c : c e. But axce-=zaexc^ viz. ace
:=z aec. Confequently, a d z=l b c which was to be proved.

Whence it follows, that if any three of the four pfoportioeal

Quantities be given, the fourth may be eafily found \ thus.

Let

d

2 c

2 a

2 -7- bd

Or 2-^ a c

a : b :: c :

a d b c

be

d

as before

a

b =:

d —

d

ad
c

a_d

b

b_e

a

Note., in this Manner in

his 5th BcKik, exprelTes the Ratio

of Proportionals, viz. the Ratio of

a
a to b is -r-

If four Quantities are Proportionals, they will alfo be Propor-
tionals in Alternation, Inverfion, Compofition, Divifion, Con-
verfion, and Mixtly. Euclid^. Def, 12, 13, 14, 15, 16.

That
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i hat IS, 11 1 a : b c : d be in diredi Proportion, as before^

J. nen 2 a '. c :
'. b : d^ alternate. For ad zz.bc.

And 3 u . a . . ci , invcrica. ror ^ a — c^f.

Alfn 4 <* -7- 0 . u . . c -j- « . a
J
compounuea.

4 •
c
5 a <2 0 a t -|- Da

J tnat Is, /? a oCy as Deiore.

Or A d
\ alternately compoundeJ.

A • •

7 aa^cazuba-f-cay that is, adzzzbc.
Again, 0 <7— 0 . D . . c— « : tf, dividea.

0 . 9 <2(3

—

0 a z:z b c— bd^ that is, odzzLbc,
Or 10 a— c : c b— d : d^ d'w'ided.

1 0 . 1

1

a d— c d zn b c— c d^ that is, a d zzib c.

jrvnu I 2 a : b a '. c '. d -\- converted.
T 0 « t* ii c ^ f "f- ^7 fJ tnat IS, a a — o c.

14 £7 -|- , i7 — 0 . . c a . c— «, mixtly

.

14 .
T r
»5

15 + 16 2b c 2 a dy that is> a d zzibc ; as at tirfl.

A^<5^^, What has been here done about whole QiJantities in

Simple Proportion, may be eafily performed in Fradional Qijan-

tities, and Surds, i^c.

For Inftance, If ^ : ^—r^ : : ^ — and if it be required
c f c

*

to find the fourth Term, it will be
dd c c

the Redlangle of the

ah
c

Means; which being divided by the firft Extream — will be-

ah\dd— cc /ddc — ccc dd— cc . .

the fourth Term.come
ab\ dd— c c /ddc

c ) f c \ a bfc abf

Or if b \sjbd -\- be w \^bc + be : to a fourth Term. Then

is, Vbd -^-be X ^ b d -\- bez=.bd-{-b e theRe(5tangle of the Means;

and b) bd-\-be [d-^c the fourth Term. That is, b : >Jbd -{-kc

: : *J bd \'bc : d -{-c, &c.

Sea. 2. Of Duplicate and ®:nplicatc p^opojtiom

THE Proportions treated of in the laft Section, are to be un-

dcrftood when Lines are compared to Lines, and Superficies

to Superficies ; or Solids to Solids, viz. when each is compared

to that of it's like Kind, which is only called Simple Proportion.

But
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But when Lines are compared to Superficies, or Lines are com-

pared to Solids, fuch Comparifons are diftinguiflied from the for-

mer, by the Names of Duplicate, and Triplicate, &c. Propor-

tions; fo that Simple, Duplicate, and Triplicate, ^c. Propor-

tions are to be underftood in a different Senfe from Simple^ Double,

Treble, iffc. Proportions, which are only as I, 2, 3, i5fc, to I ;

but thofe of Simple, Duplicate, Triplicate, &c. Proportions, are

thofe of a . aa . aaa , ^ See, to i. Or if the Simple Propor-

tions be that of a to b, whofe Ratio or Exponent is -^or—

•

o a

Then ~ x ~ z= is the Exponent of the Du-

plicate. I of -T*

a a a
And -7- X ~ X -r = -77 is the Exponent of thebob b^

Triplicate Proportions, ^r.

An^ if there are three, four, or more Quantities in -ff, as

J . a . aa . aaa . a"^ , a^y Sec, (as in the firft Series, Sedt. 2. of

the laft Chapter.) Then, that of the firft to the third, fourth,

and fifth, ^c. {viz. i to aa. aaa, a'*-. a^) is Duplicate, Tri-

plicate, Quadruplicate, ^r. of the firft to the fecond (viz, of r

to a); and by Inverfion, that of the third, fourth, fifth, is Du-
plicate, Triplicate, ^c. of that of the fecond to the firft (a to i)

per Def. 10. EiicL ^, But the Name of thefe Proportions will

appear more evident, and be eafier underftood when they are ap-

plied to Pradli^^c, and illuftrated by Geometrical Figures, fur-

ther on.

Sed. 3. How to turn Equations into ^llEiOfflC^*

T^ROM the firft Se(f1ion of this Chapter, it will be eafy to con*
^ ceive how to turn or difTolve Equations into Analogies or Pro-

portions. For if the Rectangle of two (or more) Quantities, be

equal to the Red^angle of two (or more) Quantities j then are

thofe four (or more) Quantities Proportional. By the 1 6 Eucl, 6,

That is, if ab zzz cd, then is a : c :: d : or c : a :: b : d^ ficc.

From whence there arifcs this general Rule for turaing Equations

into Analogies.

RULE.
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RULE.
Divide either Side of the given Equation [if it can be done) into

two fuch Parts^ cr Fafiors^ as bei72g muhiplied together will pro-

duce that Side again ; and make thcfe two Parts the two Extreams.

Then divide the other Side of the Equation {if it can be done) in the

fame Manner as the firfi zuas^ and let thofe two Paris or Favors

be the two Means,

For Inftance, Suppofe ah -^-adzzihd. Then a \ h w d \ h '\- d^

ox h : a \ : b d : dy kc. Or taking a d from both Sides of the

Equation, and it will hf:: abzzibd — ad-, then a \ d w b— a : b^

or, b : d b — a : he.

Again, (uppoie a a 2a ezn 2 by ^ yy. Here <2 and <y 2 ^

are the two Fadors of the firft Side in this Equation ; for

a --^ 2e X a z=i aa 2a e.

Again, y and ^2b -\-y are the two Fa6lors of the other Side
;

therefore, a : y :: 2b -{-y : a -^2 e, or 2 b -^y : a'\^2e : : a : y, he.
When one Side of any Equation can be divided into two Factors,

as before, and the other Side cannot be fo divided, then make the

Square Root of that Side either the two Extreams or the two
Means. For Inftance, Suppofe bc-^-bd-nzda-^-j^., then ^ :

'Jda^g :: \'da-\'g -.c-^-dy ox*Jda-^g: h :: c-^d : da-^g^ Sec.

CHAP. VIII.

Of ^iMitiitmh Solution of Ciua5jaticfe

Sea. I. Of %vM\mm.
"ITTHEN new Quantities not concerned in the firft ftating of

any Queftion, are put inllead of fome that are engaged in

it. that is called Subjlitution. For Inftance, If inilead of

V be— dc you put %, or any other Letter ; that is, make z z=

^bc— dc. Or fuppofe — ca-\-da:z=.dc^ inftead of ^

—

c

d put J, or any other Letter not engaged with the Queftion,

viz, — c-\-dy xhQi\ aa'^iaz^.dc. That is, if ^ be greater

Cihan
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than ^+ ^/, it is <?<7— saz:^dc', but if be greater than f,

then it is aa -\' sa zzidc.

And this way of fubilituting or putting of new Quantities in-

flead of others, may be found very ufeful upon feveral Occaftons ;

viz, in Order to make Tome following Operations in the Qiie-

ftion more eafy, and perhaps much fliorter than they would be

without it, as you may obferve in fome Q^ieftions hereafter pro-

pofed in this Tra^l:.

And when thofe Operations, in which the fubflituted Quanti-

ties were afliding or ufeful, are performed according as the Na-
ture of the Queflion required, you may then (if there be Occa-
fion) bring the original or firR Quantities into the Equation, in

the Place (or Places) of thofe fubftituted Quantities, which is

called Reftitution, as you may fee further on.

Scci. 2. The Solution of Cluatsjaticfe cEqiiati'orijj^

"ITrH EN the Quantity fought is brought to an Equality v*^ith

thofe that are known, and is on one Side of the Equation,

in no more than two different Powers whofe Indices are double

one to another, thofe Equations are called Q^jadratick Equations

Adfcded ; and do fail under the Confideration of three Forms or

Cafes.

Cafe I. -f. 2^^ =r dc. 1 C -f- =. dc.

Cafe 2, aa — 2ba zzz dc, > And s rt*^ — 2ba'^ ~ dc.

Cafe 3. iba — aa-^zdc.J Clba^ — a^- z=i dc.

AI fo

5^ 4- iba'' z=z dc.
f

Ca^ + 2^^^= del
— iba^ m dc. > And Xa^ — iba"^ = dc. > kc.

2ba^ ^ z=z dc.^ L2ba^ z=i dc.J

When there happens to be more Terms in one of thefe Kind
of Equations than two, and the higheft Power of the unknown
Quantity is multiplied into fome known Co-efficients; you mujt
reduce them by Divifton ; as in Se6t. 4. of Chap. 5. and for the

FraSlional Quantities that may arife by thqfe Divifions, fubfli^ute

another Qiiantity doubled.

Forlnftance, let haa^caa— ca— da'=.dc '\. ch^ then a a—
c a — da dc -i^ cb c — d

b
-J-

c T+T"- M^^P
TjPc

4nd if you pleaie,

C c 2 for
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f,
dc A' cb

for -7—; put %.
b -\- c

Part II.

Then will a a — ix a -^zx be the new

Equation, equal to the other, being now fitted for a Solution.

Now any of thefe three Forms of Equations being thus pre-

pared for a Solution, may be reduced to fimple Powers by carting

ofF the fecond or loweft Term of the unknown Quantity ; which
is done by Subflitution

;
thu^ always take half the known Co-

efHcient, and add it to (Cafe i.) or fubftrait it from (Cafe 2.) it's

fellow Faclor ; and for their Sum, or DifFcrence, Subftitute ano-

ther Letter \ as in thefe.

Let I aa-}-'2b(7:=dc Cafe

Put 2 a b zzL e

3 a a -\- 2ba-\-bbzzzee
3—1 4 b b zzz e c — d c

4 -f 5 e e zn b h -j- d c

5 h^'" 6 e 1= \/ b b d c

2 and 6 7 a ^ b " ^/ i> b -4~ d c, /

8 azzL\/bb~\-dc\ — b

Let
Put

2

3 — 1

^ dc

5 vjj''

2 and 6

1 -\- b

I

2

3

4
5

6

7

8

Again,

a a — lb a z=. d c Cafe 2.

^7 — b e

a a — iba-^^bbzziee
bb -z^. e e — dc
eezzzdcA-bb

e zzz. \/d c -j- b h

\

a — b \/ dc -^-^ bb

a z=zb A- \/ dc -f bb

In Cafe 3. From Half the known Co-efficient fubftrafl it's

fellow Factor.

Thus, Let

Put

2

1 + 3
I

I

2

3
4

lb a a a zzL dc
b — a 1Z. e

bb — 7.b a a a
bb rz: dc ^ e e

c e z=. bb — dc

5 Lu>*
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5 wj 6 e ziL Vbb — dc

2 and 6 7 b — a — \/ bb — dc

8 h a \/ b b — d c

8 — i/, &c. 9 a iiz b — \/ b b — a c

And this Method holds good in thofe other Equations, where-

in the higheft Powers are « ^5 « ^, 5cc. As, for inllance, .

Let I a^J^^b^zudc Cafe I.

Put 2 a"^ b e

3 a^-f- 2b bb =! e e

4 b b z=i ee — dc

4 -f- ^ ^ I"

:)
e e znz b b -f- d c

5 6 e = */bb dc

2 and 6
7 b \/b b -\~ dc

8 \/bb -A- dc : — b

8 9 a ZM '^\/
: s/ b u -\- a c : — b

The fame may be done with all the reft, Care being taken

to add, or fubftra^^, according as the Cafe requires.

But all Quadratick Equations may be more eafily refolved by

compleating the Square, which is grounded upon the Confideration

of raifinff a Square from any Binomial, or Refidual Root. (See

Se6^. 5. Chap. I.) Fiz. Ua-[-bbe involved to a Square, it will

be aa-^-lba-^bb', and if a — b be fo involved, it will be

a a — 2 b a b b. Whence it is eafy to obferve, that

aa -f- 2ba dc (Cafe i.), and a a — 2ba z=l dc (Cafe 2.),

are imperfect Squares, wanting only bb co make them com-
pleat. And therefore it is, thai: it halt the known Co-eiEcient

iDe involved to the fecond Power, and the Square be added to

both Sides of the Equation, the unknown Side will become a

compleat Square.

r Here half the Co-efficient

Thus Let if -f- 2^<7 = j is ^, which being fquared.

But 2 b b =1 bb L is b b

I~[-2 3 a a -\' 2 b a -\- b b z=z d 4~ b b Cafe J.

3Ujy^ 4 a ~\- h -^z Vd c -\- bb^ as before

Again.
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Again.

Let I a a — lb a z=. dc Cafe 2,

But 2 bb=:bb
I + 3 3 a a — 2 b a ^ b b z=idc -^bb

3 4 a — b -^L \/ dc -\- t) &c. as before.

But in Cafe 7, you miaft change the Signs of all the Terms in

the Equation,

Thus 1 2b a — a a zn d c Cafe 3.

2 a a — 2b a — — dc
Then 3 oa — 2 b a b b izz b b — d c, &c.

And this Method of compleating the Square, holds true in

thofe other Equations.

Viz. I aaaa-\-2baazndc Cafe I.

For 2 b b ziz bby as before.

I -f- 2 3 a a a a 2b a a -\- bb zz dc b b

3 w^^' 4 a a -f- b */ d c -|- b b

a a zzz \/ fi c -\- b b — b

6 a =z : \/ dc -\- bb : — ^, and fo on for the reft.

Or let I Ji^ 2 b a a a zzi d as before. Cafe i

,

And 2 bbz=Lbb

I -f- 2 3 ^ 2b a a a -A- bb dc-\- bb

I UJJ 4 atia-^b-=zx^dc-\-bb

5 aaazi:\/dc-4-bb : — b

5 ^J^"^ 6 ^7t=V : \/ d c -^-^ b b : — ^, Szc.

COROLLARY.
Hence it is evident^ thai whaifoever Method is ufed in folving

thefe (or indeed any other) Equations., the Refult will Jlill be the

fame., if the Work be true ; as you^may obferve from the Operations

of this Seflion : for both thefe Methods here propofed., give the fame

Theorems ih their refpe6live Cafes for the Vdue of [a).

Thus
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Thus, when a a ^ ib a -rz dc^ then

Theorem l. a-=z*Jdc^bb:>— b

And when a a — lb a -=1 d then

Theorem 2. a-=z:.b'\-'^dC'-\-bb

Again, when ^ba — aa — dc^ then

Theorem 3. a b — s/ b b — dc

The like Theorems may be eafily raifed for the rell.

If the known Co-efHcients (of the fecond or loweftTcrm) be

any Tingle Quantity, as aa ba— dc\ Sec. then is | ^ it*s Half,

and Ibb will be the Square of that Half^ that is, f ^ x =
and then the Work will ftand

Thus I
,
a a -f- b a zzL d c

I c 2 a a b a \bb zzL d c \bb

3 a -^r\bz=L Vdc -\-lbb

3— i ^ 4 a V dc^ ibb : — and fo for the reft.

N'oie, C placed in the Margin againft the fecond Step, fig*

nifies that the imperfe(^l Square -{-/'^ in the firft Step, is there

compleated, vi-z. in the fecond Step.

Now by the help of thefe Theorems, it will be eafy to calculate

or find the Value of the unknown Qi^iantity (a) in Numbers,

EXAMPLE I.

Suppofe aa '\- ^ba Let ^ — 16, and z = 4644.

then i7=z:v^2i-4~^£>: — ^ ^er Theorem I.

But z -f- = 4644 -f- 256 4900, and 1/4900 = 70
Cunfequently ^ 70— 16. viz. ^=^54.

But every Adfcdled Equation, hath as many Roots (or rather

Values of the unknown Qiiantity) either real or imaginary, as

are the Dimenfions {vi%. the Index) of it's higheft Power ; and

therefore the Quantity a, in this Equation, hath another Value
either Affirmative or Negative ; which may be thus found.

The given Equation is ^^+ 32^^:4644, and it's Root ^=54.
Let thefe two Equations be made equal or equated to 0, vt%„

to Nothing.
•

Tiujs,
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Thus, aa -f- 32<2 — 4644 =1 O, and a — 54 31 o.

Then divide the given Equation by it's firft Root, and the

Quotient will fhew the fecond Value of a.

Thus, a— 54= 0) ^ZY7 -f- 32 ^7— 4644 = 0 (tz 86 = 0
aa — 54<7

-I". 8 6 £7— 4''44

86^7 — 4644

¥)

Hence the fecond Value of ^ is= —^"86, or 86 = — which

feems impoflible, vi%. tiiat an Affirmative Qiiantity fhould be

equal to a Negative Quantity
;

yet even by this fecond Value of

^7, and the fame Co-efficient, the true (or firft) Equation may be

formed

Thus, Let i! ^1= — 86
I

!

1 \

t

^7^= 4-7396, viz. — 86 X — 86z=:-j-7396

I X 32 3 32^ = — 2752
2 + 3 4i aa-{-22a—^6^^, as at firfl.

EXAMPLE 2.

Suppofe I aa —-7/7 = 9 48, 75, then per theorem 2.

I C 2 aa —-7^ + ^^= 948,75+^/ = 961

i (or 3,5) =\/96i = 3i2 VJJ^ 3 a—
3 + 3.5 4 31 + 3'5 = 34.5

Again, for the fecond Value of ^, htaa— 7^7— 948,75=0,
and <7— 34,5 = 0. Then

^—34,5=0) ^^— 7^— 948,75 = 0 (^+27,5 = 0.

Confequently this fecond Value is ^ =— 27,5 which will form

the original Equation, a a— 7^2= 948,75 if it be ordered as the

laft was.

EXAMPLE 3.

Suppofe 36 — aa 243, then per Theorem 3. = 18

^ -v/ 324 — 24.3, viz, half 36 fquared is 324, &c. that is,

tf = i8 — i/'ST; hut 1/81 = 9, therefore ^ = 18— 9=9.
Now this third Form is called an ambiguous Equation, becaufe

it hath two Affirmative Values of the unknown Quantity

both which may be found without fuch Divifion as was ufed

before.
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before, For in this Cafe, — i8
-f- i/8i, viz. ^ = 18 + 9 =27,

or, ^= 18 -— 9 = 9» 28 before. And both thefe Values of a are

equally true, as to forming the given Equation; viz, 36^2— a a

2=243. For iff? = 9, then ^7<7 — 81, and 36^7 = 324 ; but 324
*— 81=243, therefore z= 9.

Again, if^2=:27, then will ^7^z= 729, and 36^= 972 : But

972— 729= 243, confequently it may be, azzLXj. Now either

of thefe Values of a may be found hy Divifioriy as thofe were in

the other two Cafes, one of them being firft found by the

Theorem. Thus, let 36^ — aa— 243 = o, and 9—. = 0^

then 9— ^ = 0)36^— <7^?-— 243 = 0 (^7-^ 27 = 0
qa — a a

27« — o — 243
27 . 243

(o) (o)

Hence, If a — 27 = 0, then a =: 27, as before.

Notwithftanding all Quadratick Equations of this third Form
have two Affirmative Roots (as in this), yet but one of thofe Roots

tvill give a true Anfwer to the Queftion, and that is to be chofen

according to the Nature and Limits of the Queftion, as (hall be

fhewed further on.

SCHOLIUM.
From the Work of the three lafi Examples^ It may he ohferved\

that the Sum of both the Roots will always be equal to tbi Co-effdent

sf their refpe£iive Equations^ with a contrary Sign,

Thus. In Example i. aa ^'^a -rr. 4644
Here

. And
la — 32

In Example 2. — 7^ == 948,75
Here^z^ 34.57
And a — — 27,5 5

2^2 iz: 7

In the laft Example 36^7 — a a zzi 243
Which was changed into a a — 36^2 =— 243

9 I AddAnd ^ — 27 S

2a zz 36

D d Hence
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Hence it is evident, that if either of the Roots be found, the

other may be eafily had without Divifions.

If the Contents of this Se6^ion be well underftood, it will be

eafy to give a Numerical Solution to any Qiiadratick Equation,

that happens to arife in refolving of Queftions, &c. And as for

giving a Geometrical Conftruftion of them, I think it not pro-

per ill this Place ; becaufe I here fuppofe the Learner wholly ig-

norant of the firft Principles of Geometrv, therefore I (hall refer

that Work to the next Part.

CHAP. IX.

Of anaipnSj Method of refolving Ip^ObleillSf

exemplified hy Variety of Numerical dUCfflOHlS*

N . B. TTERE I advife the Learner to make vfe always of the

fame Letters^ to reprefent thefame Data in all^cjiiom,

rr- C If c reprefent anv Number \ ^, ^
Viz, -{aj r.iVxT ufor other Quantity,

C And e reprefent a lefs Number J ^ />

Then let

^7+ ^ = J their Sum.

a — e-=zd their Difference.

a s z=Lp their Produd.

= ^ their Quotient.
e

^

a a e e -zz % the Sum of their Squares.

a a— ee zz X the Difference of their Squares.

Any two of thefe fix (j, ^, f , z, x) being given, thence to

find the reff y which admits of fifteen Variations, or Queftions.

^eftion r. Suppofe s and d were given, and it were required

by them to find a , e . p ^ q . % » and x .

Let
\

1 + 2

3-^-2

1 — 2

I

2

3

4

5

1 a zz s d z=i 432

= 2165 here a is found.

2^= f— </=:48.
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5 ~ 2 6 e — ^—^= 24., here e is found,
2 ^'

4x0 7
ac — ' ^ — fi

-~* 1 8i. here d is found
4

A -i- 6-7- u 8 ~ = ^^-i-f zz =r Q, here q is found.
e i — d ^ ^

4 y
4

6 10
s s — z s a -+- a a ^

e e =57^
4

9 + 10 1

1

aa-i^eezzi^''^^^ 4723^> ^ found.
2

Q — TO 12 aa— = A- rz: 4.6080, A- found.

^efiion 2. Let / and / be given, to find the reft.

That is
\

I

2x4
3 — 4

5

I 4- 6

I

2

3

4

5

6

7

^'^^
^' o"^^ 1 Quaere . ^ . ^ . ^ . z •

aa -{^ 2ae ee z=z ss = 57600
4fi^ = 4/>r=: 20736

a a— 2ae ee :=! s s 4. p 3^^^4

a — e ziz V s s — 4.p :=z d zz. igz

2 a ZZl S ^ \/ S S —rr 4. p

7-^2 8
^^sA-^/ss-^p^

hence 21$
2

I — 6

9 -f- 2

9

10

2ez=.s — \/ss — 4p
S — i/.f J A. p .

'

e = -li-, hence ^ == 24,
2

? ~-io 1

1

^ s A- \^s s —^4/» ^ g
^ J — V — 4/>

8

10 ©-^

12

!

13

aazz. — : — p
2

ee = —1,1^ : — p
2

124-13
12 — 13

Hi
a a — e e -zz s \/ s s — ^p x zz 46080
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^uejlion 3. Suppofc 5 and q are given, to find the reft.

Viz.

? — 3

4 +

1-6

6x7

7-6

6

10 + II

10 — II

I

2

3

4
5

7

8

9

10

1

1

12

'3

a -=1 qe
e-=is ^ qe
qe e z=i s

s

J—» for ^+ I X ^ = f ; + ^

q^l q + l

ass

-r 2^ + I

a — e =.—— = d

aa =:

e e z=.

qq +2^+ 1

s s

qq + 2q ^ I

a a -f- e e z.

qq s s — s s

q q s s 4- J J

f ? + 2 y + I

a a — e e zzL

+ 2$- 4- I

^eji'ton 4. Let J and % be given, to find the reft.

2 — 4

5

3

4

5

6

47232

la e zzL s 5 — z

1+ 6



Chap. 9- Of jQiimracai €ivxflm0. 205

1 + 6 1

7-^2 8

I — 6 9

9-^^ IC

a =

s s

The reft are found juft as in the 2d ^eft'ion\ the 8 and 10

Steps here being the very fame with the 8 and 10 Steps there.

^efi'ton 5. When ; and x are given, to find the reft.

2 -7- I

J + 3

5 X 7

5-^7

5

7^^

I

2

3

4

5

6

7

8

9

IC

1

1

12

= s = 240 7 ^ ,
a -{^ e zzz s 240
(t2<7— ee

X
a-^ez=. -~z=idy viz. a e) aa^ ee {a^ e

. s
^

2 = J -j-

j

2 J

A* J J -f- A*

2^ ^ X 5 S X

SS X

2S

s S S S XX
a e ^ zzp

4 J J

a__ ii±f = ?
e SS ^ X

2 S S X ^ XX

4 J J

J* 2SSX XX

4 ji

S"^ XX ^aa ^ ee z=L — ^
25 s

a a

e e
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^eftbn 6. Suppofe d and p are given, to find the reft.

a— e'=.d= 102 \

2x4
34-4

_ a
5 yjy

6 + 1

7-r-2

6—1

a -MO

10 (^a

12 + 13

12— 13

3

4

5

6

7

8

9

10

II

12

«3

»4

15

— lae-^eenz.dd

^ -f- ^ = -I- 4/) = J

a = ^ 4- -\/^ d^
^ ^ ^ ^yy -f. 4 p —
^

Vdd -I- 4^ y/— ^

2

<7 d -A- \^ d d^
e V'dd'^^p'/— d

^

aazz. -h2p d \/dd -i- /^p

2

dd -i-lp — d Vdd H- 4/)
ee

aa'\-ee'=.dd-\-ipz=iz
a a — e e zzi d s/d d -f- 4 ^ :

^ejlion 7. Let <^ and ^ be given, to find the reft.

I + ^

3 and 4

5 — ^

6-~j— I 7

14-7 8

7 + 8
j
9

7 = ? = 9 ^
Quaere a.e,s,p,z,x^

a zzL qe

a z=z d e

q e d e

q e — e zzz d
d

, for^— I e zn qe —
a — 1 ^

^

y — I

dq d -f- <a^

7x8
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7x8

8

7

II + 12

II — 12

10

II

12

14

q qd d
a a z=i

qq'--2q-i'l
dd

qq^^q^X
, q q d d -A- d d

q a d d— d d

qq— 2^-1-1

^ejllon 8. Suppofe d and z given, to find the reft.

Viz.
\

I

2 — 3
2 + 4

5

1 + 6

7 2

6— I

9-7-2

8 X 10

8 ^^

10

12 — 13

8 -MO

I

2

3
4

5

6

7

8

9

10

1

1

12

13

H

'5

+ ^^= z =1:47232 > ^ * '

a a — 2 a e -\- e e "zz. d d
2aez=.Z'-— dd
aa -\^2a e ae ZI12Z ^ dd
a-^£zzi/2z — ddzns
2 a d a/ 2 z — dd

a
d -\- \/i z dd

2e z=z \^2z — dd — d

i/2z — dd — d

a e

a a

2

z — d d = p

z d 1/2 z — d d

e e
z—,^V^2z — dd

2

a a — e e zz d \/ 2 z — dd zz x

a ^-4-^^22^— d d
^

^ 'V/2 z — d d — d
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^eftion 9. Let d and be given, to find the reft.

2 I

1 + 3

4-^2:

3 — 5

5x6

5-^6

5

6

9+10

I

2

3

4

5

6

7

8

9

10

II

Quaere ^,^.x./».^.z.

« + ^ = ^ == J, viz. tf— ^)i2:£Z— tf^(fl-f-^

2 ^ r= !

—

d d -\' X

2 d

„ „ XX— d^

\dd P

a dd -f- X

X — dd = ^

d"^ -\' zddX '\' XX
—d

XX — 2 ddX •4' d^
e e = ——!

Afd d

, d^ A- X X
a a ^ e e = z

zdd

Viz

^ejlton 10. Let ^ and q be given, to find the reft.

ae zap z=, 5184
iz.

^

1X2

3

5

4 + 6

a

e ^ ^
Quaere a , e , d , z , x i

a a z=i qpy tor — x - =: z=l a it

p r a\ ae (aee
^ ^ = ~, for ^ )

~
( ee

q \) \ \ a

4-6

^
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a — e HZ \/ qp — v^-=^

P

P
a a — e e zzz p q — - zz: x

^ejiion II. Let p and 2 be given, to find the reiL

Viz.
\

1X2
a-h 3

4 yjj^

2 — 3

6

5 -H7

5 ~ 7

10 -r- 2

9 -Ml

9

II

<7 (J ^ ^

I

2

3

4

5
6

7

8

9

ic

1

1

1

2

'3

15

flfrr/) — 5184 7q^^

1 a e ziz 2 p

a^fz=z^z^2p:=is
a a — lae-^^ezzzz — 2p
a — ^zza/z — I p ziz d

2a zn \/ X 2 p \/ z

^ i/z-\-2p-{-i/z — 2p

2/>

2ez=:\/z-\-2p — i/z — 2 p

V z 2t) — \/ z 2 p

O l/z-)-2^-f-v/z 2p

2p V % — 2p
I

a a

e e

z-l-i/ zz — /^pp

z — \/ zz — P

a a — e e zn \/ zz — /\.p p zn x

^ejlion 12. Let p and x be given, to find the reft.

a e p zz <i2± \ ^ .

c o ( V'Ja^re a » e , &c,

a a e e zzz p p

E e 2 {^ ft
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2 (g-
* 4

3 X ^ 5

4 + 5 6

7

2-1-7 8

c

10

7 -~ 2 1

1

1 1 -r- 1 12

12 uju^ '3

Tn -4- I "J ' 4-

10 — 13 15

16

aaaa — 2 a a e e 'r\- e e e e z=l x x
/^a a ee zzi ^pp

aaaa^2aaee^eeeez:zxX'-\-j\.pp
a a -X^ e e ~>J x x /\.pp ziz. z

2 a a z:z X -I- \/ x x -A- App

a a
X -4- si X X --f- 4 /> />

^ ^ X -\- y X X -A- \ p p

2

2ee ^sj XX ~\- d.pp — X

s/ X X ~\~ /S^p p X
e e

si XX -f- \pp — X

a a —|- e e ziz \ XX -j- ^p P — 2;

Shiejlion 13. Having ^ and % given, to find the reft.

1

2 — 4

4+ ^^^^

I

2

3

4

5
6

a ~ qe

a a zzL qqe e

e e ziiz z-— q q e e

q qe e e e zzi 7^

ee ^
77T^'

^""^ ^'j/ ^ I X = qqee -^-e



Chap. 9. Of Jiiumencal iElaelfJong. 2 1

1

2 — 7

9 — 10

9 X 10

8 — 7

8

9

10

[ I

12

'3

'4

a a z:=. z

^7 + ^ zi: -v/ + V

— i/

ae z=i V —JLl ^ p

q q z — z
a a — e e z=. ——; x

^ejlton 14. When q and x are given, to find the reft.

Viz.

1

I

2

I X ^ 3

3 4

2 -|- ^ ^ 5

4 and 5 6

6 — ee 7

8

2 + 8 9

10

80.^ 1

1

10 + 1

1

12

a

7 = ? = 9

^^7 — ee ziz X zrz 460'J
a — qe

a a — y ^ ^' ^

a a z=z X -\- e e

qqe e zi: ;if -j- ^ ^

^^^^ — e e X

X
ee

^ ^ = A* H
qq.

qq — I

e -s/
qq — I

E e 2 10— II
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10 — II

10 X II

8 + 9

Part II.

'3

»5

qq — I

q q X X

X

qq — I

~
1
— pqqqq—2qq+\ ^

z=.d

ae z=.

qq — I

^ejl'ion 15. When % and x are given, to find the reft.

Viz,
{

1 + 2

I — 2

5-^2

7 + 8

7-8

7x8

7^8

I

2

3

4

5

6

7

8

10

I

J

12

- zz: ^ 46080 $
Q^^^'^ ^ . ^ .

&C.

^ a a -z. X

a a zzL "

2

2; X
e e

a V —

e = V
2

'

'

'

2

2S -f-
^

2; % ~

a

e

i/ z X

\^ z — X

Thefe fifteen Quefllons are propofed in Dr PeW^ Algebra \

but he purfues only the firft Q^effion throughout, and breaks

oft in the other fourteen, after the Values of what I call a

and e are found. But I have proceeded in every one of them,

to find the Values of all the unknown Qualities, becaufe they

afford
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afford fuch Variety, as being well obferved by a Learner, will be

found very ufeful in the Solution of moil Qiieftions.

Note^ I have chofe to ufe the fame Numbers for the refpedlive

Value of each Quantity throughout all the Qiieftions, becaufc

they will be more ratisfa(Sory in proving the Work than various

Numbers would have been. Not but that any Numbers may
be taken at Pleafure, provided that the Number reprefented by

tf, be greater than that by e. he I have omitted the Numerical

Calculations purely for the Learner to prad^ife on.

^ejiion 16. There are two Numbers, the Sum of their

Squares is 2368 ; and the greater of them is in Proportion to

the lefs, as 6 to i. What are thefe Numbers ?

Let a = the greater Number, e =.: the lefTer, and z = :2368.

Then
And

I

2 «:.::6:i J
by the Qusftion.

2 •..

3
I — 4

5+ 36^^

3

4

5

6

\a b e

a a izi 36
e e z=i X — 36^^
37^^ = z

f

6 —37 7
^ ^ = — := 64

37

l( a —
and e

48
8

7 Oju* 8 ez=L\/^ =8
37

a a

e e zz.

2304
64

8x6

3 and 9

9

10

6f = 6 ~ =
37

^ = 48

aa ee zz.

and 48 : 8 :

2368
: 6:1

^ejl'ion 17. There are three Numbers in continued Propor-

tion, the Sum of the Extreams is 156, and the Mean is 72;
What are the two Extreams ?

That is, Suppofe a . m . e m -ff , and m zzi 72,

Then
|

2 •.•

I

3x4

I

2

3

4
5

^7 -f- ^ = 5 156 = J 1 by the Queftion.

a \ m w m \ e \ Quaere a » e , &c.

a e zz m m
,

a a '2. a e e e -zz 5 s

4— 5
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4-5 6

6 /xu* 7

I 7 8

Q • 'Z6 -T- 2 9

1 — 9
10

^ a 2 a e e e z:=: s s — \ mm
a — ^zz:i/ s $ — \mm
2<2 = j-f-'v/ s s — ^ mm

Or
48

108

^ueft'ton 18. There are three Numbers in -ff, their Sum is

74, and the Sum of their Squares is 19245 What are thofe
Numbers ?

Then Qiiaere y.

ey y are in -fr

£7 + ^-4-^ — ^1=74
aa ee -\.yy 'zzi.x — ic^ldc

a : e : : e : y

a y ~ e e

a ^ y =z s — e

a a^ y y =z z^ e e

2 ay 2e e

aa 2ay-\-yyz=z%-\.ee
a a + 2a y -\- yy z=z s s — n s e -\- e e

z, -{^ e e ziz s s — 2i e -\' ee
2s e ~ s s — z

/ s = 24

2500

zs

a -\- y z=L s — e zz:

a a -|- 2 a y —{- y y
4. a y — ^ee ziz 2204,

aa — 2ay-\^yy— 196
a — y ^ \/ 196 =14
a — 50 -|- 14 1= 64

?2

18

3^

isofe^ In all Qiiefllons about continual Proportionals, (either

Arithmetical or Geometrical) where three Terms are fought,

the Mean is the eafieil found firft (as above) and if all the Terms
be Affirmative, tlien it is equal whether the firll or lallTerm be

thi greatelt.
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^ejhon 19. There are three Numbers in -~ their Sum is

^6 ; and if the Sum of the Extremes be multiplied into the Mean,
that Produd: will be 1 248 ; What are thofe Numbers I

I ^ I y ^
Viz. ) 2 ^7_j_^_|^jri::rjzz: 76>by the (^eflion.

I 3 air~\-yeT=ip=: 1 248 3

I 4 a y er

I X ^
r
s

7 y> i 0 1 4/ ^ - e S
Ci c ' [ c t 1 y t^^ —• J «

f 05-^3 & t —— J c y
r \ , ^V J ^'

/
P P _ C P T A

/ t-/ u 8

0 UiV 9
T f .. .11 . »/ iffe — — / — /)

10 . = i . 4- v/i - = J
perThenrem3.

^ (24 Chap. 8.

2 IC 1

1

4 X ^ 1

2

4 ^?jy rz: ^ ^ — 2304
1 I (5;

^
'3 a a -j- 2 ^ y ^7 izr 2 7 C4

13 — 12 '4 a a — ^ay --^r- yy zzi 400

14 UUD^ '5 a — V — i/ 400 — 20
II + iS .6 2 = 52 -|- 20 = 72
16 2

T r — 17

^7 36 7 C Or ^ zi: 16

JV = 52 — 36 ~ 16 ^ / and — 36

A^. 5. If you take ^ =1 f j -j- i/| j j — p = S'2 (at the loth

Step) then it will be 76 — 5 2 24 = -{- j, which is impofTi-

ble, viz. that the Mean fliould be greater than the Sum of the

twoExtreams. Therefore it muft be <?— fj

—

Viss— ^= 24,

fSge pafje 201.)

^ue/Iion 20. There are three Numbers in Arithmetical Pro-
greifion, the firft being added to twice the fecond, and three

times the third, their Sum will be 62 ; and the Sum of all their

Squares is 275 ; What are thofe Numbers?

Suppofe

And
I

Then
2 — 4
5-^2
6 — e

4— 7

2

3

4

5

6

7

8

a, ^, y in Arithmetical Progrefnon.

a 2 e 2 y — 62

^<7-f-<f<?~{- yy =1:275 ^
by the Queflion.

i3 -f- J'
™ 2<?, per Seii. I. Chap. 6,

2^--j-2>~62 — 2e

^ + 3 1
— ^

y zz: 3 1 — 2 e

« =: 4^ — 31

8



2l6

8

9-4-10
3 — II

1 2+ 20

13— 37^^
14 ~ 21

15 C
c *

ID us>

18x4
8 and 19

18 X 2^

7 and 21

Part II

9
10

1

1

12

13

15

16

17

18

20
j

21

1

22

aa z=i \ b ee — 248 ^ 961

y y 1:^961 — i24^-f-4^^
tfiZ-f.jV_yr=20^^ — 372^-1- 1922
<?^z= 372^ — 1Q e e — 1 64'/

21 1= 37^^ — ^^47
21^^ — 372^ = — 1647

1 74. ^ 5.4- 9
e e — -7 ^ zz: — ^7-

^ ^ / ^ ^ 4-9 ^ f 7
. — 4/ _J Ac ' — V 4- y — 7 J

^ = i. y = 9, or 8 1 the Mean
4 ^ =: 30, or

« 36 — 31 =: 5, or 34 f — 31 = 3
1e z=L \ or ly ^
y — 3> — 18 — 13, 3^ — ^7 T :

6

T

13 ^-

^ueJIion2\, There are three Numbers in Arithmetical Pro-

greffion ; the Square of the firftTerm being added to the Pro-

duct of the other two is 5 76 ; the Square of the Mean being added

to the Produ(5^ of the two Extreams, make 612 ; and the Square

of the laft Term being added to the Product of the firft into the

fecond, is 792 : What are thofe Numbers?

Suppofe I

2

Then
1

3

4

I •.*
5

5 X ^ 6

2-4-4 n

7-6 8

3
— 9

9x2 10

8-4-10 1

1

5 [2

1 1 and 12 »3

f4

14 8 15

15 OJU^ i6

8. 17

18

17 — 18, 19

^, in Arith. ProgreiT. as before.a,

aa -\~ y
e e y

y y

^ zi: 612 >

e zzz 792 3

by the Queftion.

4-_y m 2^, perSefl. I. Chap. 6.

ae-\-ygt=z2ee
aa-\-ye'\-'yy-\-ae:=i 1368

aa -\-yy 1368 — 2^

^

^^7iz:6i2 — e e

ly a z=L 1224 — % ee

aa -4- 2^'^? -f- zz 2592 — \et

a a -\- 2y a y y z=z /^ee

\ee 2592 — \ee

%ee z=: 2592
e e ^ 324
e ziz \/ 324 = 18, the Mean
a a y y =^ I 3^3 — 2 ee ziz 720

2>'^2 =: 1224 — 2^^ = 576
— 2;'<i4->;' = 720 — 57^ =

I Mfc*
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I 20 1/ 144 =1 12

5+20 21 2 a 2e -4- 12 = 48

21 -f- 2 22 ^7 = 24

5 — 22 23 y 2 e — 24 = 12

^ejilon 22. It is required to find two fuch Numbers, that the

Sum of their Squares may be 8226 f ; and their Product being

added to the Square of the lelTer, may be 6921 |.

Viz.
\

I — 2

3 ±
4-^«

5

I — ^ <7

6 and 7

8 X

94-fl*
10 +

II z

12 C
13

I44-27&C
Suppafe

Then

And 5,

Or let

10 oo"-

Then

Therefore

And

5

6

7

8

9
10

1

1

12

'3

15

16

^7

18

20

2 I

<5r^ -j- ee 692
— a e z=i 1 305

a e •=! a a ^ ^3^5
« « — 1 30';

a'^ — z()ioaa + 1703025

a a

e e z=. 8226,5 — a a

^4-— 2610 a a -\- \ 703025

a a
8226,5 — <7i?

— 2610 a a \' 1 703025 zi: 8226,5 «^—
2^?"^ — 2610 tf« -f- 1 703025 ^ 8226,5 aa
2a'' — 10836,5 aa zz:. — 1 703025
a"^— 5418,25 z=i — 85151,25

5418,25^7^ +7339358,20562= 6487845,765
aa— 2709,125 = '/6487845,765625— 2547,125
^c7iz: 2709,125 -1-2547,125
^tf— 2709,125 + 2547,125 =5256,25
« = 'V/5256,25 zz: 72,5

e ~ "^"^
^^^V — 5^5^>^5 — ^30^ ^ CA t

a 72,5
-)T-»5

aa = 2709,125 — 2547,125 = 162
^7 \/ 162 12,72 &c.

^ ~ —! L-i v/hich is imooffible.
12,72

^ 7^95 )
J and i8th Step?.

This Qiieftion may be performed with lefs Troubk, by fubfli-

tuting Letters from the known Numbers.
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^ejlion 23. It is required to find three fucb Numbers, that

the Sum of the firft and fecond, being multiplied with the third,

may be 37824 ; and the Sum of the fecond and third, multiplied

with the firft, may be 59944 ; alfo, that the Sum of the firft and

third, being multiplied with the fecond, may be 52456.

Let ^, y reprefent the three Numbers.

f

Then \

1

2

3

ip » ~j- ±= 59944 = ^ r Qi'aere ^7, f

,

a e -4- ye— 524«;6 = d j

Let

4 -r- 2

4

5

6

1ue-\'2ay~{-2yez=:b^c-^d
z =z b ^ c d

ae + ay ^ye = l%=i —

-

6-3 7 ^^-z^fz — d ==^

7 -r « 8
z — 2d

y = ~;

—

2 a

9
T 2; 2 C

ye — 52 — c —
2

6—1 10 I ^ L 2 b

^ 2

10 4- « II
z — 2 b

2 a

8x11 12
2

—

2d z— zb 2:2— 2dz— zbzA'^bd
yez=^ ^ X = —

2a 2a ^ a a

5 and 12 13
z — 2c zz — 2az — 2hz-f-4.t;a

2 ^ a a

13 X 4^« 14 7.%aa — Af.caa ~ 'z.'z. — id% — 23z-f-4^^

15
zz — 2dz — 2bz \- A.bd ^ ,

aa =. — --^— = 55690
2Z 4c ^

15 16 ^ = i/ 55696 =236

1

1

^7

Z'-2b
e = = 158

2a

8 18
% 2d r

y 2 a

^eftion 24. It is required to find two fuch Numbers, that their

Sum being fubftradled from the Sum of theirSquare.-, may leave 14,

and if their Produdl: be added to their Sum, it may make 14.

Let a and e be put for the Numbers, and let = ^ -f- ^

Then
{ I

• i::t;r.r''N— 1+7
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J 4- 7
2 — y
4x2
34-5

But

7 and 8

9
10 -f-

11 C
I 2 ax/""

Confequent

3 and 14

5 and 15
16— 17

18 uu>^

23 ~ 2

I — 21

3

5
6

7

8

9
I c

1

1

12

14

15

16

^7

18

19

20

21

22

a a ee z=z 1^ y
=: 14. — y

2a e =z2S — 2y
aa-\'2ae-\'ee-=.^2 — y

a e V ^2 — y
a € y^ by Subftitution above.

y — \/ 42 —
yy z=z 4^2 — y
yy+yz=i\2
;7 + 7 + i 42 + i = 42^25

+ i — 1/42,25 6,5

-[- ^ = 69 Reftitution from above.

aa-i^ee:zz\^-\- b z=. 20
2a e -=.2^ — 12 = 16

a a 2 a e e e 4p

a — tf=z^4 = 2

2az=S f
If ^ == 4. and ^ =: 2

proof \ Then aa^ee—a—^^=14

^ I
And ^ + ^ — '4

{-According to the Qi'cftion.

a —
ez=i6

^uejlion 2^. Three Men difcourfing of their Money; faith

the firft, if loc/. were added to my Money, it would be as

much as both your Money put together ; faid the fecond Man,
if 100 /. were added to my Money, I (hould have twice as much
as both you have ; faith the third Man, if 100/. were added to

my Money, I (hould have then three times as much Money as

both you have : How much Money had each Man ?

Let a reprefent the firft Man's Money, 0 the fecond, and y
the third.

Then
1

2 — e

3 -^y
4 and 6

7 it5-8
^^/[a— 2e

^ + 6

I

2

3

4
5
6

7

8

9
10

II

a 100 =
-f- y 1

e ICO =i2a -j-^yrby the Qijeftion,

y -^^ 100 :=z ^ ^ eJ

a z=. 100 = J 7
^ =: 100 z= J

f
y =: 100 = J 3

e -\- y — a zzz

2 a
-f-

2

3« + 3^—

y

^+;' — ^ = 3^ + 3^—
2 y /\.a 2 e

2 a — e z=i 4^— 2^
6<2-|-^ = J= 100

2tf-{-4^=:2J = 200
F f 2

Quaere <?, ^, y.

10 %
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10 X 4
12 — II

12

13

24*7 •4-4^ = 4-^ =
22^7 = 2; = 200

400

13-f- 22 14 .= -=-^ = 9 I 1 it

10 — 6a

S-r-2

15

16

^ J — 6 <2 z= 100

= 2 ^ 4- ^ =
1.0 0

J I

i 1

= 45

= 63

-h 1.

irl.

Anfwer. The Man had
9 /. I J. 9

45 /. 9 J. I -I J

64 A 12 J. 8 -^^d.

^eji'icn 26. Three Men have each fuch a Sum of Money,
that if the firft and fecond Mens Money be added to Half of

what the third Man hath; that Sum will be 92/, And if the

fecond and third Mens Money be added to one third Part of the

firft Man's Money, that Sum will be 92/.- Laftly, if one fourth

Part of the fecond Man's Money be added to .the firft and tliird

Man's Money, that Sum will alfo be 92 /. How much was each

Man's Money ?

Put a for the iH- Man's Money, e for the 2d, and y for the 3d.

Then

I and 2

4 --^

6 i
2x3
8-7
9 — ^

10 -r-

5

I

2

3

4

5
6

7

8

9
10

1

1

L e a y —
by the QLieFdon; and ^= 92

3 X 4!!^
12 — 2 '13

13 and 7
ji^^

14x3

II

7 -^3

15

16

18

a e I y :

6 a y zzz 2 a 6 y

^ + 2' + 3y — 3^

^+3^ = 3^ — 4^
3^ = 3^ — 5^

3

e 4y 4.S zzz 368

3l^ + 3:^= 3^= 276

31 ^ + 4« 3 J = 276
1 1 a 12 a z=z g s z=: 828

az=z^z= ¥3^ = 36/. the Jjl Man's Money
23

3/ — 5«

_ 14,4

:Y=:32/. the2if Man'sMoney,

= 48 /. the 3J Man's Money.
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^uejiion 27. Four Men walking abroad, found a Purfe of
Shillings only, out of which every one took a Number ?.t an Ad-
venture; afterwards by comparing their Numbers cogther they
found, th?t if the firft took 25 Shillings from xhxt iecond, it would
make his Number equal with what rlie fecond had then left; if

the fecond took 3c Shii'lings from the ihird, his Money would
then be triple to what the third had left, and if the . lurd took 40
Shillings from the fourth, his Money would then be double to
what the fourth had lefc ; laftjy, the .ourib taking 50 Shillings
from the firfl-, he would then have three times as mwch as the firil

had left, and 5 Shillings more : It is required to tell how many
Shillings each Man had.

Put a for the firft Sum, e (he fecond, y the third, and u the
fourth.

Then

1 4- 25
2 — 30

5 and 6

^ -j- 1 20

3 — 40

9 and 10

1+120

12 -f- 2

4 — 50

13 and 14

15 X 6

16 +
17 -^'17

by the 5
by the 9
by the 14

1

2

:>

4

5
6

7
8

9

10

II

12

13

14

^5

16

^7

18

10
y

20

21

« -f 25 e — 25
e -|- <o IT" y — GO

y \.^o-iu-^ 80 f ^^'^ Ql^eftion.

u
-f- 50 — 3^ —145

^ -f- 50 — ^

3JV
—

. 120 ^

-f- 50 3y -

tf-}-I70=:3jK

4- 170y- -^^—
0

y z=.2u — 120

2 « -

120

/a: + I/O
120 = —

2u
a

i

—

' h 120 = —
3 3

a =z. —\ -

u 3« —
3^7 — 195 = « 4- «r30

18 ^ — 1 170 =: ^2 + 53^
I'j a zzL 1700

<2 = lOp the ly?

<f = 150 2d

y = 90
« — 105 A,.ih\

Man's Number of Shillinp-s.
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Four Men have each a Sum of Money, which
being put all together makes 250 Pounds ; and if to the firft

Man's Money be added 8 Pounds, it will be jufl as much as the
fecond Man's Money dccrcafed by 8 Pounds, and as much as 8
times the third Man's Money, and but as much as one eighth
Part of the fourth Man's Money how much had each Man ?

«, reprefent the four Men's Money.

a-\-b=:e— b

u

1

Let a

f
I

Then <
2

L S

5

3 X ^ 6

7

I — a 8

y and 8 9

9 X ^ 10

10 ~f- II

II -r- 12

by - the 4, ^3

by the 5, 14

by the 6, 15

1 by

J oti

the Queflion. Let J

250 and /{> zz 8, or any

other Number at Pleafure.

a 2 b z=. e

aj^ b

b
5 becaufe yb-zza-^-b

u :=z b a -\' b b, for^zz:<2-J-^

e y u 5— a

<7+ 2^-f llili +^^-{- ^^zz J— ^7

ba -\. ibb a b bba + bbb =z bs —
2ba -j- a bs — bbb — 2bb — b

b s — h b h — 2b b — h . . ^4,
:

~— — zz 165691358 &C.

a + 2 i» = 32,691358 &c.

zz: 3,086419 &c.

ha -^-bb ziz 197,530864 &c.

/.

^7 Z= 16

a

u

That is, e 32

>' = 3
2^ =197

5.

I

10

d.

9,92592
g,92592
8,74056

7,40736

Confequently a^-j-^+ + 249 . 19 . 11,99976

which fhould be jufi: 250 /. the Sum propofed in the Queftion.

Now what it wants of that Sum, proceeds from the Imperfe6lion

of the Decimal Parts being not continued on to more PJaces,

which would have brought it nearer the Truth, tho* not perhaps

€xa£lly fo. Se£i. 5. Chap, 5. Part i.
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^eftion 29. Several Merchants enter into Partnerfhip, every

one put into the Stock 65 times as many Pounds as there were

Partners ; with that Stock they traded and gained as many Pounds

per 100/. as there were Partners. Now if 10/. lOj. be added to^

and fubftra<5ted from, their Gain, the Prod u(^ of that Sum and

Difference will be 6491/. 6j. 3^.

^are^ How many Merchants there were, l^c.

Let

I X b5

1 a

And

Fiz.

5 — iOjS

6x7

8 X 10000

9 +
10-^.4225

II UJJ^

12 X 65

8

9
10

1

1

12

13

a zz. the Number of Merchants.

6^ a ziz every one's Sum put into Stock,

a a z=. the whole Stock.

'. a 6^ a a \ by the Queftion.ICO

1 00

6 ^ a a a

100

6 a a

100

1 0000
6

100

=z the whole Gain.

+ 10,5

— 10,5

— 110,25 = 6491,312^, by tlieQueft.

4225 — 1102500 = 64913125

4225 =. 66015625

^,^66015625^^^^
4225

a ^ 15625 = 5 the Number of Merchants,

65^ = 325 tbeNumberof Pounds each put in.

^uejl'ion 30. Three Merchants join Stocks together; the firfl

Man's Stock was lefs than the fecond Man's by 13/. the fecond

and third Man's Stock was 175/. in trading they gain 48/. more

than their whole Stock was ; the firft Man's proportional Part of

the Gain was 78. What was each Man's Stock and Part of the

Gain ?

Let iy y reprefent each Man's Stock.

a Jl^ e y zz. s the whole Stock.

J ~[r 48 = the whole Gain.

^ 4- 13 = ^ Ibv the Queftion.

Then
\

And
I

4 -4- a

I and 5

I

2

3

4

5
6

a-^e-{'yzz.ij^-i^a
i = 175+41

6 and 2
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6 and 2 7 J -f- 48 = 222 -f. a

But 8 inc a \ 223 -f- « : : : 78 per Queflion,

8 •.•
9 ^^7-4- 22'?tf =i:78<2 -4- I 26 SO

Q — jSa 10 a a I ^S zzz 13650
10 6 1

1

aa 145 a^ 5 2^ 6,2 < i8go6,2<
I I 12 a -f- 72,'; — 'v/i8q06,2«: ~ 1 27,

c

12 ^— 72,

s

<j
^ = 127,5 — 72,5 = 6<:

14 e z=i a -\-' I rt zzz 78

_/ y z= Q7
Then i 6 65 : 78 : : 78 : 93/. I2j, = ^'s Gain.

Again 17 65 : 78 :: 97 : 1 16/. 8 irr/s Gain.

Proof
1

18 116/. 8 J. 4-93/. 12 J. 4- 78/. zz: 288/. the Gain,

19 65 ~f- 78 -f- 97 z= 240. the whole Stoclc.

i8 — 19 I20 288 — 240 =48 the Gain more than the Stock.

^ueftion 31. A Father at his Death left his three Sons his

Money in this manner ; to the eldeft he gave half of it, want-

ing 44 Pounds ; to the fecond he gave one third of it, and 14

Pounds more ; to the youngcft he gave the Remainder, v/hich

was lefs than the Share of the fecond Son, by 82 Pounds : WhaC
was each Son's Share ?

Let y be the three Shares, and z= the whole Sum.

by the Queftion,Then

2 + 3 + 4

1 and 5

6x3

7x2
8 +

2 and 9
3 and 9
4 and 9

5

6

7

8

9
10

1

1

12

azzijz — 44
e = -+ 14

y 3=^%-[-i4 — 82

2 a
z = +

z

32 =: 2 z +

2 %

?

- 98

2£
2

2 Si* *2J rf-fc

a e +y z= +- — 9«

294

6z = 424-3%^— 588

z — 588, the whole Sum that was left.

a z=L — 44 z= 250, the eldeft Son's Share.

^ — iis 4« 1 4,— 2 10, the fecond Son's Share.

^__ii8 4_i4— 8231:128, the voungeft: ^5*^:.

. ^uefilon 32. A Man playing at Hazard or Dice, won the

firft Throw jull fo much Money as he had in his Pocket; the

fecond
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fecond Throw he won the Square Root of what he then had, and

five Shillings more ; the third Throw he won tfie Square of all he

then had j after which his whole Sum was 112/, i6i. What
Money had he when he began tu play ?

Suppofe

1X2
And

24-3
4

4-4-5

I

2

3

4

5

az=. his firftSum. Theri

2a his Sum after the lirft Throw.

^ ^ \/2a z=z the Winnings at the 2d Throw.
2 <^ 5 -j- 2 ^ the Sum after the 2d Throw.
4^tf -}-22<^ 25 + 4^7 ^2a: -}-io \/2dz=: the

Winnings at the 3d Throw ; and therefore

4^^7 -f-30 4- 4^ 2^ 4*^ 2^=2 25 6 Shil.

But to avoid thefe Surd Qiiantities, let us, inftead of fuppofing

i3 =: the firft Sumi make a fecond Trial, viz.

Let

1X2
Then
2-1-3
4^"

4 + 5

I

2

3

I

5

2aa =z the firft Sum.

^ddz= rheSurti after the firft Throw.
2 + 5 = the Sum won at the 2d Throw.
4^^+2^7 + 5= his Sum after the 2d Throw,
iba'^-i- i6fl^-f.44^7j-|-20« z=z theWin-

nings at the 3d Throw ; and therefore

i6^z^-|- i6^3-f-48g^422g-p30i=2256ShiI.

Yet again, to avoid thefe high Equations, let us make a third

Suppofition ; thus,

Let I

1X2 2

Then 3

24-3 4
Subfti. 5

5 6

5 4-6 7

7 C 0 8

8 LU.* 9— 0,5 10

5 and 10 1

1

12

12, C 13

I OJU 2

14 — 0,5 «5

15 16

16 -r- 2 17

a.a = the {Irft Sum.

aa z=z the Sum after the firft Throw.
^245^ the Winnings at the 2d Throw,
t7 ^7

-f- ^ 5 the Sum after the 2d Throw,
e aa a ^.

e e z=i the Winnings at the 3d Throw. Theft
ee-\-^ez=.22^6 Shillings by the Queftion.

^^-{-^-|- 0,25 — 2256,25

+ 0,5 = '^2256,25 =z 47,5
e — 4.7

^^H-^4-5 = 47
aa -\-a ^2
<7«-|-"«4~'Oj2^rr 42? ^5
4- 0,5= ^42,25 = 6,5

az=:6
aa = 36

— = 18 J
Shillings he had in hit

2 t Pocket when he began to play^
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Noit^ In refolvingof the laft Queftion, I have made three dif-

ferent Suppofitions for the Thing fought, purely as an Inftance,

to (hew the young Learner how well he ought to conlider the

Nature of the Queftion, when he firft ftates it, and make choice

of reprefenting the Thing fought, fo as to avoid running it into

Surds, if poffible, viz. as in the firft Suppofition of ^ zz: the firft

Sum, l^c. Not but that fuch Equations may be folved, as (hall

be fhewed in the next Chapter. However, it is moft like an

Artift to perform Things of this Nature the nearefl and eafieft

way they can be done.

Queftion 33. Suppcfe there were two equal Circles^ whofe Perl^

pJnries (viz. Circumferences) are divided into 44.310 equal Parts \

and that thofe Circles were jo placed upon one Axis, as to move the

contrary way to each other ; andfuppofe one of them to move but one

of thefe equal Parts the firjl Day\ two Parts the fecond Day, three

Parts the third Day, and fo on in Arithmetical Progreffion, viz.

1 , 2, 3, 4, 5, &c. and the other to move every Day the Cube of

thofe Parts^ I, 8, 27, 64, 125, &c. of the fame Parts : How
many Parts and how many Days mujl each Circle move, before the

fame two Points meet that were together when they began to move ?

In order to give a ready Solution to this Queftion (or any other

in this Kind) it will be convenient to premife thisLe?nma,

LEMMA.
The Sum of any Series of Cubes whofe Roots are in Arithme-

tick Progreffion (the firft Term, and common Difference being

Unity or i) is equal to the Square of the Sum of all thofe Roots.

As in thefe

Terms in Ari:h. their Cubes*

1 i

2 8

3 27

4 64

5 125
6 216 &c.

21 X 21 =441 Sum of their Cubes,

1 '
<7 rz: the Sum of all the Parts the ift Circle moves.

2 aa-=. the Sum of all the Parts the 2d moves.

2 ^z<z-^^z= 44310 by the Queft, [per Lem»

4 i7i?+ f7+ 0,25 =44310,25
4 M4»

*

Let
Then

Confequen.

2 C o
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4

5 0T5

a + 0,5 = i/44310,25 =s 2ic^5

{the Number of Parts the firft Circle

muft move.

. S the Number of Parts the fecond
.7^= 44100

1 Circle moves.

Next to find the Number of Days they moved ; there is given

the firftTerm = i, the common DifFerence =: r, and the Sum
of all the Terms = 210, thence to find the laft Term, which
in this Cafe is the fame with the Number of all the Terms.

Let ^7zi:i the firftTerm, ^zzi the common DifFerence, and

J z= 210 the Sum of all the Terms, to find y = the laft Term ;

as per Sect. i. Chap. 6. Then yy eyzn Is-^-aa— ae by the

16 Step, Page 186; that is, ^'j = x 2 =420 &c. Hence
y:=z2o the Number of Days required.

I fhall now proceed to give an Example or two of the Method
ufed in arguing about unlimited Ql,Jeftions ; viz. fuch Queftions

which admit of various Anfwers, fuch as thofe in Alligation Jl-

iernate promifed in Page i 17.

In order to (horten that Work, it will be convenient for the

Learner to know the two Signs of Comparifon, -y^ and The
Sign -p^ is of (15:catCC tl)an; l? -p^ a fignifies that h is greater

than a. The Sign is of JlcffCr t^m ; b ^ d fignifies that

i is lefler than ^c.

EXAMPLE I.

^ejlion 34. A Tohacconiji hath three Sorts of Tobacco^ viz.

ene of 2s. 8d. the Pounds another of 20 d. the Pounds and a third

Sort of 16 d. the Pound ; of thefe he would make a Mixture to con-

tain 56 Pounds that may J)efold for 22 d. the Pound: How much

of each Sort may he take P

Let a=z the Quantity of that worth 32 Pence the Pound, ^=
that of 20 Pence the Pound, and y= that of 1 6 Pence the Pound j

SCviz.
each Q^iantity multipli-

\ ed into it's own Price, equals

I
their Sum multiplied iut^ the

I. mean Price.

G g 2 This
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ThisQueftion being thus dated, it appears by Rule i, Page 176,

that it is capable of innumerable Anfwers ; becaufe for any one of

thefe three Letters^ there may be taken any Number at

Pleafure, provided it belefs than 56.
' But although that may be

truly done, yet there are feveral Ways of arguing about thefe Sorts

pf Queftions, which will limit or bound them to all their prope^

pr poflible Anfwers in whole Numbers. Thus,

Let

And
1

2

a + e ^ y z

^2 <2 -f- 20 ^ -
. 1 as above.
4- i6>' = 1232 \

I — a
3 e -\-y = 56 — a

2— 4 20/ -f- iby •=. 1232 — 32J

3 X 16 5 i6e -f- i6y zz 896 — \ba

4 — 5 6 \e = 336 -— \ba
6 4 7 e = 84 — 4 ^ ; hence a^l\
3 — 7 8 5 = 3^ — 28 ; hence a-y^f^ ^\

From the two lafl Steps it appears, that the Quantity fignified

by ^7, ou^ht to be lefs than 21, and greater than 91; that is,

any Number betwixt 9^ and 21, may be taken for the Value of^?:

Confequently there may be eleven Anfwers to this Queftion in

whole Nun)bers.

Suppofe az=.\o^ then^~84— 40 = 44> per 7th Step; and

y=:z .0— 28zz:2, per 8th Step. Again, if then e

z=. 84— 44 40, per 7th Step ; and >' = 33 — 28 =: 5, per

8th Step : and fo on for the reft, which will be as in the follow-

ing Table.

a e y a € y a e y

10 44 2 28 14 18 12 26

1

1

40 5 J5 24 ^7 ^9 8 29
12 36 8 16 20 20 20 4 32

13 32 I r 17 16

Thus it will be eafy to find out and collecfl all the limited An-
fwers to any Quedion (of this Kind) wherein there are only three

Quantities propofed to be mixed : Bat wjjen there are more than

three, then the Work requires a little more Trouble ; becaufe the

fingle Limits of all the Q[iantities above two muft be found ; that

is, if there are four Quantities concerned in the Queftion, the

Ivimits of two of them muft be found; if five Quantities are

concerned, then the Limits of three of them mufl be found, If^c,

As in the following Quedion.
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^eftion 35. Suppofe it were required to mix four Sorts cf JVineS

together \ viz. one Sort worth 'j ^. 40. the Gallon^ another Sort

worth 4 s. yd. the Gallon, a third Sort worth 3 s. 8 d. the Gallon^

and a fourth Sort worth is od. the Gallon: How much of each

Sort may he taken to make a Mixture of • Gallons^ fo as that the

whole ^antity may be foldfor 5 s. 6d. the Gallon, without Lofs^ &c.

Firft, Jet all thefe feveral Rates, and the mean Rate, be re-

duced to one Denomination, viz, into Pence.

put a == the Quantity of that worth 88 d. the Gallon ; e =:
that of 55 dsf. the Gallon, y =1 that of 44 d. the Gallon, and u =:
that of 33 the Gallon.

a ^ _|- -4_ 2/ — 53 by the Queftion.

88 ^? -f- 55 ^ ~h 44;' ~h 33« 4158 = 63 X 66
e ^y -f^ « z:2 63 — a

Sse 4- 44JI' -i-33« —4^58 — 88^

33^ + 33;^ "4- 33« = 2079 — 33^
22 ^ H- 11;' = 2079 — 55 J

2^+)' =189— hence <7 ^5 or 37i:

55^ + 55>' + 55« = 3465 — 55 «

11;/ + 22 2/ = 33 — 693
^-{-2a=3i2 — 63; hence a or 2 r

^From the 7 th and loth Steps it appears, that the Quantity of

that Sort of Wine denoted by ^, mufl be lefs than 37 1 Gallons,

and greater than 21 Gallons: that is, it may be any Num-
ber of Gallons betwixt 21 and 37 |. Whence it follows, that

there may be collefled i6Anfwers to this Queftion from the

Limits of a only.

Next to find the Limits of ^, y, and «.

Then I

And 2

I — a 3
2 — 88^ 4
'

3 X 33 5

4- 5 6

7

3 X 55 8

8 — 4 9

9 -T- II 10

Suppofe 1

1

a = 22, then will 5 a= no, and 3/7= 66
But 12 2e^y z=: 189— ^a = 79, per 7th Step,

f ^ or 39

1

= 41, per 3d Step.

12—2^ 13 y zzz — 2e ; hence

Again »4 j-|-y-|-« = 63— a

14— e 15 y -j- « = /ii — e

15—13 16 =: •— 38 ; hence e y^3^

From the 13th and i6th Steps it appears, that \( azz 22, then

# =: 39, y =: 79 — 2^= I5 and « = <— 38 = i.

Again,
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Suppofe

But
j8 — 2 ^

Again

20 — ^

17

i8

20

2 I

22

Again,

^ = 23, then 5^ = 115, and 3^ = 69
2^+;;=: 189 — 5^ = 74, per 7th Step.

>' = 74— 2f; hence ^ = -sT = 37
^+ y 4- « = 63— ^7 = 40, per 3d Step.
>' + «=:40 — e

u-=.e— 34, hence ^ "7^ 3421 — 19

From the 19th and 22d Steps it appears, that if « = 13,
c may be either 35 or 36.

Once more for a further Illuflration.

a = 24, then 5/2 in: 120, and 3^2 z=: 72
2^-f- y=i89 — 5^ ==169, per 7Ch Step,

m 69 — 7.6 \ hence ^ ^ or 34 f

= ^3 — ^ = 39> per 3d Step.

-f- « 39 — ^

u~ e — 30, hence e TT' 30.

then

Let
Bur 24

34 — 2f 25

Again 26

26 — ^ 27

27 —25 28

From hence it appears, that if a =: 74, then e may be either

3^' 3^? 33' .^^ 34> '^^''2;. it may be any Number betwixt 30 and

34-1 by the 25th and 28th Steps; from whence the Values of y
and u may be eafily found.

7 . And « r= I

5 . u — z

3 • « — 3

I . ~ 4

Proceeding cn in this manner with all the other flngle Values of

tf, there may be found above 120 Anfwers to this Queftion in

whole Numbers: and if you pleafe to put azu Fra6iions.i ther^

fiiav be found an innumerable Set of Anfwers ; whereas the Rule

i>i Alligattm in Vulgar Arithmeiick afFords but only one Anfwer in

Fradions, to wir, that of ^7= 31 f , <r= lof, >•= 10 |, «= 10 i

;

as be eafily tried per Rule Page 1 15, ^V.

Tbefe two Examples being well underfiood (efpecially if the

laft be thoroughly purfued) may fuffice to fliew the Method of

limiting the Aiifv-zers to ail Sorts of Qi^ieflions of this Kind. I fliall

therefore conc lude this Chapter of C^jeflions with giving a Solu-

tion^ to the K nigma (or Riddle) propofed (but not anfwered) by

Mr John Kcrpy^ in the Clofe of the Appendix to his Arithmeiick'^

which

That is, if

3^
3^-

33

34

then y

y

y

y

.M
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which affords feveral pretty Qtieftions, the Solution whereof will

difcovera certain Sentence confiding of three Words, which muft
be found by the Help of Figures placed (or fuppofed to be placed)

ever the tv/enty-four Letters of the Alphabet.

rp, Ji.2.3.4»5-6-7 - called Indices.

^^""'la.b.c.d.e.f.g.t^c. to the laft Letter.

So that if the Index of that Letter be once feund, the Letter to

which it belongs is confequently known.

The Enigma.

I. If the Difference between the Indices of the fecond Letter

of the fecond Word, and the third Letter of the firft Word, be
multiplied into the Difference of their Squares, theProdudt will

be 576 ; and if their Sum be multiplied into the Sum of their

Squares, that Product will be 2336, the Index of the faid third

Letter being the greateft.

a = the greater Index, or that of the 3d Letter.

e z=i the leffer, or that of the 2d Letter,

Let I

And 2

Then
1

3

4

3 X 5

4 X 6

6-5 7

6-1-7 8

8 LW^ 9

10

9 1

1

II — 10 J2

10 — 12 13

1 3 tow'" 14

9 14 15

16

9 — 16 17

a ee

a e -x aa -4- ee

= '^76 7

= 2V36S^>'
the Queilion.

a a a— aa e— a e e -f- eeezn^jS
a a a -\- a a e a e e e e e— 222^

2aae-\-2ee zzzljbo

a -\-e z=. 4096 z=i I 6

2336 233^
16™

256

a a z=z 146
a e

a a -f- 2a e -{-e e r:

2ae z=z 1 10

a a — 2i7<?-f-^5iii36

a — ^ -^^36 in 6

2^— 22^ C From hence it appears^ that the 3d
5 — 1 1

f
"S Letter of the irf IVord is 1, and the

ez=i 5 J C 2d Letter of the 2d Word is e.

Note, la order to fet down the Letters [as they lecome found) in

their proper Places^ it tna-^ he convenient to Juppiy the vacant Places

with Stars,

Second Word,

* * 6* * * *

Third Word.

*****
2. The
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2. The Indices laft found, are the two Extreams of fouF Num-
bers in Arithmetical Progreffion, the leflcr Mean being the Index

of the fiift Letter of the third Word ; and the greater Mean is

the Index of the fourth and laft Letter of the firft Word. Fiz.

5 . 7 . 9 . II are the four Terms in Arithmetical Progreffion.

Whence it appears, that G (whofe Index is 7) is the firft Letter

of the third Word ; and that t (whofe Index is 9) is the fourth or

laft Letter of the firft Words which being placed dowrii will

ftand thus,

* * // * ^ * * *» G * «,

3. The fecond Letter of the third Word is the fame with the

third Letter of the firft Word ; and the fifth Letter of the third

Word is the fame with the laft Letter of the firft Word : Whence
the Letters will ftand thus,

* * ^ e * %i Gl

4. The Sum of the Squares of the Indices of the firft and fe^

cond Letters of the firft Word 1*8520, and the Produdl of thd

fame Indices is feven Ninths of the Square of the greater Index^

which is the Index of the faid firft Letter.

Let a := the greater, and e= the lelTer Index.

<7 = 520
J ^^corjij, to the D^ta

a e ^ ^ a a 3
°

e ^ a

a a ^20 a a

Si a a z=: ^2120 — /\.gaa

130 a a 42120
aa — —TTo- — 3^4

.

a ^ */ 324 = 18, whofe Letter is u
^ = J ^7 = 14, whofe Letter is ^.

Hence the Letters will ftand thus,

Soli* * ^ * * *. GL % %i %i

r. The Difference between the two laft Indices, is the Index

of the firft Letter of the fecond Word, viz, 18 — 14= 4 ^^^ing

the Index of the Letter Z>. Then the Letters will ftand thus,

Soli. De * * *• GL % %i
6. The

Then
And

2 -f- ^

I — 4
5x81

6 -|- 49

7

2 and 9

I

2

3

4

5
6

7

8

9
10
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6. The third and laft Letter of the fecond Word, alfo the

third Letter of the t^ird Word, are the fame with the fecond

Letter of the firft Word ; hence the Letters will ftand thus.

Soli Deo Glo * / * .

7. The Sum of the Indices of the fourth Letter of the third

Word, and the fixth or laft Letter of the fame Word, being

added to their Produdl is 35 and the Difference of their Squares

is 288 j the Index of the laft Letter being the leaft.

Put a = the greater, and e= the lelfer Index, as before.

Then
And

a

2+5

6x i7« &c.

7 +

I

2

3

4

5

6

7

8

a a — ee z=z 288 3 ^

i7^-{-^=:35 —
e = — , for e y. aJUi z=L ae t

ee = 1225 — 70/7 + ^«

aa -|- 2a -j- i

122!^ — yoa aa
aaziz 288 + « -|- 2 « -j- I

{a'^-^2a^ +<7i7 = 288^2^2+576^ + 288

t+ 1225— 70^2 + ^^?

+ 2/2^ — iSSaa — 506^ = 15 13

This laft Equation being refolved according to the Method
which (hall befhewed in the next Chapter, it will be ^=17 it's

Letter; and from the 4th Step g= ^
^

,
= i, the Index of

a i

the Letter a. Then thefe two Letters being placed according

to the Data above, are all that are required by the Enigma to

compleat thefe Words

Soli Deo Gloria.

ti h CHAP.
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C H A p. X.

"The Solution of ^BfeCtCll (EqimtlCJItS in Numbers.

"DEFORE we proceed to the Solution of Adfeded Equations,^ it may not be amifs to (hew the Inveftigation (or Invention)

of thofe Theorems or Rules for extrading the Roots of Simple

Powers, made ufe of in Chapter ii. Part i. I (hall here make
choice of the fame Letters to reprefent the Numbers both given

and fought, as in my Compendium of Algebra,

iG,

always denote the given Refolvend.

5 Number taken as near the true Root as

c may be, whether it be greater or lefs.

5 unknown Part of the Root fought by
^ c which r is to be either increafed or decreafed.

Then if r be any Number lefs than the true Root, it will be

r+ ^ 1= the Root fought. But if r be taken greater than the true

Root, it will then be r— e— the Root fought. And put D for

the Dividend that is produced from G, after it is leflened and
divided by r, ^c, (into the Co-efficients of Adfe(fled Equations)

according as the Nature of the Root requires. Thefe Things
being premifed, we may proceed to raifing the Theorems.

SECT. I.

I.

jP
O R the Square Root, viz, aa z=iG, Quaere a.

Let

i

2— rr

Then

3-^2

I

2

3

4

5

r e a

rr'\-ire~\-eez=.aazii G
2re-^ee'=G— rr. Call it i>, viz. Z)=G— rr.

r C This (liews the ift Method of

1 ZT" 1 ex trading the Square Root,

G — rr ^
r^ -f- f = = L>,

Which gives this Theorem
^

2)

The Arithmetical Operations of both thefe Theorems, you

have in the Examples of Sedion 2. Page 126, to which I refer

the
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the Learner, fuppofing him by this Time to underftand them
without any more Words than what is there exprelTed.

II. To extrajfi: the Cube Root j viz. aaa znG, Quasre a.

Let [I r-{-ez=:a, fuppofing r lefs than the true Root.

I @a* 2 rrr^ ^rre 2^ee ^ eee z=z aaa G
5>

—

rrr 3 3rr^ -j- 3r^^ -[-' ^ ^ ^ i= G — rrr

+ , e e e G — rr ^
-

I
3^ 3 ^

Let -yp- be rejedled or caft off, as being of fmall Value ; then

it will be, re-\^eez:z D, which gives this following

theorem zz: e
r -\- £

By this Theorem or Rule, the ift and 2d Examples in Cafe r.

Page 132, are performed ; the which being compared with this

Theorem may be eafily underftood.

Again, Suppofe aa a z=lG^ as before, and let r be taken

greater than the true Root.

Then ijr — e zzi a \eee being reje(fled

1 2 rrr —3 rre -|- 3 = zz: G ( as before.

2 db 3 S''^^ — 'T^reenirrr — G
rrr — G ^3-^3r 4 r^ — =P

3
'*

Which gives this Theorem z=. e.
r — e

By this Theorem the third Example in Cafe 2. Page 133, is

performed.

III. To extra6l the Biquadrate Root ; viz, a^z=. G. Qi^asre a.

Let I r— e a fuppofing r lefs than juft.

1^4 2 r'*-'{-4rrre'\-6rree=a'^=G f rejeaing all the

2 — r4 -z ^rrre-\-6rree= G— ^Powers of e a--

2r^-j-3^tf= —"3-f- 2rr
2 rr

Which gives this Theorem
D

2.r 3 ^

H h a By

I
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By this Theorem the Biquadrate Root of any Number may be
extracted. But, as I have already faid, Page 134, thofe Extrac-

tions may be very well performed by- two Extradtions of the

Square Root. Vide Example^ ^^^^ I35'»

IV. To extract the Surfolid Root, viz. a^z=.G, Quaere a.

If r be taken lefs than juft, then r+ ^ = ^, as before, and

G — D-— =: D, whkh gives tliis Theorem ——— = e. By° r — 2e ^

this Theorem the Surfolid Root, Example i, Page 136, is ex-

tradied. But if r be taken greater than jufi: ; then r— e—Oy and
—- G .

'
. D— = Z), which gives this Theorem zz: e. By

S
° r — 2 e

this laft Theorem the Example in Page 137 is performed.

I prefume it needlefs to purfue the raifmg of thofe Theorem?,
for extradling the Roots of Simple Powers, any further ; becaufe

the Method of doing it is general, how high foever they are;

and therefore it may be eafily underilood by what is already done.

S E C T. 2.

^^"Otwithftanding I have already lliewed the Solution of Qua*-
''^ dratick Equations, two feveral Ways, viz. by cafiing off the

loweft Term ; and by compleating the Square, vide Sedlion 2.

Page 195, &c. Yet it may not be amifs to fhew, how thofe

Equations may be refolved into Numbers by this Univerfal Me-
- thod of continued Series ; wherein, if the firfi r be taken equal

to the firft true Root, or fingle Side of the Refolvend ; and every

fingle Value of e (as it becomes found) be ftill added to it, for a

new r, then thofe Roots may be extradfed without repeating a

^ fecond Operation, as before in the fmgle Powers.

Cafe I. Let a a lb a z=z G, It is required to find the

Value of a.

Put

I (^^

1 X 2 b

2 3
4— rr&ic.

5 -^ 2

I

2

3

4

6

r -f- rz: f7

rr -\- ire e e "zz aa
lb r -^^ lb e z=z lb a

rr-\-lbr-\-ire-\-i.be-\-ee'z:iaa-\-iba:=zG

nre^lbe-^eczzG— rr— ibr

Which gives this Theorem

r e -^-b e \ e e zzi\G

D
\rr— brziz D

Suppofe



Chap, lo. Of aofectea Cquattong. 237

Suppofe ^=364, and G = 38692865: If r=6ooo, then

r r = 36000000, and 2b r = 4368000. But 36000000 -f-

4368000 = 40368000 T' 38692865 = G, Therefore the firft

r^6ooo. Let r= 5000, then

ift r = 5000 1934643^)5 = f ^
h= 364 — 1432000, ==irr4-^r

ift r + 3 = 5364 5026432,5 = D (800 = e

J^l e ~ 400 461 12

1 Divifor 5764) 41523 (60 = ^

2dr+^ = 6i64 37^64

+ 1^== 3Q, 4359 L-iL=='
2 Divifor 6194) 43s 92,5 867 = g

3d r + ^ = 6224 ' (0)

+ I ^ = 3^5

3 Divifor '6227,5

^ _ "^g^^ J
= 5867 = as was required.

Cafe 2. If — iha — Gy then proceeding as above, there

will arife this Theorem — = ^, &c. And in Cafe ^,
r— b ^ e J -1^

viz. 2ba— aa-=Gy you will have t\\\^ Theorem
'

ii — r— i

&c. as above.

I think it needlefs to trouble the Reader wFth the Work of

thefe two Theorems in Numbers ; becaufe if the laft Example of

Cafe I, be underftood, the other will be eafy. Not but that

the Method of compleating the Square is very ready and eafy,

as you may obferve by the Work in feveral Queftions of this

Chapter.

SECT. 3.

TN the Solution of all Adfe(3:ed Equations, that are above (or

higher than) Quadraticks, it will be the beft way to take r =:

the next ncareft Root of the Equation : And then it will be r-|- ^

= ^7, if r be lefs than jufi: ; or r— if r be greater than juft

(as at the Beginning of this Chapter). And all the Povi'ers of the

unknown Part of the Root, {viz. e) above it's Square {ee) are to

be rejefted or caft off, as before in laifing the Theorems for the

Simple
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Simple Powers. And therefore it is, that to fupply the want of
thofe Powers (above ee in the Theorem) the Operation muft be
repeated : as in the Example of extracf^ing the Cube Root, Page

133, viz. when the Figures in the Root confift of more than
three Places, {v'tde Page 140, and 141.)

Suppofe aaa'\-baz=LG. Quaere a.

Let I r -j- ^ = viz. let r be fuppofed Jefs than juft.

I 2 rrr "^rre ^ "^re e z=. a a a

I X b 3
4 rrr '\- b r -^rre ^be -\- ^reeziza^ -\-baz=.G

5
, be G

^ rr+ l^ + r^ 4- ^ + = ~

5 — &c. 6
* 3 r • 3 r

Which gives this Theorem
D

e.

r-f- u e

But if r be taken greater than juft, then it will be ~
G . .

• — = £>, which produces this Theorem
3 ^

D

By either of thefe two Theorems the Value of a may be eafily

found. Or rather other wife, as in the following Example.

Let tf^tf-f- 24 587914. Here ^==24. Suppofe the 6rft

r=:90, then —: 729000 '7^587914 without the 24 x 90 being
added to it : Therefore r 90 Again, Suppofe r=8o then
r =1:512000, and 24rzz:i920. But 512000 -f 1920 =513920
^58791, hence 7770, but nearer to it than 90. Therefore

it muft be i r •+ ^ = ^ lefs than juft.

2 rrr^ '^rre '^re e zn a a a

3 24 r-{- 24^ = 24^7

4 512000 + 19200^ + 240 = ^^7^?

5 1920-1- 24^=24^
6 513920-4-19224^ + 240^^ = 587914
7 19224 ^ 240 ^ z= 73994
8 80,1 ^ + = 308,31 = D

D
Q ez=L

I

I X 24
2 in Numb.
3 in Numb.

4 + 5
5—513920

7 -T- 240

8 ^
80,1 + e

Operation
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operation 80,1

"f- g = 3>

1 Divifor 83,1)

2 Divifor 80,7)

30^*31

^49>3

59,01
52,02

/80, = r

\ 3,68 &c. : e

83,68 &c. = r-l-

6,99 &c.

Or rather new rn: 83,7 for a fecond Operation, which being in-

volved and tried (as above) will be found greater than juft; therefore

it muft be

I ©-^

I X 24
2 in Numb.
3 in Numb.

44-5
6 -4-

7 251,1

8 ^

I

2

3

4

5

6

7

8

r — ^ = ^

rrr— 3rr^-f-3r^^ aaa
24r— 24^ = 24^
586376,253— 21017,07^ -{-251, i^^zz^za^

2008,8 24^ = 24«
588385,053— 21041,07^ + 251,1 = 587914
21041,07^ — 251,1 =471,053
83*7955 e-'-eezii 1,87595778 = D

D
83>7955 — ^

2d Operation 83,7955— ezz ,02

ift Divifor 83,7755)— ezz ,022

2d Divifor 83,7535)— ,0023

3d Divifor 83,7512)— ^= 3_&c.

83'75i

« • •

Here the newDivifors are

rejefted, as infignificanc;.

/83,7ooooooo= r

1587595778 \ oo,0223933i = e

^^^75510 i^3.6776c669=tf=r
,2004477
,1675070

,03294078
,02512^36

5O0781542

00753760

27782
?'5i25

2657
2512

All the remaining Examples of extrafting Roots (except Page 260) are left in the
Author's own Method ; which by this Time, it is prcfumed, the Learner will eafily
know how to correft of himfelf, if he takes due Nolic? of what has been delivered
Page 13T, 132, Sfc,
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But if more Exadnefs be required, you may make the newr= 83,6776067, and proceed with it to a third Operation ;
which will afford twenty-feven Places of Figures for the Value
of a; that is, every Operation will produce triple the Places of
Figures to thofe of the Precedent r. And this tripling the Places
of Figures in the Root, at every Operation, holds good, and is

to be obferved in the Solution of all Adfeded Equations (how high
foever they are) according to this Method of refolving them. See
Page I ^i.

Example 2, Suppofe aaa— haz=G. Quaere ^. Ifr4-^

=: ay then r^— ^4-^^= ^ .4rr = Z),

which gives this Theorem D

f I 3' ^ ^
zn ay then re

r

which gives this Theorem

r— ^ \^ e
r

= e. But if r —

+ ee = ^ •+^b^\rrz=:Dy
D

Or you may proceed otherwife, as in the lad Example. Let
aaa — 6438 « zz: 104785688, here b =: 6438. Suppofe the

firft r=: 5005 rrr 125000000, and ^ r — 3219000, then

125000000 — 3219000 =: 121781000. But 121781000

104785688, therefore r ^ 500. Again, fuppofe r 400,

rrr 64000000, and br -=2 2575200, then will 64000000
— 2575200=6142800. But 61424800^104785688, hence

r'^400; confequentiy r is betwixt 400 and 500. But 500 is

the next neareft; therefore, let r=500 being greater than juft.

Then
I

1 X b

2 inNumb.

3 inNumb.

4 — 5

7 -f- 1500

8~

I

2

3

4
5
6

/

8

r — e z=: a

rrr— T^rre-^'^reezz.aaa
br— b e z=z ba
125000000— 750000^ -J" 1500^^=
3219000— 6438^ = 64.38^

121781000— 743562^-1-1500^^= 104785688
743562— 1500^^= 16995312
495^ — =11330 =-0

495

Operation
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Operation 495— e z=i 20

I Dlvifor 475)— ^ = 3.

472)

/5oo,o

1 1330 V 23,8

r

e

1830
T416

4I4)0

377,6

Let new r=476 for a 2(1 Operation, then = 107850176
and 3064488 : but 107850176— 3064488= 104785688

the fame with the Refolvend. Confequently j =: 476 juft.

Example'^. Let — aaaz=:G, Quaere If r-{-^=^j then

— — re— ee-zz Ui^rr hznDj which gives this

Theorem - = ^. But if r— ^ = d-, then —
re

4G
>

r
— ee-=. +-jrr — ^^=:i>, which gives this Theorem

D

Or otherwife as before in the two laft Examples. Thus, let

123456^—^^^=12272861. Here 123456. Suppofe the

firftri=200, then rrr= Sccccoo, and ^ r1=2469 1200 ; then

24691200—8000000 = 16691200, but 16691200-7^12272861,
therefore r is here lefs than juft, becaufe the higheft Power is—

,

or Negative. Again, Suppofe r rz 300, then 27000000,
and Zrrz: 37036800, then 37036800— 27000000= 10036800
^12272861, Confequently r^300, and rx^2oo. Let r

= 300, being the next neareil, but more than juft.

r — e z=z a

rrr— 3rr^-{-3r^^ = aa a
b e zn ba

27000000— 270000 ^+ 900
37036800— 123456^
10036800-1- 1465445— 900^^=12272861
146544^— 900 = 2236061
1 62 ^ — ee 2484 = D

D

Then
I

\ X b

1 in Numb.
3 inNumb.

5 — 4
6 —

7 900

162 —
[Operation
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r

e

r — e "zz: ci»

Or new r=:283, which beiijg involved, l^c. will appear to

be the true Root, that is, a zn 283 juft.

Note, Thefe are ufually called the three Forms of Cubicle

Equations; and in the Solution of the third or laft Form, viz,

ba— aaa-:^Gy you may meet with fome feeming Difficulties;

efpecially in making Choice of the firft r, becaufe this Equation

is an ambiguous Equation, and hath two Affirmative Roots, vi%,

a greater and lefTer Root. But having once found either of them,

the other may be eafily obtained by Divilion only ; as in the

Quadraticlc Equations. Vide Chap. 8. As for Inftance, in ihe

laft Example, ^7=283 and 123456^ — ^^2^=12272861.
Make thefe two Equations zz: o, to wit, let a— 283 zzo, and
— aaa -j- 123456^ — 12272861 = o.

Then, a— 283)— -f- 123456<7— 12272861 (

—

aa
— ^^<7-4-283<7tf

^— 283^2^-^-123456^2 (— 283^7— iS-^aa-^- 80089^

-4-43367^—-12272861 (+43367
^43367^— 1 227 286

1

Hence it appears that —^^—283^+ 43367 = 0. Confequent-

]y aa -|- 283d z= 43367 this Equation beirig folved, a ~ 1 10,

2722 ^c. Vv^hich is the leffer Root of the aforefaid Equation ba
— aaa — G, &c. After this Manner all the poffible and im-

poffible Roots of any Equation may be eafily difcovered, any one

of it's Roots being once found, I fhall therefore omit inferting

more Examples of that kind.

Suppofe ^^^+ ^^7^+ f^= G. Qu3sre^7, Let ^=74, r= 8729,
and G'z:i56o783. By Trial (as before) it will be found that the

next neareft r=40 being fomething lefs than juft.

Therefore

Operation 162
— e zzi 10 / 300,0

ift Divifor 152} 2484 V 16,6 z=

— ^= ^ 15^ 28^,4:^
2d Divifor b^b) 964

876 •

88,0

86,6
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Therefore

1 X ^

I : X h

I ^3
2 in Numb
3 inNumb.

4 in Numb.

5+6+7
8—53i <^6o

9 -^"^

10 -i-

I

2

3

4

5
6

7
8

9
10

II

I

Operation

ift Divifor

2d Divifor

r e z=i a

If rr 2 b r e -f- hge = ^^if

y-f-;*-!-. 3rr^H~3r^tf = a a a

349160 -f- 8729 e

118400-4- 5920^ -f- 74^^
64000 -f- 4800^ + 120^

531560 -4- 19449^ -+ 194^^ = 560783
19449 e -\- l<^\e e =. 29223
100,2 e -\-ee z=i 153,06 = D

D
100,2 + 6

100,2
I

101,2)

l5_
101,7)

153,06
1 o f , 2

51,66

50)85,

1,0

1

(

40,0 = r

1,5 =^
4i,5 = r-f^=:«

Then
|

Or new r = 41,5 for a fecond Operation, which being dul/

involved, ^c. will be found more than juft.

Therefore i
]

r— e a

2 c r — c e c a

2 brr-^2bre-\-beeziibaa

Thefe being turned into Numbers, ^c. as above, they will be

20037,75 ^ 198,5 = 390,375, which being divided by

198,5 the Co-efHcient of e will become 100,946 ^ — ee^
1,966624, &c. HZ D,

Operation 100,946— e :=z 01

ift Divifor 100,930)— ^ = ,009

2d Divifor 100,927)

* Here I proceed by
plain Divifion without

forming new Divifors,

/4i,5oooooo= r

1,966624 V ,0194847= e

1,00936 4i,48o5i53=:r

—

e-=,a

957264
908343

* 489210
403708

855020
807416

476040
40370^

72332 &c.

Let
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Let the laft Equation in the Enigma, Chap. 9. be here pro-

pofed for a Solution. Viz, GQCici —f- ba G a. —— caa,— da G %

b-=:2^ f = 288, ^ = 506^ and ^ = 1513, Quaere a. By
Trials it will be found, that the next neareft r= 20, being

fomething more than juft.

Therefore

I X ^

1 X c

I X ^

I

I

2

3

4

5

<ir— de ziz da
err"- ^^re-^ceezncaa
brrr— '^brre-^'Tt^^^^ ^ b aaa
— 4rrr^ brree = a a a a

Thefe being turned into Numbers, and thofe duly coIledeJ,

according as the Signs of the Equation direct, they will become

50680 — 22374^ -f- 11'p.ee zzz 1513, which being all divided

by 2232 the Co-efficient of ee^ will be 10 e — e e 22 D,

Then —5— zi: e,

10 — e

Operation 10
— f r= ^ /20 = r

Divifcr 7)
21

1

/20 =
V. 3 — ^

See the End of Chap. 9,

By what hath been already done about the Solution of thefe

few Equations (being carefully obferved) I prefurae the Learner

"will eafily conceive how to proceed in the Solution of all Kinds

of Equations, be they never fo high, or adfet^led ; therefore I

fhall not here propofe many various Examples, but only take

them as they fall in Courfe, when I come to the next Part, where-

in you will (perhaps) find fuch Equations with their Solutions 2s

are not common.

CHAR
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CHAP. XL

Of Simple %mtt^y 3nnUittei6, or Pen/tons, &c.

T N T E R E S T, or the Ufe paid for the Loan of Money, is

either Simple, or Compound.

Seft. 3. Of Simple %\^tZU^^^

CIMPLE Intereft, is that which is paid for the Loan of any
Principal or Sum of Money, lent out for fome Time, at any

Rate per Cent, agreed on between the Borrower and the Lender ;

which, according to the late Laws o\ England^ ought to be fix

Pounds for the Ufe of lOo/. for one Year, and twelve Pounds for

the Ufe of ICO /. for two Years ; and fo on for a greater, or lefTer

Sum, proportionable to the Time propofed.

There are fcveral Ways of computing (or anfwering Queftions

about) Simple Intereft ; as by the fingle and double Rule of

Three (See Page 96, he.) others make ufe of Tables compofed
at feveral Rates per Cent, as Sir Samuel Moreland^ in his Doctrine

of Intereft, both fimpie and compound, all performed by Tables;

wherein he hath detected feveral material Errors committed by
Ifcrac Newton^ M.x Kerfey u^on IVingate^ and Mr C/avil, &c-

in the Bufinefs of computing Intereft, ^c. by their Tables, too

tedious to be here repeated. But I fhall in this Tra6t take other

Methods, and fhew that all Computations relating to Simple In-

tereft are grounded upon Arithmetick ProgrefHon ; and from
thence raifc fuch general Theorems, as will fuit with all Cafes.

In order to that

iP
= any Principal or Sum put folnterefl:.

R z=z the Ratio of the Rate, per Cent, per y^nnttm,

t =: the Time of the Principafb Continuance at Intereft.

A =z the Amount of the Principal, and it's Intereft,

Note, The Ratio of the Rate, is only the Simple Interefl of i/.

for one Year, at any given Rate ; and is thus found.

Fiz, 100 : 6 :: I : o,o5 z::: th^Rztio 6 per Cent, perJnnum,
Or 100:7 :: 1:0,07 ==: the Ratio at 7 /)^rC^«/. &c.
Again loo : 7,5 : : i : 0,075 z=l the Ratio at 7 and | per Cent.

And if the given Time be whole Years ; then t = the Num-
ber of whole Years: but if the Time given, be either pure Parts

of a Year, or Parts of a Year mixed with Years ; thofe Parts

muft be turned into Decimals 5 and then thofe Decimals, i^c.

Now
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Now the common Parts of '<. Year may be eafiiy turned or con-

verted into Decimal Parts, if it be confidered

C Day is the -^j Part of a Year =: 0,00274 fere

That one \ Month is the Part of a Year = 0,0833333 &c,
K Quarter is the | Part of a Year — 0,25

Thefe Things being premifcd, we may proceed to raifing the

^Theorems,

Let R =. the Interefi: of i /. for one Year, as before.

Then 2 =: the Intereft of i/. for two Years.

And 1 Rz=L the Intereft of i /. for three Years.

4 = the Intereft of i /. for four Years. And fo on
for any Number of Years propofed.

Hence it is plain, that the Simple Intereft of one Pound is a

Series of Terms in Arithmetic Progrellion increafing ; v;hofe firft

Term and common Difrerence is and the Number of all the

Terms is t. Therefore the laft Term will always be tRzn the

Intereft of \L for any given Term figniiied by /.

rj,y ^ f Ai one Pound : is to the Inters/} of i\. '. : fo is any

\ Principal or given Sum : to it's Interejl.

That is, il. : tR :: P : / P= the Intereft of P. Then
the Principal being added to it's Intereft, their Sum will be =
the Amount required ; which gives this general Theorem,

Theorem I. i R P P = A.

From whence the three following Theorems are eafily deduced.

^ p
Theorem 2. ———

- = P. Theorem 3. —— = P.

Theorem 4. —u- „ • = /.

Thefe four Theorems xt(oh& all Queftions about Simple Intereft.

^ejiion I. What will 25 61. 10 s. amount to in 3 Tears^ one

garter^ 2 Months, and 18 Days^ at 6 per Cent, per Annum,

Here is given P zzl 256,5 ; P = 0,06 j and / =: 3,4^599

For 3 Years 3 Quaere A. per Theorem I.

one Quarter r= 0,25

2 Months =z: 0,16667 = 0,08333 x 2

18 Days = 0,04932 — 0,00274 X 18

Hence / = 3,4^599 x 0,06 = 0,2079594 = tR

Then 0,2079594 X 256,5 =2 53,34158^ =
And 53,341586-1-256,5 = 309,841586 z=/PP -4- P=:^.

That is^ 309,841586= 309/. \bs. lod, being the Anfwer re-

quired.
^ejiion
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^uejl'ion ^2. (Vhat Principal or Sum being put to Intereji^ will

ratje a Stock of '2^QQ)\. i6s. 10 d. in three Years, one Quarter,

two Months, and 18 Days; at 6 per Cent, per Annum?

Or the fame Qiieftion otherwife ftated thus.

IFJyat is 2^g\' i6s. lod. due iTears, one ^-larter, 1 Months

and Days hence, worth in ready Money ; abating or difcounting

6 per Cent. &c.

Here IS given = 309,841586 ; 2^ = 0,06; / = 3,46599
(found as before) thence to find P. Per Theorem 2. Firft

3,46599 X 0,06 = 0,2079594 z=: t R. Then

/i? 4- I =: i,2079594) 309,841586 = A (256,5 = Pj

that is, 256,5 ~ 256/. 10 J. the Anfwer required.

^uejiion 3. At what Rate or IntereJ}^ per Cent. Szc. will

256 1, los. amount 309 1. i6s. lod. in three Tears^ one

^iarier, two Months, and 1% Days?
Here is given, Pzr256,5 ; yf:i::309,84i586 ; and /z=3,46599

to find R. Per Theorem 3. Firft 309,841580 — 256,5 =
53,341586 —A —-P. Next 3,46599 X 256,5 z=. 889,026435
z=: t R, And / = 889,026435) 53,341586 (00,06 the

Ratio. Then 1/. : 0,06 :: 120 : 6 z= the Rate required.

^ejiion ^. In what Time will 256 1. los. raife a Stock of

[or a/nount to) 309 1. i6s. lod. at 6 perCent. &c.

Heieis given, Pzz 256,5 ; 309,841586, and = 0,o6

to find t. Per Theorem^. Firlc 309,841586 — 256,5 =
53,341586 =1 — P. And 256,5 X 0,06 iz: 15,39 = Pi^.

Tiien 15,39) 53,341586 (3,46599 zi: ^ ; that is / zz: 3 Years

and ,46599 Decimal Parts of a Year ; which may be brought

into common Parts of a Year, thus

0,46599 And 0,08333) 0,21599 (2 Months.
0,2 c zz one Quarter. ,16666

0,21599 0,02074) ,04933 • (^^ Days.

Hence /zz 3 Years, one Quarter, 2 Months, and 18 Days; the

Anfwer required.

It mufi: needs be eafy to conceive, that what is here done at

6 per Cent, may be done at any other Rate of Interefl:, by form-
ing the Ratio {viz, R) accordingly.

SCHOLIUM.
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SCHOLIUM.
Although it be according to the Laws ar?c Cuftom of Enghndy

to compute In tereft at ?:he Proportion of 6 per Cent, (as above)

yet he that take^ up Mc>iie;/ at Intereft for any Time lefs than

even or comp^eat Yearsj pays more Intereft than feems reafonabiy

due, according to the Rules of Art. As for Iiiftance; if 100/.

be forborne at Intereft onfe whole Year, it amounts to 106/. But
(I fay) if It be paid at the half Year's End, it fhould not amount
to 103 ; as appears from this following Proportion.

Let the Amount due at the half Year's End ; then it will

be ICO \ aw a \ 106 the Amount at the Year's End. Ergo
aaz=zio6oo^ and ^2=:i/io6oo = io2,9563~i02/. 195. i| J.

which is lefs than 103 /. by 10 f d. And if it be paid in lefs

than half a Year's Time, the Error muft needs be the greater.

Sea. 2. Of annuities, orl^mUaild m Amars, com-

puted at Simple Intereft,

ANNUITIES, or Penfions, i^c. are faid to be in Arrears,

when they are payable or due, eitherYearly, or Half-yearly,

i^c. and are unpaid for any Number of Payments. Therefore

the Bufmefs is, to compute what all thofe Payments will amount
unto, allowing any Rate of Simple Intereft for their Forbearance,

from the Time each particular Payment became due: Now in

order to that,

the Annuity, Penfion, or Yearly Rent, Uc,

zz: the Time of it's Continuance, or being unpaid.

~ the Ratio, or Intereft of i/. for 1 Year, as before.

~ the Amount of the Annuity and it's Intereft,

Then if M the firft Year's Rent, due without Intereft.

Ruz= the Intereft 1
^^^^^^ Y^^^,^

2 m zz: the Rent 3

2Ru = the Inteteft J
^j.^^ ^^.^^ year.

3 a r-: the Rent 5

3 /J « = the Intereft ? j-^j ^^^^^^ Year.
4tt the Kent 3

4 „ = the Intereft J
f,^^^ Year.

5 w = the Kent )

And fo on for any Number of Years. Hence it is evident, that

Mu-\'2Ru-^2^u^^Ru-\- the Sum of all the Rents and

their Intereft, being forborne 5 Ye^
From
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From whence it follows, th^tRu-{-2Ru-{'2^u-{-^Ru'=:/^—iu.

A— tu

Here/:zz5. Divide by then i^+ 2i^+ 3/^4- 4/^1= —

«

Next to find the Sum of this Progreflion (See Page 1 85) thus*

Let RJI^2RJ^'^R-\'\R &c.=z, th^ji 1+24-3+4 &c. = -^^

Here the Sum of the firft and laft Terms are 4 i zz: 5 = /,

and the Numbers of all the Terms is 4—^—1. Therefore

L—L X / = the Sum of all the Terms ; that is,
'-^ =z ^:

2 2 K.

hence • = z. Confequently = —

.

Now from this Equation it will be eafy to deduce the following

Theorems.

uRu — tRu+ziu J ttu^tu
J, , ^ _« y

Theorem i. or ^

—

=:R:+tuz=:yfi

Theorem 2. —5
^ ^ ,

- = Theorem 3. = R :

Let - — I ~ A", then t z= i/~ + — : — I x Theorem 4,
K Ku ^

§aeJiion i. If 250 1, yearly Rent [orPenfton^ Sec.) heforhorn

or unpaid [even Tears ; what will it amount to in that Time^ at 6

per Cent./^r each Fayment^ as it becomes due ?

Here is given ?^ = 250, / = 7^ and R= 0,o6; to find A. Per*

Th. I. Firfl; 250 x 7 = 1750= /^, 1750 x 7 = 12250 ~ttu.
Again 12250 — 17 50=^ 10500= and--^^-^^ x 0,06=315:
Ladly 315+ 1750=2065 =//5 Fiz, 206^1. is the required.

But if the Annuity, Rent, or Penfion, is to be paid bvQLiarter-

ly or half yearly Payments, &c. Then = 0,03 = R for

half yearly Payments : and =0,015 = R for quarterly

;

or 0,045 = ^ thrcQ quarterly Payments. Example of half

yiMrly Payments.

JSuppofe 250 1. per Annum, to he paid hy half yearly Payments^

jere in Arrears, or unpaid for feven Years ; what would it amount

/f, allowing 6 per Cent, per Annum for each Paymenfy as '

it he-

imes due ?

K k In
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In this Example there is given tt=i25=-|-i ^=14 the Num-

ber of Payments ; znd R= 0,02= -^—i thence to find y/.

Firft 125 X 14= i750 = /« ; 1750 x 14 = 24500 = ;

again 24500—1750 =22750= ttu— iu; then ^-^^= ii375»

and 11375 X 0,03 =341,25. Laftly 34^25 +I750= 209 1,25

;

that is, i^=:209i/. 5/. the An fwer required.

N, B. Hence it may be obferved, that half yearly Payments

are more advantageous than yearly. For 209 1 /. 5 s. 2065 /.

bv 26/. 5 J. confequently, quarterly Payments are more advan-

tageous than half yearly Payments.

^Bjii'on 2. What yearly Rent^ Pen/ton^ Sec. being forborn or

unpaid /even Tears^ will raife a Stock of^ 2065 1. allowing 6 per

Cent, per Annum for each Payment^ as it becomes due?

Here is given y^= 2065, /= 7, and i^= 0,06; to find //.

Per Theorem 2. Firft 7 x 0,06 = 0,42 = t Ry and 0,42 x 7
= 2,94 = '^-^. Then ttR — ^i^ = 2,52. Laftly ttR
— /i? -f- 2^ = 16,52) 4130 = 2 J (250 = u ; that is, 250/.

perAnnutriy he, will raife 2065/. the Stock required.

§ueflion 3. In what Time will 250 1. yearly Rent raife a Stock

of 2065 1. allowing 6 per Cent, ^c, for the Forbearance of the

Payments as they become due P

Here is given uz=.2^o^ ^= 2065, and -^=^0,06; to find /.

Per Theorem 4. Firft |> = '-^ = 33^3333 i and 33,3333 —

1 = 32,3333 = ^=^ — I. Then 16,16666 &c. = I A-;

261,3605 &c. = ixx. Again ^;-|-^= 2'js,332=^2J-^Ru,

arid 275,3333 + 261,3^05 = 53656938= ^+^*''^- ^^^^

V 536,6938 = 23,1666. Laftly, 23,1666 — 16,1666 = 7

=. t the Time required.

^ufjlion^. If 2$o\. ygarlyRent^ being forlorn fevenTears^ lolll

amount to 2065 1. allozving Simple Intereji for every Payment as it

becomes due ; vjhat mujl the Rate of the Interefl be per Cent. l^c. ?

Here is given u = 250, A = 2065, and / = 7 i to find R :

Per Theore?n 3.

^ttZ = 122507 J 4130
=

3S00 = 2 / K

ttu — tU = 10500) 630 = 2^— 2/« (0j06

I : O5O6 : : ioo : 6 the Rate required.

Se<^.
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Sea. 3. Tbe IS^efcnt ^^orlb of ^milititS or Pen/tons^

&c. compuPed at Simple Interefi.

THE Bufinefs of purchafing Annuities, or taking of Leafes,

^c. for any affigned Time, depends upon the true equating

of the Principal or Money laid out on the Purchafe, with the An-
nuity orYearly Rent, by allowing (or difcompting) the fame Rate

of Intereft to both Parties. Which may be eafily performed by

dulv applying the refpedtive Theorems of the two laft Se(flions tO'»

gether; as will fully appear by the following Queftion.

^ue/lion I. What is 75 1. yearly Rent., to continue nine Tears,

worth in ready Money ^ at 6 per Cent, ^qi knnumSimplelntereJif

1. Per Theorem I. of the laft Se6lion, find what the propofed

yearly Rent would amount to, if it were forborn 9 Years, at 6

per Cent.

Thus u = 75, / = 9> and R ^ 0,06 : Qusere A»

ttu^bojs Then 2) 5400 (2700 ? ^/w= 675 ic = o,o6 3

ttu^tu=^ 5400 ^62, 7
^

2. Then by Theorem 2. SeStion i. find what Principal, being

put to Interefl: for the fame Time, and at the fame Rate, will

amount to 837/. =A. Thus tR= 0,54= 9 x 0,06 ; /i^+ i

= 1.54) 837 (543^5064 = ^: that is, P=543/. 10 j. i^d.

which is the Worth of 75/. a Year, as was required.

From the Work of thefe two Operatioas (duly confldered) it

muft needs be eafy to conceive, how the two Theorems by which
they were performed, may be combined in one.

For I. i ' ^ Ax and 2. P t R -Jr P^ A,

Confequently P t R + P = —-I- And fromi

this Equation may be deduced the following Theorems,

ttRu— tRu^itu n ttR — tR-X-it r%
Theorem i. :=—-.— = or xr—.—— x u = F,

ztR + 2 itR 4- 2

By this Theorem all Queftions of the fame Kind with the laft

{viz. that above) may be eafily and readily anfwered at onp

Operation.

K k 2 Theorem
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theorem 2. — — = «, or— —.— : x 2 r= «.
ttR— tR-^it ttR — tR + 2t

Theorem 7. ^
^

z=. R,
^ ttU tU 2?/

Let — — —. — I = then will tt + xt —~.
R u ' — Ru

Which gives this Theorem a. v^~-4-^: + -=/.
^ ^ Ru ^ U 2

By the fecond and fourth Theorefns, two very ufeful Queftions

may be eafily anfwered.

1. As for Injiance : If it he required to find vjhat Annuity ^ or

yearly Rent^ Sec. may be purchafed^ for any propofed Sumy to con-

tinue any affigned Time^ allowing any Rate of Interefl ?

This Queftion may be anfwered by Theorem 2.

2. Again: If it be required to find how long any yearly Rent^

Penfion^ or Annuity^ he. may be purchafed (or enjoyed) for any

propofed Sum, at any given Rate of IntereJi ?

All Queftions of this Kind are eafily anfwered by Theorem 4.

In thefe Queftions it is fuppofed, that the Purchafe, or yearly

Rent, is to commence or be immediately entered upon. But if

it be required to find the Value or Purchafe of an Annuity or

yearly Rent, l^c. in Reverfion ; that is, when it is not to be

entered upon until after fome Time, or Number of Years are

paft ; then you muft firft find what the Sum propofed to be laid

out in the Purchafe, would amount to, if it were put to Intercft,

during the Time the Annuity, ^c. is not to be put in prefent

Poffeflion ; and make that Amount the Sum for the Purchafe, pro-

ceeding with it as in either of the two lafl Queftions, ^c.

Note, From the firji ^efiion of this Se^ion it will he eafy to

conceive how to perform the Equation of Payments^ between Debtor

or Creditor^ at any Rate ofIntereji^ without doing any Damage to

either Party,

That is, when feveral Sums of Money are to be paid, at feve-

ral different Times, to find the Time when all the Payments

may be truly difcharged at once : as if one Sum were to be paid

at the End of two Months, another at fix Months, and perhaps

a third Sum at eight Months end, ^c. And if it were required

to find the Time when all thofe Sums may be truly difcharged at

one Payment without Lofs, ^c.

CHAP,
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CHAP. XII.

Of CampOimD Interejl, and ^niltUttCg, &r>.

/^OMPOUND Intereft is that which arifes from any Princi-^ pal and it's Intereft put together, as the Intereft To becomes

<3uei t^^f every Payment, or at the Time when the Pay-

ments became due, there is created a new Principal ; and for that

Reafon it is called Intereft upon Intereft, or Compound Intereft.

As for Inftance ; Suppofe lOo/. were lent out for two Years,

at 6 per Cent, per Anniim^ Compound Intereft : then at the End of

the firft Year, it will only amount to io6 /. as m Simple Intereft.

But for the fecond Year this io6/. becomes Principal, v/hich will

amount to 1 12/. yj. 2 | d. at the fecond Year's End, whereas by
Simple Intereft it would have amounted to but 112/.

And altho* it be not lawful to let out Money at Compound
Intereft; yet in purchafmg of Annuities or Pennons, ^V. and
taking Leafes in Reverfion, it is very ufual to allow Compound
Intereft to the Purchafer for his ready Money ; and therefore it

is very requifite to underftand it.

Sea. I. Of CompOimO Interefl,

iP

= the Principal put to Intereft. 1
/ = the Time of it's Continuance. > as before.

A z= the Amount of the Principal and Intereft. J

Jl — \
^^'^ Amount of i /. and it's Intereft for i Year, at

I any given Rate, which may be thus found.

Fiz, 100 : 106 :: 1 : 1,06 = the Amount of i /. at 6 per Cent,

Or 100 : 105 : : I : 1,05 = the Amount of i /, at 5 per Cent.

and fo on for any other affigned Rate of Intereft.

Then if ^ = the Amount of i /. for one Year, at any Rate,

jR^ = the Amount of I /. for two Years.

=. the Amount of i /. for three Years.
— the Amount of i /. for four Years.

= the Amount of i/, for five Years. Here

Tori:R::R:RR::RR:RRR::RRR:R'^::R*:Rs:Scc. in ^.
C As one Pound : is to the Amount of one Pound at one

That is
"J
Year's End : : fo is that Amount : to the Amount of

C one Pound at two Years End, ^V.
Whence
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Whence it is plain, that Compound In tereft is grounded upon
a Series of Terms, inereafing in Geometrical Proportion con-
tinued ; wherein / (viz. the Number of Years) does always aflign
the Index of the Jaft and higheft Term : Fiz, the Power of R
which is R^, >

Again, As i: R^i: P : PR^zizA the Amount of P for the
Time that R^ =. the Amount of iL

C As one Pound : is to the Amount of one Pound for any
That is K given Time : : fo is any propofcd Principal [or Sum) to

L if5 Amount for thefame Time,

From the Premifes (I prefume) the Reafon of the following
'TheoremSi may be very eafiiy underftood.

Theorem i. PR*:=iA^ as above.

From hence the two following Theorems are eafily deduced.

A A
Theorem 2. — = P. Theorem 'l, z= R\

Rt ^ p

By thefe three Theorems^ all Queflions about Compound Inte-

reft may be truly refolvcd by the Pen only, viz. without Tables;

tho' not fo readily as by the Help of Tables, calculated on pur-*

pofe ; as will appear farther on.

^efiion i. What will 2^61. lOs. amount to in feven Year

<7/ 6 per Cent, per Annum, Compound Interefi ?

Here is given 256,5; / ~7; and =: r,o6 which

being involved until it's Index [viz. 7.) will become R'^

1,50363, Then 1,50363 X 256,5 =385,6811= ^=^385/.
135. ']\d, which is the Anfwer required.

^lejiion 2. What Principal or Sum of Money mufl he put (or

let) out to raife a Stock ^385!. 13 s. y-Jd, in fevenTears^ at

6 per Cent, per Annum, Compound Interefl ?

Here is given A :=r 385,6811; P= i,o6; and ^= 7; to find P,

hy Theorem 2. Thus 7^^= 1,50363) 385,6811= ^^(256,5 =P.
That is, P= 256/. 10 s, which is the Principal or Sum, as was

required.^ ^ejiion
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^ejiion 3. In what Time will 256 I. ro s., raife a Stock of

(or amount to) 385 1. 13s. 7^^^. allowing 6 j^tt Qqvu. perAnnum,

Compound Intereji ?

Here is given P=: 256,5; ^= 385,6811; = 1,06 ; to

. , ^/ ^ 38q,68ii
find / by the third Theorem =z j z=i

^'^^^^
= 1,50363,

which being continually divided by = 1,06 until nothing

remain, the Number of thofe Divifions will be 7= /. Thus

1,06) 1,50363 (1,41852. And i,c6) 1,41852 (1,338225.

Again 1,06) 1,338225 (1,262477. And Toon unti lit become

1,06) 1,06 (i. which will beat the feventh Divifion. Therefore

it will be / =7 the Number of Years required by the Queftion.

^uejiion 4. 256 1. 10 s. will amount to (or raife a Stock of)

385 1. 13s. 7|d. in feven Tears Time-, what mufi the Rate of

Interefi be^ per Cent, per Annum?

Here is given ^= 256,5; ^=385,6811, and/— 7, Quaere

R. By Theorem 3. ~ = i^' = I550363 ; as before in the laft

Queftion. And if i^' =:i^^=: 1,50363, then ^=^1/1,50363,
which may be thus extraded.

Put

I

2 — r7

4-^

3

4

5

r -^^ e z=iR^ then

7 ^ -f- 2 1 e e z=z R^ =1 1>50363 zz G
'] r^ e -\-2ir^ eeG—
re + 2ee = = £>

tf=-—^yj; letm I, then Z) = 0,0719

Operation r = 1,00

Divifor i>i8)

/i,oo = r

0,0719 VO,o6 z= e

708 1,06 = r -f. ^ = i2

II to be rejected.

Then i : 0,06 :: 100 : 6 the Rate per Cent, required.

The firft three Queflions may be much more eafily performed

by the following Table, which is only the Amounts of one Pound

for thirty-nine Years.

That
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That is, of R. RR, RRR . R^ . R^ . and fo on toR'^,

o
—I

II

I

2

3

4
'5

The Amounts of

\l. S.t 6 perCe?it.

Sec. Compound
Intereft.

7
8

9
10

1.06 = R
1. 1236 = RR
1 . 1 9 1 o 1 6 i?^

I 26247696
1.3382255776

1

1

12

13

1. 4185 191 122

1.5036302590

1.5938480745
1.6894789590
1.7908476965

1.8982985583
2.oi2!96.i7i8

2.1 329282601

to

II

15

16

17

18

19
20

21

22

23

24

25

26

The Amounts of
il. at 6 perCent.

&c. Compound
Intereft.

h<
m

II

The Amounts of

1 1, at 6 perCent.

Sec. Compound
Intereft.

2.2609039557
2.3965581931

2.5403516847
2.6927727857

2.8543391529
3.0255995021
3.2071354722

27
28

29
30

4.8223459407
5.11 16866971

5.41 83878990
5.743491 1729

31

32

33

34

35

6.0881006432
6.4533866818
6.8405898828

7.2510252757
7.68608670233.3995636005

3.6035374166
3.8107496616

4.0489316413
4.2918707197
4.5493829629

36

37
38

39

8.1472519998
8.6360871198

9.1542523470
9.7035074878

The Title of this Table fiiews it's Conftruflion, and ii's Ufe

will eafily appear by an Example or two.

EXAMPLE I.

What will 375 1. 10 s. amount to in nine Tears^ at 6 per Cent,

per Annum, &c. ?
^

The tabular Number againfl: 9 Years is 1,689479 which being

^.jltiplied with the Principal 375^5 will produce 634,3993 &c.

viz, 634/. 8 ^. fere^ being the Amount or Anfwer required.

EXAMPLE 2.

What Principal {or Sum) rfliift he put to Jntcrcjl to raife a Stock of

634/. 8 ^. in nine Tears Time., at 6 perCent. per Annum, C5V.

If the propofed Stock {viz. 634,4) be divided by the tabular

Number that is againfl: the given Number of Years {viz. 9.) the

Quotient will be the Principal (or Sum) required. Viz, againft

9 18 1,689479- 'T^^^^^ 1.^89479) ^34^4 (375.5 = 375 ^- 10 ^•

the Principal (or Sum) required.

EXAMPLE 3.

In what Time will '^'j^]. los. raife a Stock cf [or amount to)

6341.8s. (5/ 6 per Cent, life?

Divide
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Divide the propofed Stock {viz. 634,4^ uv lue given Principal

{viz. 375,5) and the Quotient will ihcw the tabular Number

that ftands over againrt the Time fought. Thus

375.5) 634.4 (1,689479- efr.

This Number being fought in theTahle, will be found to fland

againft 9 Years, which is the Time required.

But if the Quotient cannot be truly found in the Table of

Amounts for Years, as above ; t hen rake out of that Table the

neareft Number that is lefs, and make it a Divifor, by vj^hich

you muft divide the firft Qiiotient ; and then feek the fecond

Quotient in the 7'able of Amounts for Days (v^hfch is inferted

a little further on) and it will aflign the Number of Days j as in

this Example.

In what Time will 563 I. amount to 860 1. at 6 per Cent, per

Annum, Compound Intereji ?

Jnfuuer. In 7 Years and 99 Days.

Thus 563) 860 (1,52753 which fhew^s the Time to be more
(or above) ieven Years ; for over againft 7 Years is I>50363

which being made the new Divifor : Fiz.

^.50363) ^52753 (^01589
•

This Number is the neareft Amount to 99 Days.

Note, If the Stock., Principal., and Time be given ; the Rate of

IntereJ} will he befi found by extra6iing the Root^ &c. as before in

the fourth ^ejiion.

The next Thing that I {hall here propofe, is to make this

Table (which is only calculated for the Rate of 6 per Cent.) uni-

verfally ufeful for all the Rates of Compound Inrereft, which I may

prefume to fay^ is a new Improvement of my own, being well fatisfied

it never was publiflied before ; and not only fo, but 1 have heard

feveral very good Artifts affirm it was impoflible to be done.

The Method of performing it is brieflv thus, Let x z=. the

Difference between i,o6:ii:i^, the Amount of I /. for one Year
(in theTahle), and any other propofed Amount of i/. for one
Year ; v/hich admits of two Cafes.

Cafe I. If the propofed Rate be greater than the 1,06 =
then will R-\- xzzz true Amount of i /. for one Year at that

Rate.

Cafe 1. But if the propofed Rate be lefs than 1,06 then

it will be — ^= the Amount of i /. &c.

Make V ^= 3= '^'Z
" 4 =/'

L I Then
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Then will Rf t x^ g jc^ m &c. = the

Amount of i/. at the given Rate, for any Time denoted by t,

in Cafe I, And Rf -^t R^ x^ g Rc m R<ix^ kc. = the

Amount of I /. in Cafe 2.

Which is no more but this : Let R-\-.x or R — x (which fo-

ever it is) be involved (as directed in Se,^. 5. Chap. 2.) to the

fame Power or Height as the Index / the given Time in the Que-
ftion denotes: rejecting all the Powers of x above xxx or xxxx
at moft, as ufelcfs. Then multiply that Power of R-+ x or

A— ^ into the given Principal, and their Product will be the

Amount required.

An Example or two in each Cafe will render all eafy.

EXAMPLE J.

Suppofe it were required to find ivhat 256 1. would amount to in

fifteen Tears, at 8 1. per Cent, per Annum Compound Interejl P

Here / = 15.

Firft 100 : ic8 :: I : 1,08 the Amount of i/. at 8 per Cent,

Next 1,08— I)G6= 0,02 = x» And R^x= 1,08 as in Cafe i.

Then R^^+15 R'^x + ios -^'^ + 455 R'^'^xx Sec. = the

Amount of i/. for 15 Years, at 8 per Cent,

Here A" = O5O2 , ^A;t= 0,0004 . mdxxx=^ ,000008
By the Table R'' = 2,396558

r i^R^^x = 2,260904 X 15 X ,02 =0,678271
And< 105 i^'^^A- = 2,132928 X 105 X ,0004 =0,089583

t455 R^^xxx= 2,012196 X 455 X ,000008= 0,007324

Sum = 3,171736

Then 3,171736 X 256 = 81 1,964416 = A
That is, 811/. 9 J. 2 Id, fere. Which is the Anfwer required,

EXAMPLE 2.

U^at will 365 /. amount to in feven Tears at four and a half

per Cent. ^V.
Firft 100 : 104,5 i • i>045 the Amount of i/. at \ \L

per Cent,

Next 1,06— 1,045= 0,015 =A'. ConfequentlyiS:—A'= l,045

as in Cafe 2.

Then R^^ y R^ x+2i R'xx- 35 R* xxx &c. = theAmount
of iL for 7 Years, at 4I per Cent,

^

Here |>;
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Here x= ,0is; ,000225 ; and x^x = 000003375

By the Table 1,503^-30

^— J X = — 0,148944
And)+ 21 R^ XX = -f- 0,006323

I— 35 i^* XXX = — 0,000141

7 R^x + 21 /^'a-a' — 35 R'^xxx = 1,360868

"Then 1,360868 X 365 = 496,71682 = A
That is, 496/. 14 J. 3$^. is the Anfwer required.

If the Reafon of thefe two Operations be but well iinderdood,

it will be very eafy to conceive how to find P, the Principal, by

having J, ^ and x given (becaufe R and it's Powers are always

given by the Table).

For X g R'^ x^ i R^ XXX X P==J (as above),

A
Therefore -=r—; r- ;

-~—• = P.
Rf + t R^ X g R' XX 4; ?ti R^ XXX

Or if A P, and f, be given, x may be found.

A
For Ri 4- / Rb X'\'g R<^xx+ m R^ x x x ^ This Ef][ua»

tlon being folved (as in Chap. 10.) the Value of x will be found;

and then either R^Xy or R-^x will (hew the Rate of In-

tereft, (fc.

But! (hall leave the nun;erical Operations to the Learner's

Practice, fuppofing enough done to (hew how all Queftions of

this Kind that are limited by whole Years may be computed.

And if the Time given or fought be not terminated by whole
Years, but by Weeks, Months, Quarters, or Half-Years, (ffc,

for refolvins fuch Queftions, the beftWay will be to reduce thof^

parts of a Year into Days ; that done, find an Anfwer accord-

ing to the Demand of the Queftion (and agreeing to i /. as be-

fore) for that Number of Days ; and in order to that, it will be

requifite to find the Amount of i /. for one Day (as in my Com-
pendium of Algebra^ Page 1 10) which I fliall here infert,

put a = the An^ount fought, then it will be

I '. a \ \ a \ aa :: a a : a a a : : a a a : a a a a H- to fl^^

iAs
one Pound is to it*$ Amount fer one Day i*. fo is that

Amount : to the Amount of two Days : i
and fo is that

of two Days : to that of three Days, And fo on in -H-

t9 365 Days.

L 1 2 Theft
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Then the laft of the Terms will be a^^^ = r,o6

r -^^ e = a. And let r = iPut

51 in Numb.
3 —

T

4 66430

Operation

+ e =

^ r^^*e+ 66430 r^'^ = a^^' ==, 1,06

+ 3§5 ^ + ^'6430 ee = i,o6

365 ^ + 66430 = 0,06

5O0549 ^ -j- = 0,0000009032 = D
D

e :

,00549 + e

,00549
,0001

J ft Divifor 5OO559)

-j- ^ = ,00015

2d Divifor ,00574.
e = ,000059

3d Divifor ,005799
kc.

0,0000009032

550

0000000 = r

0001 598 — ^

I5OO01598 = r-^- e= a'

true to the 7th Figure

and only too much by
)3442
2870

J57200 2 in the 8th, at one

^c. Operation.

Now r = 1,00016 for a fecond Operation. Then

72 inNumb.

Therefore

8 +
9 -i-

10 ^

8

9
fO

1

1

1,060134014074-386,887 e 4- 70402,172 ee

= 1,06. Hence it appears that r— e = a.

1,060
1
3401407— 386,887 e

-f. 70402,172 e,e

= 1,06^

386,887 e— 70402,172^^= 0,00013401407
,0054953 — ee = ,0000000019035503

^
,0000000019035 «;o3

Operation ,0054953
— ^= 3

>oo54953 --^

/i,cooi6 = r
ift Divifor ,0054950) 0,0000000019035503^0,000000346417

34

,00549466
'— <? = 46

2d Divifor ,005494614
— e =. 64,

3d Divifor ,00549460

164850

7255C503

2197864

)352639oo

^2967684
j22962l6
2197840

9^37^
54946

1,000159653583.

Which bein^ further purfued to a third Operation will give

a: == 1,000159653587453 &;c. This
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This Value of a is the Amount ol i /. tor one Day, from

which, ifi/. btfubftraaca, the Remainder = ,000159653587

&c. will be thelnterell of I /. for one Day. Conrequentiy, it any

propofed Principal be multiplied into either of thefe, the refpedlive

Product will be the Amount or Intcreft of that Principal for one

Day, at 6 per Cent, &c.

And that the Amojnt (or Intereft) of any Principal or Sum
may be eafily computed for any Number of Days kfs than a

Ye^r ; I have here inferted the following Table, which with a

preat deal of Care (and T believe Exactnefs) is calculated from the

faft found ( 1,000159653587453) Amount of I /. for one Day.

To which alfo is annexed a Table of the Amounts of i/. for

Months.

0 Amounts of i/. 1 c Amounts of i/. 1 Amounts of i/.

&c, '/!

I I oooicq6c^6 26 1 .004 1 cq287q 5

1

1.0081 749166
2 1 .0003 193326 27 1 .00431060:

:

52 1.0083358753
<7

J 1.0004700372 '28 1.0044799487 53 I oo84q58!:Q7

4 1 .0006387673 29 I.OC46403I75 54 1 .00S6578699

5 1.0007985229 30 1 .0048007 1 20 55 1.0088189057

6 I .oooQi:8^o'^o 1 .004061 1 ^ 20 56 1 .008070067^

7 1 .00 11181105 J 1 .00 C I 2-i T776 s / \ ocGi4i0(:4c

8 I .001 277Q426 '\% I .0052820488 5^ I OOQ3O2167C

9 1.0014378002 34 1.0054425457 59 1.0094633062
10 I.OOI5976834 35 1 .0056030682 60 1 .0096244707

1

1

1.0017575920 36 1.0057636164 1.0097856608
1

2

I.OOI9I75262 37 1.0059241901
1

62 I 0099468767
13 1.0020774859 3^ I.CO60847895

! 63 1 .0101081 1 84
14 1 .002237471

2

39 1 .006241^41 46 64 1 .0102693858

15 I .CO2397482O 40 \ .0064060653 65 1.0104306789

16 I .00255751 84 4' I .0065667416 66 1 .0105919978

17 I.0027175803 42 I .0067274436 67 1 0107533424
18 I 0028776677 43 I.CO788817I2

1
68 1 .0109147128

19 1 .CO30377808 44 I CO7O489245 1 69 i.oi 10761090
20 I.OO31979193 45 I .0072097035 \ '^0

I

i.oi 12375309

21 1.0033580850 46 1 .0073705082
i

71 I 01 I 3989786
22 1 .003 5 I 82732 47 1.0075313385 »72 1 .01 1 5604521
23 I .0036784885 48 I .0076921945 i r- f\

I .Oil 721 95 1 3

24 1.0038387294 49 I .0078530762 74 I.OII8834764

25 1 .0039989958 50 I .00801 3983 5 75 i 1 .01 20450272

Days
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Amounts of i/. Amounts of iL 0 Amounts of i /.

&c.
to CO &c.

76 1.0122066038 116 I 01 86908655 156 1.0252166658
77 1.01 23682062 117 1.0188535031 '57 1.0253803453
78 1.0125398344 118 1 .019016 1667 i;8 1.0255440509
79 1 .01 2691 4885 119 1.0191788563 •59 1.0257077827

1.01 28531683 1 20 I 0193415719 160 1.025871 5406
~8~i 1.0130148739 121 1.0195043134 1.0260353247
82 1 .0

1
3

1 766054 I 22 1 .0196670809 162 1.0261991349
83 1.01333S3627 123 1.0198298745 16" 1.026362971

3

84 1.0135C01458 124 1 .0199926934 164

165

1.0265268338
85 1 .01 36619^47 125 1.02015553S9 1.0266907225

86 1.0138927895 126 1 .0203 1 841 10 166 I 0268546374
87 1.0139856501 I 27 1.020481 3084 167 1.02701 85784
88 1.0141475365 128 I 02064423 19 168 1 .0271 825456
89 I. 0143094488 129 1 .020807 1 8 14 169 1.0273465389

-i?
I .01 4471 3869 1 .0209701 569 I 70 1.0275105585

91 I.O14633351 i 131 1. 021 1331585 171 1 .0276746046
92 I 0147953408 132 1 .02 I 2961 861 . 172 1 .0278386764
93, I.CI49573565 533 1.0214592397 ^ / :>

1 .0280027746

94 1.0151 1939S1 134 1. 021 6223 193 »74 1.0281668989
I C

I
s 28 1 465 5 1.0217854250 ^ 7^ 1 .02833 ^<^494

96 I CI544395-9 136 1 .02
1 9485567 176

/
1.0284952262

97 I.OI5605678I 137 1. 0221 1 17144 ' 77 1.C286594291

98 1 .01 57678232 138 1 .02 22748982 .78 I. 0288236583
99 1.0

1 59299941 139 1 .0224381081 179 1.0289879137
1 CO I.OI60921QIO T40 I 022601 34.40 180 1.0291521955

101 I .oi62i;44i 38 141 1 .0227646060 iTi 1 .0293 16023 *

1 02 1 .0164166624 142 1 .C229278940 182 1 .0294908372
103 I. 0165789370 H3 1 .0230902081 183 1.C296451975
IC4 1.0167412375 144 1.0232545483 184 1.029809584

1

1.01 6903 ^^63 8 I.O234179I46 185 1 .0299739969

ic6 r.oi 70659 i 61 146 I .023581 3069 186 1.0301384359
107 I .C172282944 H7 1.0237447253 187 1 .030302901

2

!08 1.0173906985 148 1.0239081699 188 1 .0304673928
1 09 1 01755? 3086 149 J .02407 10405 189 1.03003

1
9200

I lO 1.017715^846 150 1.0242351372 '90 1.0307964557

1 1

1

1 .01 78780665 '

1 .0243986(:!Oo 191 1 .030961025

1

I 12 1 .01 80405744 152 1 .0245622089 192 I.031 1256216
113 1.0182031083 153 1.0247257830 193 1.0312902445
114 1.0183656680 154 1.024889385 I 194 1.0314548937
IIS 1 .01 85282578 155: 1.0250530124 ^9S 1.0316195692
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Amounts ot i/. u Amounts of i/. Amounts of i /.

&c. &c. Sec.

—

_

196 1.03 1 7842709 230 1 .0383939484 270 1 .0450459680

197 1 .03 1 94°999
fin 1 '"301) 5973 1

0

27 7 1.04521 20133

190 1.0321 137534 1 05^77rc/)ir 278 I 0/<f"7'7nAQr'»
* •"45379"°53

199 \ rnKJ Km JL 1 o \ 3t 1 .02880 12778 270 1 .U45 54405^4
200 1.0324433410 I O700"'77/I0r 280 1.0457 I 3(^092

201 i.o;2Do8i742 241 I .039223 I 29^) Z 0 i 1 045880461 I

202 I 0327730339 7/17 I 0202 8oo/» ' /I 282 1 .^400474397

203 1 .03293/9190 Z45 I 020c C/lo87fi 283 1 ."-/zj-uz 1 44449
204 2AA I .OiO720Qc62 284 1 .0^62 8 1 /< -» A8

20 ^
2 J.C I .02q886qc I

r

28c
3

I .OAnr/f8<i7 "•7

206 1.033432-^355 240 1 .04005 2973 2 Q A2oO 1,0467 I 56206

* •053597/'^^'' 2A7 1 .0J.02 I Q02 I A 287 I.Oa68R7727P

2OO 1 .0337027444 ^ 4- 0 T dA 02 8 roofn 1 288X* 0 c T.0/170/loQ'^j T
t/ 49^7 *

^V.>U * '^iOy^

/

/
I .OAOC CI I 07 2 289 I .OA7 2 I Id 1(^1

2 1 0 7 ro I 0A07 I 72 7 CO 200<^ ^ T 0/1778/f7->8'T* •^4/ 3'*422o3

21 I 1.034257955.2 251 i.o40«834793 29 I I.0475514469
212 1 .U A 44 ^ J 1

f C "J 7 0 7 1 -u^/ / 1 OU9Z3

213 2 r 2 I Oil I 2 I C R6r y< 70 2 1 0/i7^8pn^/«7

2 f 4 *'"347534°33 7 r /IZ54 7 0 ><294

Hi
7 " r 1 OA T ^/iS-J^T^ 7 0 p T 0/i9770r85?i«

210 1.0350838338 250 I •041 7
1 46485 296 1.0483879407

217 I 0 7 -7 no 8

P

7 r "7 I 0/iiS8no^i7oA aW A U C W ^ 207^97 i.u40;,553i9o

2 1 0 1.0354143099 208 t-wa.O/ZZ/Z(Z

219 I o^rrTOnTTC* 03557907/1) 7 C 0 I OA22 I 2668*7 2QQ I OylH8QOIf'7^

z zo * •03)745"* '

5

7no 2 00
• 4y^5 /o » 00

221 1.0359103719 20 I 1 .04254648
1

5

301 I 049225 1 025
'J "7 "Ji {• it 1 .03007^750/ 7^7

iCiw ^ 1 0/177T707"'/?A.w^^ / 1 i,\u £t
^ 0 202 T Of0707AirO1 .^493920 i 50

ZZ3 I 0^0241 1
7 19 7 n 7ZU ^

1 0,1 7 5?'7 0/4 00'7 7 0 73^3 I 049)00! 54^
z 24 I .VJaU4^0U I I VJ 7 ^ ,1 I 0 7 0 /4 f*000 I 2 03"4 1 .0497277204
9 9 f* 76 c 1 0/4 27l7/<7/lt 2 0 r T 0/tofiof*7l77I oy s -> I 3 ^

220 I.036737570I « A A200 1.0433789787 306 I .0500629327
Z27 ¥ "» ^on 7 of? fio JmtKJ J **o435455579 207

£ i& 0 1 r^^ nooR^'J / 7 268 1 0/127121^27 208 T nff02o9'jr7T1 t'u <\j Af\j 0 z. < 1

I .o37Z34zu5y 269 I O/l 2 878706 I 20Q T 0''OPnrorin1.^3050595 19
T m Ti oofio/l I
* •o373y90'-'4' 2 70 210 I oro7 2 1 ^^*>P^

231 1 0375654287 271 1.0442 1 21407 311 1.0509014320
^ ^ ^^3 1.037751079^ 272 1 .04437^^5 9 312 1 .05 I 0092 1 2 I

233 1.0378967573 273 I.04454559I8 313 1.05 I237OI9I

234 1.03 806246 1 2 274 I.0447I23572 3M 1.0514048529
235 I.038224I9I6 275 1.0448 79 1 49

3

3>5 1.0515727134

Davs
4

V
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CO

316

318

319
320

321

322

323

324
325

326

327
328

329
330

331

332

333

334
335

336

337
338

Amounts of i/.

.0517406008

.05 19085 1
50

.0520764559

.0522444237

.0524124183

.0525804397

.0527484880

.052916563

1

.0530846650

.0532527937

.0534209493

.0535891317
•05375734'0
0539255771
.0540938401

.0542621 300

.0544304467

.0545987903

.0547671608

•0549355582

.0551039824

.0552724336

.05544091 16

CO

339
340

341

342

343

344
345

346

347
348

349
350

351

352

353

354

355

356

357
358

359
360
361

Amounts of 1/.

.0556094165

•0557779484

.0559465071

.0561 150927

.0562837053

.0564523448

.05662101 1

2

.0567897045

.0569584248

.0571 271720

•0572959594
•0574647472

•0576335753
.0578024303
.0579713122
.058140221

1

.0583091570

.0584781 199

.0586471097

.0588161265

.0589851703

.059154241

1

•0593233389

362

363

364

365

o

I

2

3

4

5

7
8

9
10

1

1

12

Amounts of \L

&c.

1.0594924636
1 .0596616154
1.0598307942
1.06

The Amounts
of I /. at 6
per Cent.

For Months.

1.0048675565
I 00975 87042
I 0146758462
1 .01961 28224

1.0245758394

1.0295630141

1.0545744641
1.0396103076
1.0446706634

1.0497556507

1.0548653894
1 .06

The ufe of this Table Is in all refpefls like that of whole Years,

in finding the Amount of any given Sum for any propofed Num-
ber of Days lefs than a Year.

EXAMPLE I.

Suppofe it were required to find the Amount of 375 /. for 210 Days^

at 6 per Cent.

The Amount of i/. for 210 Days is 1,0340928 isc, per Table.

Then 1,0340928 X 375 = 387,7848 l5!c, = 387/. 15 j. ^\d*
which is the Amount required. And the reft of the Variations

may be performed juil as in the Examples of whole Years.

But if the Time given confifts of Years, and Parts of a Year;

as Quarters, Months, ^c. Then reduce the odd Time or Parts

of the Year into Days; and the Anfwer may then be found at

two Operations \ as in the following Example,

M X A M P L
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Example 2. Suppofe it were required to find what 265 /. would
amount to in five Ytan and 135 Dap at 6 per Cent. ^c.

Firft, the Amount of i /. for ) \
j.'"' ''iS^^aj, ^c.

' i 135 Days IS 1,021785, Cfc.

Then 1,338225 X 1,021785 y. 265/. 36^,355232, ^Vv

I

being the Amount or Anfiiver required.

Or, if the Amount and T/W are given, to find the Principal

:

Then multiply the dmowit of l /. for the l^^rj, and the Amount of

I /. for the odd Days together : And by their Product divide the

given Amount^ the ^oiient will be the Principal required.

Example 3. IVhat Principal will raife a Stock of 'i^^l 75. \\d^

Or 362,355232 /. in 5 Tears and 135 t>ays^ at 6 per Cent,

The Amount of 1 for j 5 Years is 1,338225, l^c.

C 135 Days is 1,021785, Isc,

Then 1,338225 X 1)021785 = 19367378, &c. the Divifor^

Next 19367378) 362,355232 zi A {26^ L the Principal re-

quired. /

Again, if the Principal and its Amount are given, to find thd

^ime^ at 6 per Cent. &c. you muft divide the Amount by its

principal^ and then proceed as in the Third Example.^ Page 256,
for the Anfwer required.

But if the Amount and its Principal.^ with the Time of its being

at Interejiy are given, ro find the Rate of Interejl : Then proceed

as in the Fourth ^ejlion^ P^ge 255, ^c.
Now in order to make this Tahle of Amounts for Davs ufeful

for all Rates of Intereji (as before in tJmt for Years) you mufl firit

ftnd the Simple Intereji of i /. for one Day, both at the given

jk.ate^ and alfo at 6 per Cent. And call their Difference x.

Thus, fuppofe the given Ratio were 8 per Cent, per Annum

^

Firft 130 : 8 : : i : 0,08 And 100 : 6 : : i : o,c6 the Two Sim-
ple Interejis for one Year.

Then 365) o,r8
( 00021917, ^c. the Simple Intereji of i /.

for one Day, at 8 per Cent.

And 365) 0,06 (0,00016438, ^r. the Simple Intereji of i /•

for one D*iy, at 6 per Cent,

Their Difference 6,006054^79 zz which may do indifFerently

well for ordmary fmall ^ejiiom : But where Exadtnefs is requir*

cd, it will be convenient to make Ufe of this Proportion ;

M 01 Vir^.
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iAs
the Simple Intereft of i /. for one Day at 6 per Cent. :

Is to the Tabular Intereft of i /. for one Day : : So is the

Simple Intereft of I /. for one Day, at any given Rate ;

To a Fourth Number.

That is, 0,00016438 : 0,00015965 : : 0,00021917 : 0,00021286
Then 0,00021286—0,00015965 — 0,00005321 ~ X.

This X being involved with the refpeflive Amounts for Days, in

the fame Manner as was done with thofe for Tears (vide Page 258)
tha Refult v/ill be the Anjwer to the ^fjiion,

Sedi:. 2. %\\m^X\t% or pcnSons in Artear^ computed at

Compound Intereji,

When Annuities^ &c. are faid to be in Arrear^ fee Page 248.

And I fnali here make Ufe of the fame Letters to reprefent the fame

Things as before in that Page,, fave only fhat R is here equal to

the Amount of i /. as in Se6lion i. of this Chapter,

Suppofe u zi the Firft Tear'^s Rent of any Annuity without /«-

tereft,

rr>i -n n I \ the Amount of the Firft Tear''s Rent,, and
1 hen Will Ku -^^ u -zz \ . . ^ . . ^ ^ t> ^

' C Its Interejts ; More the 2d Tear s Kent.

f the Amount of the ift and 2d Tears

And RRu
'l- Ru u —< Rents ^ v/ith their Interefts \ More the

t 3d Tear^s Rent^ &c.

Here RRu Ru u :zz A, the Amount of any Tearly Rent or

Annuity^ being forborne Three Tears, And from hence may be

deduced thefe Proportions ;

Viz. u : Ru : : Ru: RRu : : RPm : RRRu, and fo on in -H- for

any Number of Terms or Tears denoted by t, wherein the lall

Term will always be uR^—

^

Confequently, yf—uR^
—

' — the Sum of all the Antecedents

And A—u — the Sum of all the Confe^uents in the Series.

And therefore it would he u : uR : : A — uR'—* : A— u^ Vide
Page 188.

prgo Au— uu z= RuA— nu^\ which, being divided all by will

become A— u — R.A— uR\
From this iaft .-Equation it will be eafy to raife the following

Theorems :

cri {uR^— u . „ iRA— A
Theorem i. -? ..— A* Theorem 2. < z= u»

Tl eorem
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< II II J .
I I

•

^Theorem 3. J
' — ~ If this .Equation be conilnu-

allv divided by i^, until nothing remalriy the Numh'dr of ihofc D/-
vifions will be /. See P^^^ 255

Theorem 4. \ — R— ic^ =: If this Mquaiton be refoi'ved

into Numbers^ according to the Method propofed in SeSf. 3.

Chap. 10. the i^^^^ will Ihew the f alue of R,

Question i. ^30 /. Yearly Rent^ or Annuity , he. beforhomg

(i. e. remain unpaid) Nine Years ; what will ii amount to^ at 6 per

Cent, per Annum j Compound Iniereji ?

Here is given u = 30, ^ zi 9, and R zz 1,06 ; to find A. per

Theorem, i.

= 1,689479 By the Table of Amounts for Years

30 «

= 50,684370
« = 30,

E— 1 1=0,06) 20,684370 (34457395 = 344^* 14 9i^.= A^
the Amount required.

Question 2. //^^^?; Yearly Rent or Amiuity^ 3cc. forborne

or unpaid Nine Years will raifc d Stock of 344/. 14^. 9^^. 1=:

344,7395, at 6 per Cent. &a
Here is given 344,7395, ^= 9, and R =: 1,06 s to find u»

per Theorem 2.

= 344^7395 X i»o6 =: 365,42387— ^=344,7395

— I rz I5689479— I = 0,689479) 20^68437 (30 z=z ff.

Question 3. In what Time zuill 30/. Yearly Rent raife k
Stock or Amount to 344/. 14 J. (^\d. allozmng 6 per Cent, for the

Forbearance of Payments ?
Here is given u nz 30, A 344,7395, and R — 1,06 ; to

find t, per 'Theorem 3.

Firft 365,42387+30—344,7395=5C'568437.
And u =: 30) 50,68437 (1,689479 z= R'. Then
i^z=i,c6) 1,689479 (1,593848. And 1,06) 1^593848(1,50363 ;

and fo on until it become i\o6) 1,06 (i. which will be at the

Ninth Divifion i therefore ^ rz 9.

ttJ 2 Or
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Or R == 1,689479, being fought in the TabU of Amounts for

Years^ will be found to (land over-againft 9 TearSy which is the

ir//;2^ required.

Question 4. i/*30 /• per Annum, being unpaid Nine Tears

y

will amount to 34.4 A 14X. C){d» allowing Compound Inter
efi for

ivery Payment as it becomes due^ What mujl the Rate of Intereji be

per Cent. l5fc.

Here is given u == 30, A n: 344,7395, and /= 9 ; to find R
J
A A ti— R— =: ^.

u u

Firft ~ ~ = II54-9I3I7' And "^^111?==: 10,491317.
U U '

Hence there is this /Equation \ 11,49131712— 10,491 3 17*

1 r -4- ^ = i?, and fuppofe r = i

2 r9-|-9r^^-l- 36r7^^= i2:9

11549^317 + 1^491317^ = Ii>49i3i7

4 1,000000 -|- 9,000000^ + 36^^ = -^^

5 10,491317+2,491317^—36^^^110,4913x7
6 36^-^ zz 2,491317^

6 -f- 36 ^1 7 ^ = 0,06, &c.

p. ^ J y
cAs may he eafJy trfd by invol^

^\ ^ Zl Q o6V'~"^*^^"~'^'J
^''^"^ ^''^ ordering it, as tht

' ' 3 C Equation abtrue direcfs.

Let

1 <^ 9

I X— inNumb.
a,

2 in Numb.

3— 4
Whence

Seclion ^. TV />&^ '^Xtkwt WLttt^ of Annuities^ Pen-

JionSy or Leafes^ &c. at Compound Intereji,

Let P = the prefent Worth of any Annuity^ or Z^/t/^, &c. and

the reft of the Letters as before.

Then, from what has been faid In Se£fion 3. Chap, 11. about

Purchafmg of Annuities^ he. at Simple Interefi^ it will be eafy

to forn) the like Theorems here at Compound Interefiy viz. by Com-
bining Theorem i. Page 266. and Theorem i. Z*/?^^ 254. into one
Theorem.

^

f y j^r ^ r 77>^ Amount of any Yearly Rent being unpaid

For < z=: A\ any Number of Tears, Per Theorem I. of

C ^ ' Lthe laji Seaion. Page 266.

f The Amount ofany Principal or Sum being put to

And P R^-:zA\ Intereji^ for the fame Number of Tears. Per The-

Corem i. Page 254.
Henco
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Hence it follows, That PR'- ^R'— u

Viz. P R^ + ^ — P R^:=: u R'— u being the very fame /Equation

with that in my Compendium of Algebra^ Page 112. which is there

raifed from the Confideration of purchafing Annuities ^ or taking of

Leafes^ &c, to be grounded upon a Rank or Series of Geometri'-

cal Proportionals continually decreafing. Thus ~ is the Firji and

Greateji Term ; R the common Ratio of all the Terms -y and P is

the Sum of all the Series.

That &c. ^n ^
until the laft Term = il. Then will P— be the Sum of all

the Antecedents, and P — 4" Confeqt^nts.
R

Therefore it will be

JL : J!., Or fin the fame Ratio) u : !—: : P — ~ : P — ~,
R RR ^ ^ R R'
which produces P R^*^— u R^ z=: P R'— u. As above.

From this Equation may be deduced the following Theorems :

Theorem i. j - p. lU.rem 2.jL^^n^'
%^ R— I R — I

Theorem 3.
|

U j^t 5 ^hichy being continually divided

p^u--RR'^ \ by Ry will give t.

Theorem 4.
| ^ z: i^^ + R' — R'-^'. The Refolving of

which ^Equation will difcover the Value of R.

Quedion i. What is 30 /. Tearly Rent, to continue Seven Tearsy

worth in ready Money , allowing 6 per Cent. Compound Intereji to

the Purchafer P

Here is given « zz 30 . / r= 7. And R zz: i,c6 to find P.

per Theorem i. Fiz, |- = --^^ = 19,9517.

And 30 — 19,9517 = 10,483 z: a —
Tbep
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ThenR— i =zo,c5) 10,0483 (i67547i6=:P=: 167 /. 9^. 5^^,

being the Anfwer required.

Quefl-ion 2. l^f^hat Annuity or Yearly Rent, to continue Severt
Tears, may be purchafed for 167/. 9 ^d, allowing 6 per Cent.
Compound Interejl to the Purchafer ?

In this ^lefihn there is given ^==167,4716.^11:7
And Kz=z 1 5 06 to find u . By the Second Theorem,

Firft P X ^ ~ 251,8153 X I5O6 =: 266,9242
And— P R'^ = 16754716X 1950363) 25I58153

Then i^^— 1 = 0,50363) 15,1089 (30=1/2
That is «= 30 /. the Anfwer required,

Queftion 3. Hovj long may one have a Leafe of 30 /. Yearly Rent^

for 167 /. 95. 5 d, allowing 6 per Cent. Compound Interejl to the

Purchafer ?

Here is given P zz 167,4716 . k = 30 . And R z= i,c6 t©

iind /. By the Third Theorem,

FirG:F+uz=: 16J j4.yi6-\-2'^znig J, 4.J 16

And— Pi^— 177,5199

Then. 1999517)3^=^(^50363=^^'^

If this 1,50363 R^ be either continually divided by 1,06 miJ
until nothing remain (As before in Page 255.) Or if it be fought

in the Table of Amounts for Years^ &c. it will difcover ^ — 7 which
is the true Anfwer required.

Queftion 4. Suppofe one Jkould give 167 /. 9 J. 5 d. for the Pur^

chafe ofa Penfion, or Annuity of 30 /. per Annum, to continue Seven

Years : At what Rate of Interejl, per Cent, would that Purchafe be

madcy allowing Compound Interefi to the Purchafer ?

In this ^ejiion there is given, P — 167,4716 . « = 30 and

/ n: 7 to find R^ Per Theorem 4 in this Equation
|
^ =

R} •\- R^— R}-^^, which being brought into Numbers, and its Root

gxtraSied^ as in the fourth ^jueftion of the lait Section ; the Value

©f R will be found 1,06, and then it will be i : 0,06 : : 100 : 6,

the Rate per Cent, as was required.

Thefe
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Thefe Four ^ejiions include all the Varieties that can be pro-

pofed about purchafing Annuities or Lmfes^ &c. which are to be

cither immediately enter'd upon, or in Poffeffion at the Time
when the Purchafe is made.

But fuch ^ejiions as relate to Annuities^ or a taking of Leafes^

&c. in Reverfwn^ muft be parted or divided into tvjo diJiinSi ^ef-
tions^ each to be feparately confider'd by itfelf (See Page 252.)

As in the following Examples :

Example i. Suppofe it were required to co?npute the prefent Worth

tf "jf^ U Yearly Rent^ which is not to commence or be enter d upon^ un-

til Ten Years hence ; and then to continue Seven Years after that Time :

at 6 per Cent. i^c. Compound Interejl ?

The Firft Work in this ^ejiion is, to find what 75 /, per Annum^

to continue Seven Years, is worth in ready Money ; as if it were

to be. immediately enter'd upon : And to perform that, there is

given u zz 75. R — 1,06. and t zz. "j. to find P, as in the Firft

^ejiion of this Se£fion,

Thus, |. =1 j^-^^ zz 4-9>8793 And 75— 49)^793 = 25,1207

u

Then, R— i =0,06) 25,1207 z= 418,67831=418/. 14^. 6|^.
the Anfwer to the Firft Part of the ^ejiion.

Then the next Work will be, to find what Principal or Sum
being put out Ten Years, at 6 per Cent. &c. will amount to 418 /.

14X. 6 Id, Here is given A= 418,6783, R = i)06, / = 10. to

find P, Per Theorem 2. Page 254.

Thus R'"^ =z 1,790847) 418,6783 = A (233,7884 = 233/.

15 J. (^d, the prefent IVorth of 75 /. per Annum in Revcrfion^ he.

As was required*

Example 2. What Annuity or Yearly Rent, to be entered upon

Ten Years hence, and then to continue Seven Years, may be purchafed

for 233/. 151. 9<^. Ready Money, at 6 per Cent. (^c. Compound
Interejl P

In the I ft Work of this ^ueflion there is given, P= 233,7884
R ~ 1 5 06. And / — 10 (the Time which the Annuity is not to be

enter''d upon) to find A. Per Theorem i. Page 254.

Thus, P i^^ = 233,7884 X i)79o847 — 418,6783 = A the

Z Amount
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Amount of 233/. 15/. <^d. put to Intereft Ten TearSy at 6 per
Cent, &c. Then, for the Second Work of the ^ejiton^ there is

given P zz 418,6783 . R n 1,06 . And t zz i (the Time that J
the Annuity is to be enjofd) to find «. Per Theorem 2. of this

Se£}ion.

ThusPi^^X^ ^41 8,6783Xr550363X 1,06 zz 667,3095— Pi^'= 4i8,6783X 1,50363= 629,5372

^ .

72^— 1 = 0,50363) 37,7723(75=a
That is, « zr 75 /. the l^^r/^ Rent required by the ^ejiion,

Thefe Two Examples of finding P and u do fully fliew the Ms-
ihod that muft be ufed in Refolving the two General^ and indeed,

the moft ufeful ^lejiisns about Annuities or Leafes in Reverfion :

And if there be Occafion, either the ^c/^, or the Time^ viz. i2 or

ty may be found by a due Application of their refpedlive TJjeorems*

Note, That which hath been done in the two lajl SeSiions about An^
nuities or Yearly Rents^ &c. at 6 per Cent, may alfo he donefor any

Rate of Intereft,, by applying the Difference of the Rates (viz, x.) As
dire^ed in the Firji Se^ion of this Chapter,

Now becaufe that Rents and Annuities^ &c. are ufually paid ei-

ther hy garterlyoT Half Tearly Payments^ and the Method of com-
puting them by the Pen may be thought a little troublefome ; I

have inferted the following Tables of the Amounts of i /. for each>

at 6 per Cent,

Half

Years

Annuities of
1 /. at 6 per

Cent. Com-
pound Intereft.

Half

Years

1

Annuities of

I /. at 6 per

Cent, Com-
pound Intereft.

Half

Years

Annuities of

I /. at 6 per

Cent, Com-
pound Intereft.

»

I 1,0295630141 1

1

^3777875592 21
V

1,8437905523
2 i,q6 12 1,4185191 1 22 22 1,8982985583

3 1,0613367949 13 1,4604548127 23 1,9544179853

4 1,1236 14 1,5036302590 24 2,0121964718

5 1,1568170026 15 1,5480821017 25 2,07 16830644

6

7
8

9
10

1,191016
1,2262260228

1,26247696

1,2997995842
1,3382255776

16

17
18

19
20

1,5938480745
1 ,6409670276

1,6894789^89

1,7394250493
1,7908476965

26

27
28

29

30

2,1 329282601

2, 191^9840483

2,2609039557
2,3277430912
2,3965581001

Quar-
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Quarterly Amounts.

Quarters

of

a

Year

=
/.

Amounts of i/.

at 6 Ci?/7/.

&c. Compound
Interell.

Quarters

of

a

Year

=
/.

Amounts of i/.

at 6 per Cent.

&c. Compound
Intereft.

Qjjarters

of

a

Year

~

/.

Amounts of i/.

at 6 per CcTit.

&c. Compound
Intereil.

I

2

3

4

5

1,0146738461

1,0295630141

1,0446706634
1,06

1,0755542769

21

22

23

24
25

1,3578024938

^3777875592
1,3980050019
1,4185191 122

1,4393342435

41

42

43

44
45

1,8171 263199
1,8437905523
1,8708460509

1,8982985583
1,9261 538989

6

7
8

9
10

1,0913367949
1,1073509032
1,1 236

1,1400875535
1,1568170026

26

27
28

29

30

1,4604548127
1,4818853020
1,5036307,590

1,5256942978
1,548082101

7

46

47
48

49
50

1,9944179853
1,9530968140
2,01 2 19647 1

8

2,0417231330
2,07 1 6830644

1

1

12

»3

H
^5

1,1737919574
1,191016

1,2084927856
1,2262260228
I 9 A A y \ e\A '7 aSI

31

32

33

34

2S

1,5707984203
i„593848o745

1,6172359957
1,6409670276'
J ,uu^c)4U3Z53

5'

52

53

54
55

2, 1 020826228

2,1 329282601
2,164226521

1

2,19:9840483
7 7 R '» 0"7 r fin T

16

17
18

»9
20

1,26247696
1,2810023527

1*2997995842
1,3188726433

1*3382255776

36

37
38

39
40

1,6894789589
1,7142701133

1,7394250493
1,7649491048
1,7908476965

56

57
58

59
60

2,2609039557
2,2940801 123

2,3277430912
2,36 190C0349

2,3965581931

Either of thefe Tables may alfo be made ufeful for any propofed

^ate of Interefi \ by making the ^ or i of the Difference of the:

Rate = A*, &c. .

As for Jnftance, fuppofe any of the aforefaid ^ejlions about

Annuities or Rents ^ 5vC. were to be computed at 8 per Cent, per Ann,

Then i,o8— i ,06 zz 0,02 z=: x for Yearly Payments \ as before.

Confequently 2) 0,02 (0,01 i:: x for Half Tear's Payments.

Or 4) 0,02 (0,005 — ^ ^arierly Payments.

Now thefe Values of x^ although they- are not really true, yet

they may ferve indifferently well for fmall Rents \ as I have alrea-

dy faid. Page 265. But if you would work exadly ;

Then i/ 1,08 = 1,0392304845, &c.
— i/ I5O6 -zz. 1,0295680141, Vide TahUy Page 272.

Difference = 0,0096624704 — x for Half Yearly Payments-.

N n And
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And -v/ ' V i>t)8 zz 1,0194263092, &c.— -v/ : 'i/ I,c6 zz 1,0146738461. See the Lajl Table,

Their Difference 0,0047524631 ~ for garter!y Payments,

Thefe are the true Values a-, which being invok'ed with their

refpedtive j^mounts (as before for Tears^ &c.) according as the

^ejilon requires, the Refult will be the Anjwer at 8 per Cent,

&c. The like may be done for any other Rate^ either Greater

cr Lefs than 6.

Now, although the Method ufed here (and in Tage 257 and

258, &c.) be really true (by which the Tables calculated only for

ki'f^r Cent, are made efFedlual for all Rates of Compoufid Interejl)

yet it was rather proposed to (hew what may poflibly be perform-

ed by the Pen, without a great many Tables of feveral RateSy than

intended for common Practice.

For it muft needs be confefs'd, that Tables^ calculated on Pur-

pofe for any defigned Rate of Intereji^ are much more ready and

iifeft>l in common Practice. And therefore fmce the Legillative

Power hath thought fit to reduce the Rate of Intereji^ and hath

fettled it by an A£fc of Parliament, at 5 per Cent, I've therefore

been at the Trouble (w1/ich was not a little) to calculate the

following Tables for that Rate ; but don't think it convenient to

take the Tables at 6 per Cent, out of the Book, becaufe the Ex-
amples are all fuited to them ; and not only fo, but they may be

found ufeful in the taking of Leafes for Houfes, ^c. For in thofe

Cafes, the Purchafer is allowed more IntereJl for his purchafe Mo-
ney, than the common Raie paid upon the Loan Money.

/
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Here follow New Tables of the Amounts of one Pound at th§

Rate of 5 />^r per Annum Compound Intereft. For Tears^

Half Tears
y
^arttrs^ Months^ and Days,

I. The Table of the Yearly Amounts of i /. Sec.

Years

The
Amounts of

i/. &c.
II s

M

The
Amounts of

I /. Sic. 2

1 he

Amounts of
1/. &c.

I

2

3

4

5

1,0c = R
1 ,1025 z=zR R
i,i57625=i:i?3

1,21 550625
1,27028156

.

H 1,97993.60
2,07892818

27
28

29
30

3,73345632 ;

3,92012914
4,11613599
4,32194239 ;

16

^7

18

19
20

21

22

23

24
25

26

2,18287459
2,29201 832
2,40661923

2,52695019

2,65329770

2,78596259
2,92526072

3,07152375

3,22509994
3,38635494
3,55567269

31

32

33

34

35

4.53^03949
4,76494147 ,

5,00318854

5.25334797
5,51601536

_

6

1

8

9
10

1,34009564
r ,407 10042
f»47745544

1,55132822
1 ,62889463

36

37
38

39

5,79181613
6,08140694

6,38547729
6.704751 »5

1

1

12

^3

1,71033936

1,79585633
1,88564914

II. The Table of the Half Yearly Amounts of i /. &c.

The The The

alfYrs.

Amounts of
1 /. &c.

.,

\\^
*». Kj
• "-I

«a

Amounts of

I /. &c.
IIS;

•

Amounts of

I /. kc.

I

2

3

4
5

1,02469507
1,05

1,07592983
1,1025

1,12972632

1 I

12

13

H
>5

1,30779943
1,34009564
1,37318940
1,40710042

1,44184887

2 I

22

23

24

25

1,66912030

1,71033936
1,75257632
1,-9585633
1,840205

1

3

7
8

9
10

1,57625
1,18621 264
1,21550625

1,245^2327
1,27628156

16

17
18

»9
20

1.47745544
1,51394132
1,55132822

1,58963838
1,62889463

27
28

29

30

1,88564914

1,93221539
1,97993160
2,02882616

2,07892818

N n 2 III. The
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III. The Teble of the ^arterly Amounts of i /. &c.

!

\ 1 —t
r*

*> ro
•1

The
Amounts of

I / Sec.
Quarters

The
Amounts of

I /. &c. Quarters

The
Amounts of

I /. &c.

1

2

:>

4
'J

1 ,01 227223
1 ,02 169507
1 ,03/27037
1,05

1,06288585

2

1

22

23

24

25

1,29194439

1,30779943
1,32384905

1,34009^64
1,35654161

4'

42

43

44
45

1,64888480
1,6691 203

1

1,68960414
i>7^o33936

1,73132904

6

7
8

9
10

1,07592983
1,08913389
1,1025

1,1 1 303014
T , 1 2972632

26

27
28

29

30

' IJ57318940
1,390041:).

1,407 10042
i,4243686q

i,H«84887

46

47

,

4«

49
50

1,75257632

1,77408435

^79585633
1,817895^9
1,84020513

1

1

1

2

^3

1,14359059
i,i;7625

1,17183164
1,1 8621 264

1,20077012

31

32

33

34

J5

i»459543>8

^47745544
1,49558712

1,51394132
1,53252076

51

52

S3

54
S>

1,86278856

1 ,8856491

4

1 ,90879027

1,93221539

1,95592799

16

17

18

19
20

1,215506:5

1,23042323

1,24552327
1,26080862
i,?7628i56

36

37
38

39
40

1,55132822

1,57036648
1,58963838
1,60914680

1,62889463

56

57
58

59
60

I,Q7QQa 160

2,00422978
2,02882616

2,05372439
2,078928 I.

X

IV. The Table of the Monthly Amounts of I /. &g.

Months

' "^
The

Amounts of

I /. &:C.

II 1
' =r

vi

The
Amounts of

I I. Sec.

II §
^ cj-

CO

The
Amounts of

I /. Sec.

I

2

3

4

1,0040741

2

1,008 1 6; 8

5

1 ,01 227223
1 ,01 639636

5

6

7
8

1 ,02053728

1,02469507
1,02886981

1,03306155

9
10

1

1

12

1,03727037

1,04149634

•»04573953
1,05

NOTE : The Amount of one Pounds for one Day^ is

1,0001336807225, dsfr. (found as that in Page 260) but in the

faiiov/ing Table^ 1 take only Nine of thofe Figures^ as being fufr

^cient in Practice, for computing the Intereji of any ^um not ex-

^eediqg OiiC Hundred Mi^ions of Poundk^
" ' V. Til?
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V. The Table of the Daily Amounts of i /. &c.

0 The 0 The 0 The
Amounts of .-^-^

CO
Amounts of Amounts of

II
I /. &c.

1

1

II
I /. &c. 1

1

II
1 /. &c.

I 1,0001 3368 36 1 ,00482376 1,00953587

2 1,00026738 37 1,00495810 72 1,00967082

'J
1,00040109 38 1,00509245 73 1,00980579

4 1,00053483 39 1,00522681 74 1,00994079

5
1,00000050 40 1,005 561 19 75 1 ,01007579

6 I ,00080235 4^ 1,00549558 76 1,01021083

7 1,00093614 42 1,00563000 77 1,01034587

8 1,00106994 43 1,00576443 78 1,01048093

9 1,00120377 44 1,00589888 79 1,01061 602

10 1,0013^761 45 1,00603335 00 1 ,01 075 1 1

2

1

1

1,00147147 46 1,00616784 81 1,01088623

12 1,00160535 47 1,00630234 82 1,01 1021 37

'3 1,00173924 48 1,00643687 83 1,01 1 15652
1,0018731

5

49 1,00657141 84 1 ,oi 1 29169

'5 1 ,00200708 50 1,00670597 85 1 ,0 1 I 42000

16 1,00214103 51 1,00684055 86 1,01 156209
1,00227500 52 1,00697514 87 1,01 169732

18 1,00240899 53 1,00710975 88 1,01 183256

19 1 ,00254299 54 1,00724438 89 1,01 196783
20 1 ,00267701 55 1,00737903 90 1,0121031

1

21 1,00281 105 56 1,0075! 370 91 1,01223841
22 1,002945 10 57 1,00764.830 92 1,01 237372
23 1,00307918 58 1,00778^00 93 1,01250906

24
'

1 ,00321 327 59 1,00791781 94 1,01 264441

25 1,00334738 60 1,00805255 95 1,01277978

26 1,0034815 I 61 1,00818731 96 1,01291517

27 1,00361565 62 1,00832208 97 1,01305058
28 1,00374982 63 1,00845687 98 1,01 318600

29 1,00388400 64 1,00859168 99 1,01332145
1 ,00401820 65 1,008726^1 100 1,01 345601

31 1,00415242 66 1,008861 36 lOl 1,01359239
32 1,00428665 67 1,00899623 102 1,01372788

33 1,00442091 68 1,00913111 103 1,01386340

34 1,00455518 69 1,00926601 104 1,01399893

35

9^ ym*- ' •

1 ,00468947 70 1,00940093 105 1,01413448

Days
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0 The The The
Amounts of Amounts of Amounts of

li
I /. &c.

li
I /. &c.

CA

li1 i
I /. &c.

1,01427005 146 1,01970775 186 1,02517459
1,01440564 H7 1,01984406 187 1,02531164
1,01454125 148 1,01998039 188 1,02544870
1,01467687 149 1,0201 1675 1897 1,02558578

I 10 I,0I48l2C2
•

150 1,020253 12 igo 1,02572288

I I I 1,0149481

8

—
1,02038950 191 1,02586000

I I 2 1,01508300 152 1 ,0205259

1

192 ^1,02599714

•J
1,01521955 1,02066234 IQ3 1,02613420

1 14 ^>oi535527 154 1,02079878 104 1,02627147

J 1,01 540100 '55 1,02093524 1,02640866

116 1,01562675 156 1,02107172 196 1,02654588
"7 \ ,01576252 157 1,021 20822 '97 I ,026683 10

118 i,oii;8983i 15S 1,02134473 198 1,0268201

5

1 19 1,0160^41

2

1,02148127 log 1,02695762
1 20
—

—

1,01616004 160 1,02161782 200 1,02709490

121 F,oi630578 161 1,02175439 201

122 1,01 6441 64 102 1 ,02 1 89098 202 1,02736953
1,01657752 163 1,02202758 203 1,02750686

124 1,01671 349 164 1,02216421 204 1,02764422
125 1,01684923 165 1,0223008c 20c

?
1,02778160

126 1,01698527 166 1,02243751 206 1,02791899
127 1,017 12 122 107 1,02257419 207 1,02005040
12S 1,01725719 168 1,0227 1080 208 1,02819384

129 1,01739^17 160 1,02284761 209 1,02833129
130 1,01752918 170 1,02298434 210 1,02846875

131 1,01766521 171 1,02312109

-

21 I 1,02860624

132 1,01 780125 172 1,02325787 212 1,02874375

^33 1,01793731 173 1,02339466 21 ^ 1,02888127

^ 34 1,01807338 '74 1,02353147 214 I,02Q0l88l

^35 1,0182004.8 1,02366820 2 I C 1,0291 5637

136 1,01834559 176 1,023805 14 216 1,02929395

137 1,01848173 177 1,02394200 217 1,02943154
138 1,01861788 178 1,02407888 21$ 1,02956016

•J y 1 ,01 87C40i: 179/ y.
1,02421 578 219 1,02970679

I 40 1 ,01880024 180 1,02435270 220 1,02984445

141 1,01902644

—
181 1,02448964 221 1,029982 1

2

142 1 ,O'I9I0207 I oZ 1 ,U240^059 z

H3 1,01929891 183 1,02476356 223 1,03025751

144 1,01943517 184 I ,0249005 5 2-24 '»03039524

»45 1,01957145 185 1,02503756 225 1,03053298
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0 The The 0 The
Amounts of

cn
Amounts of

p
Amounts of

11
\l. &c. li

I /. &c.
11

I /. &c.

226 1,03067074 266 1,03619636 306 1 ,04
1 7 5 1 60

227 1,03080852 267 1*03633488 307 1 ,04189086

228 1,02004622 268 1,03647342 208
•J

1,0420201

c

1,02108414 260 1,03661 197 309 1,04216944

1,02122197 270 1,03675055 310 1,04220876

231 1,03135983 271 1,03608914 311 1,04244810

2^2 1,03149770 272 1,03702775 312 1,04258245

224 I,02l62CCQ 273 1,02716628 3'3 1,04272683

274/I 1,03730502' J 1 J J J 214 1,04286622

22 c I,02IQI 143 275 1,03744370 3^5 1,04300563

236 1,03204938 276 1,03758239 316 1,04^14506

2 27 1,02218724 277 1,03772100'Jit J J 1
1,0432845

1

228 1,03232532^ •/ J J J 278 1,03785982 318 1,04342397

22Q 1,02246222 279 1,03799856 319J 7 1,04356346

24.0 1 ,032601 2

C

280 1,03813732
-5 '

320 1,04370297

241 i>o3273939 281 1,03827609 1,04384249

24.2 1,03287744 282 1,03841489 222
./

1,04398203

24. ^? 1,02301 ccz 283 1,03855371 222 1,04412159

24.4. 1,0221 5261 284 1,03869254 224 1,044261 17

24cT J 1,03329173 285 1,03883139 325 1,04440077
'

246 1,03342986 286 1,03897027 326 1,04454038

24.7 i,033c68oi 287 1,03010016 327 1,04468002

248 1,03370617 288 1,030248 17 328 1,04481967

240 1,03384436 289 1,03938699 220J 7 1,04495934
2(:o 1,03398157 200J 1,03952594 220 1,04509903

251 1,03412079 291 1,03966491 33^ 1,045^23874

2C2 1,03425903 202
y

1,03080380 222 » >04?37S47

2C2 1,02420720 2Q2 1,03004280
-> J J 1,04551822' TJ J

2C4 1,03453557 294 1,04008101' I 7 ^34 1,04565798
2C C 1,02467287 • 2qc 1,04022001; J J 7

1,04579777

250 1,03481218 296 1,04036001 336 N04593757
J »024QqOC2 297 1 ,04040008' 1 yyy 2,37 1,04607730

258 1,02508887 298y 1,04062818 338 1,04621723
2CQ 1,02522724 2QQ 1,04077729'lilt 7 3 37 1,04635709
260 i,02(:26i:62 200 1,04001642' 1 7 T 240 1,04640607J T r7 7/

261 I f02C 1:0404. 201 l,04I0cr ;7 24.1 1 ,04662686
262 1,03564247 302 1,04119474 342 1,04677678
263 1,03578091 1,04133393 343 1,04691671

264 1,03591938 1,04147314 344 1,04705667
265 1,03605786 1,04161236 349 1,04719664

"5^
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o

II

The
Amounts of

I /. &c.
CO

The
Amounts of

I /. &c.

1,0483 1708

1,04845722

1,04859738

1,04873756

1,04887775

1,04901797
1,04915820

fa

360
361

362

363

364

365
366

The
Amounts of

1 /. &c.

,04929845
,04943,«72

,04957901

,04971932

,04985965

,04999999
>05

346

348

349
350
35

»

352

1,04733663

1,04747664
1,04761666

1,0477:5671

1,04789677
1,(3^803686

1,04817696

353

354

355
356

357
35S

359

I think it is needlefs to fay any Thing of the Ufe of thefe Tables^

bccaufe I take it for granted, that whoever underftands the Work
of the foregoing Examples^ at 6 per Cent, cannot but know how to

make Ufe of thefe Tables at 5 per Cent, as Occafion requires.

Thus far concerning AnnuitleSy or Leafes^ &c. that are limited

by any afiigned Time \ and 'tis only fuch that can be computed by

Theorems or certain Rules. However, it may not perhaps be unac-

ceptable^ to infert a brief Account of fome EjVnnates that have been

reafonably made, by two very ingenious Perfons^ about the Propor-

tion or DifFerence of Mens Lives, according to their feVeral Jges ;

•which may be of good Ufe in computing the Values of Annuities^

or taking of Leafes for Lives, &c.

Sir William Petty, in his Difcourfe made before the Royal Society

(Anno 1674) concerning the Ufe of Duplicate PROPORTiONj
in the Life of Man and its Duration, faith, that it's found by Expe-

rience there are more Perfons living of between 16 and 26 Tears

Old, than of any other Age or Decade of Years in the whole Life of

Man (viz. 70 or 80 Tears.) His Reafon for that AJfertion 1 fnall

emit ; but fuppofing it true, he thence infers, that the Roots of every

Number of Mens Ages under 16 (whofe Root is 4) compared with

the faid Number 4, doth fliew the Proportion of the Likelihood of

ftich Mens reaching the Age of 70 Years.

As for Exa?nple, 'tis 4 Times more likely, that one of 16 Tears

Old (hould live to 70, than a New-born Babe : 'Tis 3 Times more
likely, that one of 9 Tears Old fliould attain the Age of 70, than

the faid Infant, 5cc.

On the other Hand, *tis 5 to 4, that one of 25 Tears Old will die'

before one of 16 : And 6 to 5, that one of 36 will die before one

of 25. And fo on according to the Roots of any other declining

Age, compared with the (4,6) the Root of 21, which is the Tear of

PerfeSfion according to the Scnfe of our Law^ and the Age for

whofe Life a Leafe is moft valuable,

-2 a. Thg



1 The iwenlom and grcac Mathemafwan, D. aor Edmund Hallcy

CmS^^U^M r96)do.h, with great 7W«/r,and

mi draw an EjiiwaU of .he Pr.p.r/,.« of Mm Lives from the

S 4 oi.he and in Br./.^ .he <>g /

C,/v of the Province of S//.^; or, as the Gemam call ,t,

Whence he prove, .hat ..'s 80 to I, a Perfon of ^5^^;--

not die in a r.^r .• That it is si .0 l, that a Man of 40 7

Ln .• That a Man of 30 Year, Old may reafonably expeft to live

'^Now^!?m '.S; and the like Pro^mlor,. (he juftly infers) that

the Trice of Insurance upon iiwi ought to be regulated, there be-

5 a g ac Difference between .he Life of a Man of 20, and one

ofVb For E.amph: 'Tis 100 .0 t, that a Man of .0 d.es not

i S i f.^r, and but 38 to I, for a Man of 50 Tear,f Age. And

upon thefe alfo depends the Valuation of Annmue^ for Lwes
;

for

it is plain, that the Purchafer ought to pay only fuch a Part of

the Value of any Annuity, as he ha.h Chances that he .s hv.ng.

And for that Purpofe he hath taken .he Pams {whuh wa

o little) to compute the following Table (that (hews the Palue of

Jnnuilies) for every Fifth Year of Age to the 70th.

ytfflr'i Purchafe .^ge

I 10,28 25

5 30

10 13^44 35

i5 i3'33 40

20 12,78 45

Tear 5 Purchafe.

12,27

11,72
1 1, 12

10,57

9^91

Jge Tear's Purcbafe.

5^

55
60

65

70

9,21

8,51

7,60

6,54

5 '32

The fame ingenious Gentleman proceeds on, and (hews how to

eftimate or find the Falue of Two Lives, and then of ^ree Lives

iuhich beina too long a Difcourfe to be recited here I have for

Brevity's S^ke, omitted it i
and (hall only add this fenous Obfer-

""'/^z.' How unjuftly we repine at the Shortnefs of our lives, and

think ourfelves wrong'd if we attain not to 0/^ whereas it

appears, that the One Half thofe, that are BoRN m Seven-

teen Years Time. For by the aforef.id B.Us of Mortality at

it was found, that 1238 were in that Time reduced to 616^ bo

that, inftead of murmuring at what we call a Short Life, we ought

to account it as a great Bleffirg that we b^v^ furviv d P^^^aps by

many Years, that Pertod of Life whereat the one Half of the whole

Race of Mankind does not arrive. ^Oo 4.
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Seel, 4. Of Purchafmg ^itU^^lK or Keal CEttatesTj ai

CompoMid Interefi.

All Free-hold or Real Ejiates^ are fuppofed to be purchafed or

bought to continue for ever (viz. without any limited Time) ; there-

fore the Bufinefs of computing the true Falue of fuch EJlatei is

grounded upon a Rank or Seriei of Geometrical Proportions continually

decreafing^ ad Infinitum,

Thus, let Py «, Ry denote the fame Data as in the

laft SeSiion, Then the 5^r/Vj will be, -^j it;;* 4i» ^> and

fo on m -i4- until the lafi: Term = 0. Then will P— o (viz.

P) be the fum of all the Antecedents, And P— will be the Sum

of all the Ccnfesuents'y therefore it will be u : ^ : : P : P— !L
^ R K

which produces PR — « = P,

This Equation affords the following Theorems*

^Theorem i. PR— P nu. Theorem 2. \~ =3: P.

theorem 3.
^^

"
:= R,

Example. Suppofe a Free-hold EJlate of 75 /. Yearly Rent were

to hefold j 'iX)hat is it worthy allowing the Buyer 6 per Cent, ^c. Com-
pound Interejlfor his Money ?

In this ^efiion there is given u zz ' P- ~ ^^^^ to P-

Per Theorem 2. Thus R— i = o,Co6) zz u (1250 /. = P.

the Anfwer required. And fo on for any of the rell:, as Occafion

requires. But if the Rent is to be paid, either by ^arterly or

Half Yearly Payments j

Then R = \/ 1,06 for Half Yearly 7 ^ . . ^ n .

And i^ = : v/ 1 ,06 for ^..r/.r/^ \
^

cRzz 1,08 for 3Wjr T
Or < zz V 1,08 for }^^r/y C Payments at S per Cent,

LRzz \/ : \/ I,c8 for ^z^^r/^r/;'}

The like is to be underftood for any other propofed Rate of /«•

tere/iy either greater or /<?/} than 6 /t^r Cent,

The Application of thefe Theorems to Prs^diice is fo very eafy,

tlrnt it's needlefs to infert more Examples*

AN



Chap. I. 283

A N

INTRODUCTION
T.O THE

Mathematicks.

PART III.

A

CHAP. 1.

Of (!5eometrical ^tUmtim^, &Co

Se^, I. Of Lines and Angles,

Point hath no Parts: That is, a Geometrleal Point is

not any ^antity^ but only an ajjignahle Place in any
^ant'ity^ denoted by a Point : As i ^ „
at J. and B. V

^- ^•

a Place may be conceivedfo infinitely fmalK (JS to he void of
Lengthy Breadth^ and Thicknejiy and therefore a Point may be faid

to have no Parti.

2. A Line is called a ^tantity of one Dimenfwn^ becaufe it

may have any fuppofed Lengthy but no Breadth nor Thicknefy

being made or reprefented to the Eye^ by the Motion of a
Point.

That is, if the Point at be mo"jed {upon the fame Plane) to

the Point at ^, it will defcribe a Lz«^ either right or circular (viz,

crooked) according to its Motion.

Therefore the Ends or Limits of a are Points.

3. A Right Line, is that Line which lieth orfiraight

betwixt thofe Points that ///72/V its Lengthy being the fhortejl Line
that can be drawn between any Two 7 ^ ^
Points. Asiht Line J B. S ^ *

Iherefore^ betmen any two Points^ there can lie or be drawn but ot^

right Linf^

O 0 51 4. A
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4, A Circular, crooked or Oblique Line, is that which
lies bending between thofe Points

which limit its Length , as the Lines

CDoxFG^hc,
Of thefe Kinds ofLims there are

various Sorts ; but thofe ofthe Circle y

Parabola, Elltpjis, and Hyperbola

are ofmoji generalUfe in Geometry i of which a particular Account Jhall

he givenfurther on.

A
a-

5. Parallel Lines, are thofe

that lie equally dijiant from one another

in all the I Parts, v \7,. fuch Lines as be-

ing infinitely extended (upon the fame
Plane) will never meet: As the Lines

AB and ah: ox CD and c d.

ii. Lines not Parallel, but inclining {viz. leaning) one

towards another, whether they are .

Right Lines, or Circular Lines, will

(if they are extended) meet and make
an Angle \ the Point where they

meet is called the Angular Point, as

at A. And according as fuch Lines

iland, nearer or further off each o-

ther, the Angle is fa id to be lejfer or

greater, whether the Lines that in-

clude the Angle be long or Jhort, That
is, the Lines A d and Af include

the fame Angle ?is AB and A C dot|i ; notwithftanding that ABl$
longer than A dy &c.

7. All Angles including between Right Lines arc called Right*

lin'd Angles^ and thofe included between Circular Lines are called

Spherical Angles. B it all Angles, whether Right-lind or Spherical^

fail under one of thefi? Ihree Denonnnqtions,

h ISfgl^t angle.
Viz, \ An «©i)tufe angle*

An acute angle.

8. A Right-Angle is that which is included betwixt 'LvJd

Linpi that meet one another Perpendicularly.
' " That



Of ^Efinition^^_&f___f^

That is, whe-n a Rtght Ltne, as

D C, meets with another

Line, as B, fo diteaiy as that

it neither inclines nor dectwes to

one Side more than the other,

but make the Ag&J on both Sides

of it «r«K«', as at * ;
then are g

thofe !?«g/-- called ii^^A*- .^"g
"J

^

and the ^ f*"*

X) C is to fif^^r or both of them.

'

An OBTt,sB A«o^B is that which '.greater than a 2J,^i*

Such is the Jngle inclu-
^ ^

ded between the Lwes A C and

CB.

10. An Acute Angle is

iVit which is Ufs than a X'^M /-R,ml

5;JAs the digle included between the Im., C B and C

Thefe ^^gfc^ are generally called Oblique Angles.

Se5l. 2. Of aCirtle, &c.

. Circle and its Parts are defined it .HI le cor^enient U

Sive a brief Account of Superfiaes ,n general ^^^^^^
1 A Superficies or Surface istuC HH '

^cant

oil.y.ifil>le Thing But .ySuperfic.s - G-metk^^^^
^. ^.^

only fo much of the Out-fide of any I h>n? J^^ ^
a Line or L;««, -cord,.-! to

J°;-,°'^4„ , as .

defigned; and it is produced or /"^^'y'y
.

iii is defcribed by the Motion of a 5
thus.

Supppfe the Line A B w^TS

equally movid (upon the fame PlaneJ

to C D , then will the Points at
^

and B defcribe the two Lines AC
and B D ; and by fo doing they ABCD, be-

ViU form (and .WjA^; the S^P^'^'^'^f^'j/S/and Br.U,
5nfr a 5>aa«t//v o/" Twf Dmenfiom, viz. K hath Mengw

yfci/j <?r^ Lmi,* Note,
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Note, The Superficies of any Figure^ is ufually called its Area;

2. A Circle is a plmn regular Figure, whofe Jrea is bounded

or limited by one continued Line^ called the Circumference
or Periphery of the Circle y which may be thus deferibed or

drawn,
Suppofe a Right Line^ as 6' 5, to have one ©f its Extreain

PcintSy as C, fo fix'd upon any Plane, as that

the other Point at B may fwc^;^ about it ; then

if the Point at 5 be moved round about (upon the

fame Plane)\t will deferibe a Line equally difiant

in all its Parts from the Point C, which will

be the Circumference or Periphery of that Circle ;

the Point C will be its Center, and the con-

tained Space will be its Jrea, and the Right Line C B, by ivhich ihi

flirck is thus deferibed^ is called Radius,

Confeiflary,

From hence -tis evident, that an infinite Number of Right Lines

ffiay be drawn from the Center of any Circle to touch its Periphery^

which will be all equal to one another, becaufe they are all Radius's,

jind with a little Confideration it will be eafy to conceive, that no

more than two equal Right Lines can be drawn from any Point with'

in a Circle to touch its Periphery., but from the Center only, (9.

3-)

3. Eqjial Circles are thofc which have equal Radiuses ;

for it*s plain by the laft Definition, that one and the fame Ra^
eiius (as Q B) mufl needs defcribe equal Circles^ how many foevef

they are.

4. The Diameter of a Circle, is twice ^
its Radius joined into one Right Line ;

zs JB drawn through the Center C,

and ending at the Periphery on ca^h

Side,

That is the Diameter divides the C/V-

cle into Two equal Farts.

5. A Semicircle (viz. Half a Circle) is a Figure included betweer^

the Diameter^ and Half the Periphery cut of by the Diamete^ i as

J D B. '
'

'

6. A



Chap. I. Of ^z&nitiom, &c. 2:8/

6. A Quadrant is Half a Semicircley viz. one garter of a

C/'rr/^ ; and 'tis made by the Radius

(zs D C) /landing Perpsndicular upon

! the Diameter at the Center C, cutting

the Periphery of the Semicircle in the

Middle^ as at -D. Therefore a Qua-

drant ^ or half the SemicircUy is the

Meajure ofa Right Angle,

7. A Chord Line, or the Suhtenfe

of an Jrch^ is any Right Line that cuts

i the Circle into Two unequal Parts^ as the Line SG; and is always

lefs than the Diameter,

8. A Segment of a Circle^ is a i^f^«r^ included betwixt ths

Chord and that Jrch of the Periphery which is ra/ ^ by the

Chord: And it may either he greater or /(/} than a Semicircle', as the

/•;;^«r^ SDG, or S MG.
9. A Sector is a Figure included between Two Radiuses of the

Circle^ and that Arch of its Periphery

where they touchy as the Figure A C B

:

And the Arch A B is the Meafure of the

at C, included betwixt the Radius*^

^ C and 5 C.

Note, All Angles ofSeniori are called Art"

gles at the Center of a Circle,

10. An Angle in the Segment of a Circle is that which is ;V?-

cluded between Two Chords chat flow from fw^ and the fame Point

in the Periphery^ as at and ^tz^^/ with the Ends of another Chord
Line^ as at F and G.

That is, the Angles at D, at and at are called Angles at

the Periphery^ or y^n^/^xJianding on the Segment of a Cirr/^.

3. 0/* Triangles.

There are two Kinds of Triangles^ viz. P/<3/72 and Spherical \ hut

I Jhall not give any Definition of the Spherical^ hecaufe they more im-

mediately relate to AJlronomy,

I. A Plain Triangle is a Figure whofe Area is contained

within the Limits of Three Right Lines called Sides^ including Three

Angles : And it may be divided^ and takes its Name^ either accord-

ing to its Sides or Angles^

I. Bj
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I. By its Sides.

2. An Eqjjilateral Triangle is

that which hath all its 7hree Sides equal ; as

the Figure ABC.
That is, A Bz=:BC=:AC.

3. An Isosceles Triangle, is that which

hath only Two of its Sides equal., as the Figure

B DG: That is, B D zz D G ; but the Third

Side B G may be cither greater or lefs, as Occa-
fion requires*

4. A Scalene Triangle, is

that which hath all its Three Sides

unequal ;

fuch as the Figure H KM.

2. By its Angles.

5. A Right-angled Triangle^ is

that which hath one Right Angle ; that

is, when Two of its Sides are Perpendi^

cular to each other, as C -^f is fuppofed

to be to B A. Therefore the Angle at

jl^ is a Right Angle., per Defin, 8. p

Note, The longejl Side of every Right-angled Triangle (as B C)
is called the Hypothenufe., and the longejl of the other Two Sides which

include the Right Angle (as B J) is called the Baje: The Third Side

(as C A) is called the Cathetus or Perpendicular^

6. An Obtuse-Angled Triangle^ is that which hath one of

its Angles Obtufe., and it's called an Amblygonium Triangle. Such is

the Third Triangle HKM,
7. An Acute-Angled Triangle, is that which hath all

its Angles Acute^ and it's called an \)xygonium Triangle fuch arft

the Fir/l and Second Triangles AB C ^nd BD G.

Note, All Triangles that have not a Right Angle., whether they

are Acute^ or Obtufey
are^ in general Termsy called Oblique Trian-
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gks, without any other DiJitnSfion, as before. And the longeji Side of
every oblique Triangle is ufually called the Bafe ^ the other two are

only called Sides or Legs.

8. The Altitude or Height of

any Plain Triangle, is the Length of a

Right Line let i7^\ perpendicular from any
of its Angles, upon the Side oppofite to

that Angle from whence it falls ; and may
be either within, or without the Triangle^

as Occafion requires, being denoted by the

Two pricked Lines, in the annexed Tri^

angles.

Se5f. 4. Of ifcut4oco i?ignres.

A

D

B
1. A Square is a plain regular Figure^

whofe Area is limited by Four equal Sides

all perpendicular one to another.

That is, when AB — B CzzC D=zD A.,

and the Angles A, B, C, D are all equal,

then it's ufually called a Geometrical

Square,

2. A Rhombus, or Diamond-like

Figure, is that which hath Four equal

Sides, but no Right-angle. That is,

a Rhombus is a Square mov'd out of its

right Pofttion, as the annexed Figure.

3. A Rectangle, or a Right-angled Parallelogram (often

called an Oblong, or long SquareJ is a ^ c*
Figure that hath four Right- angles

and its tvjo oppofite Sides equal, viz.

BC— HD = and B H =i C D. H V
4. A Rhomroides, is an Oblique-angled Parallelogram that

is, it is a Parallelogram moved out of , —

v

its right. Pofition, like the annexed Fi- \
gure. — ^

5. The Altitude or Height of any Oblique-angled Paralklo-

gram, viz. cither of the Rhombus or Rhom-
boides, is a Right-line let ^all perpendicular

from any Atigle upon the Side oppofite to

that Angle-, and may either be within or

without the Figure : As the pricked Lines

in the annexed Figure.

pp 6. Every
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6. Every Four -Jided Figure, di^Q-

rent from thofe before-mentioned, '

is called a Trapezium.
That is, when it has neither dp-

pofiie Sides, nor oppofite Angles e^ual;

as the Figure A B C D.

7. A Right'line, drawn from any Angle in a Four-fided Figure

to its oppofite Angle, is called a Diagonal Line, and will divide

the Area of the Figure into two Triangles, being denoted hy the

prick'd Line A C m the laft Figure.

8. All Right- lin'd Figures, that have more than yd?ar iS/V^i, are

call'd Polygons, whether they be regular or irregular,

9. A Regular Polygon is that which hath all its Sides

equal, (landing at equal Angles, and is named according to the Num-
ber of its Sides (or Angles), That is, if it have Jive equal Sides, it

is called a Pentagon ; iffix equal Sides, it is call'd a Hexagon;
\i feveuy 'tis a Heptagon j if eight, 'tis an Octagon, &c.

Note, All Regular Fc'ygons may be infcriFd in a Circle ; that is,

their Angular Points, how many foever they have, ivill alljuji touch

the Circle's Periphery,

10. AniR REGULAR PoLYGON is that whlch hath many
unequal Sides ftanding at unequal Angles

(like unto the annexed Figure, or other-

wife) ; and of fuch Kind of Polygons there

are infinite Varieties, but they may all be

reduced to regular Figures by drawing Di-
(Agonal Lines in them; as (hall be fhew'd

farther on.

Thefe are the moft general and ufeful Definitions that concern

plain or fuperficial Geometry,

As for thofe which relate to Solids, I thought it convenient to

omit giving any Account of them in this Place, becaufe they would
rather puzzle and amufe the Learner, than improve him, until he
has gain'd a competent Knowledge in the moft ufeful Theorems con-
cerning Superficies \ for then thofe Definitions may be more eafily

underftood, and v/ill help him to form a clearer Idea of their re^

fpedive Solids, than 'tis pojfihle to conceive of them before ; and
therefore I have referv'd thofe Definitions until we come to the

Fifth Part.

2
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11.

i 5. 0//^^r^ STcnns <3J are generally ufed in Geometry,

Whatfoever is propofed in Geometry will either be a Problem
or a Theorem.

Both which Euclid includes in the general Term of Propofitlon.

A Problem is that which propofe$ fomething to be done^ and

relates more immediately to practical than fpeculative Geometry ;

That is, it's generally of fuch a Nature^ as to be performed by

fome known or Commonly-received Rules, without any Regard had

to their Inventions or Demonjlrations.

A Th eorem is when any Commonly- receiv'd R.u]e^ or any New
I

Propojition is required to be demonjirated^ that fo it may from

i thence forward become a r^r/tf/« Rule, to barely'd upon in Practice

when Occafion requires it. And therefore feveral Rules are often

call'd Theorems^ by which Operations in Arithmetick^ and Conclufions

in Geometry^ are perforin^d.

Note, By Demonstration is underjlood the highejl Degree

of Proof that human Reafon is capable of attaining to^ by a Train of
Arguments deduced or drawn from fuch plain Axioms^ and other

Self-evident Truths^ as cannot be denied by any one that confiders

them.

A Corollary, or Consfctary, is fome Confcquent Truth

drawn or gained from any Demonfnation.

A Lemma is the Demonjiration of fome Prcm'fes laid down or

propofed as preparative to obviate and fhorten the Proof of the

Theorem under Confideration.

A Scholium is a brief Commentary or Obfervation made i pon

fome precedent Difcourfe.

N. B. / advife the young Geometer to be very perfeB in the Defini-

tions, vi%. Not to rejl fatisfied with a bare Remembrance of them ;

hut , that he endeavour to gain a clear Idea or Underhand ing of the

Things defined ; andfor that Reafon I have been fuller in every Defi-

nition than is ufual.

And^ that he may knowfrom whence mofl ofthe following Problems

and Theorems contain'd in the Two next Chapters are colle5ied^ 1 have

all along cited the Propofition tzWBook (T/'Euclid'i Elements where

they may befound.

As for Inflame ; at Problem i. there is (2 e. i.) which /hews that

it is the Third Propofition in Euclid'; Firil: Book. The like muji

be underfiood in the Theorems.

CHAP.
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CHAP. IL

The Firft 3KulitmtntS, or Leading and Preparatory

^joblem0, in Plain c^omrtci;.

JN order to perform thefollowing Problems, the young Geometer
•* ought to be provided with a thin Jireight Ruler, made either of
Brafs or Box- wood, and two Pair of very good CompafTes, vlz»

one Pair caWd Three-pointed CompafTes, being very ufeful for

drawing of Figures or Schemes, either with Black Lead or Ink ;

and one pair of plain CompafTes with very fine Points^ to meafure

andfet off Dijiances ; alfo he Jhould have a very good Steel Draw-
ing Pen : And then he may proceed to the Work with this Caution ;

that he ought to rnake hlmfelfMajier of Problem before he under-

takes the next : That Is^ he ought to underjland the Defign, and^ ai far
as he can^ the Reafon of every Problem, as well as how to do It ;

and then a little PraSilce will render them very eafy^ they being all

grounded upon thefefollowing Poflulates.

^oSuIates or petiticn£J.

1. That a Rlghi-Une may be drawn from any one given Point

to another.

2. That z Right-line may be produced, Increafed, or made longer

from either of its Ends.

3. That upon any given Point (or Center) and with any given

Dijlance (viz. with any Radius) a Circle may be defcribed,

PROBLEM L

Two Right-lines being given, to find their Sum and Diffe-

rence. (3. ^. I.)

Let the given Lines be

Make the Jhortejl Line, as C B,
Radius, and with it defcrlhe a
Circle : From its Center C fet of?

the other Line A C, and join

AC B with a Right-line. Then
will ^ B zn A C C B', 2ind

AD zz. AC— C B i 2is was re-

quired.

£ ...

PRO-
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P R O B L E M II.

To hifea^ or divide a Right-line given (as AB) into two e^ual

Parts (10. ^. !•)

From both Ends of the given Line (viz. A and B) with any

Radius greater than half its Lengthy

defcribe Two Arches that may crofs

each other in two Points^ as at D and

F ; then join thofe Points D F with

a Right-line^ and it will ^//^df? the yl'

A B \n the Middle at C; viz,

it will make AC — C B i 2iS was re-

quired.

PROBLEM III.

Tel

7^7 ^//}^ a Right-lin^d Angle given^ into two equal Angles.

(9. e, I.)

Upon the Angular Pointy as at C, with any convenient Radius^

defcribe an yfrc^ 2,5 A B ; and from
thofe Points A and 5, defcribe two
equal Arches croffmg each other, as

at i) ; then the Points C and

Z> with a Right-line^ and it will ^Z-

y^J? the ^r^Z> 5, and confequently

the i as was requir'd.

P R O B L E M IV.

At a Point Ay in a Right -line given A B^ to make a Right -lin'd

Angle equal to a Right-lined Angle given C. (23. e. i.)

Upon the given Angular Point C de-

fcribe an Arch^ as FD^ (making C /)any
Radius at Pleafure) and with the fame
Radius defcribe the like Arch upon the

given Point A^ as/^; that is, make
the Arch f d equal to the Arch FD
Then join the Points A and / with a
Right- liney and it will form the Angle
requir'd.



294 €ltmints of (0eometrp. Part iii.

PROBLEM V.

To draw a Right-line, as F D, parallel to a given Right-line A
thatfiall pafs thro' any ajfign'd Pointy as at viz. at any Dif-
tance required. (31. e. i.)

Take any convenient Point in the given Line^ as at (the
farther ofF A- the better ;) make yl/^"" v
C X Radius^ and with it upon
the Foint C, defcribe a Semi- / \
circle^ as HM x N ; then make A - n
the Jrch H equal to the Jreh C N
X N', thro' the Points M and x draw the Right-line F and it

Vv^ill be parallel to the Line A C, as was required,

PROBLEM VL
To let fall a Perpendicular, as C x, upon a given Right-line A
fromxiny ajjign^d Point that is not in ity asfrom C, (12. ^, i.)

Upon the given Point C defcribe fuch an Arch of a Circle as

will crofs the given Line A B in two q
Points, as at d and f ; Then bife^ *

the Dijiance between thofe two Points

d f (per Probl. 2.) as at x. Draw
the Right-line C x, and it will be the \ ^
Perpendicular required. ^ fin

X

PROBLEM Vn.

To ere5l or raife a Perpendicular upon the End of any given

Right-'line, as at By or upon any other Point a^ign'd in it.
^

(11. e, I.)

Upon any Point (taken at an Adventure) out of the given

Line, as at C, defcribe fuch a Circle
I

as will pafs through the Poini from
'-ID

whence the Perpendicular mufl- be

raifed, as at B, (viz. make C B Ra- ; Cy^'
dius ) : And from the Point Vt^here the :

y^^'--.

Circle cuts the given Line, as at Ay
draw the Circle's Diameter A C D ; y\B
then from the Point D drav/ the

Right-line D By and it will be the Perpendicular as was requir*d.

• PRO^
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5

PROBLEM VIII.

7i? divide any given Right- line, as A By into any propofed Number of
equal Parts, (10. e. 6.)

At the extream Points (or Ends) of the given Line, as at J and

By make two equal Jngles (by

Prob, 4. )
continuing their Sides

jfD and B C to any fufficient

Length ; then upon thofe Sides,

beginning at the Points J and

B, fet ofF the propofed Number

of equal Parts (fuppofe 'em If

Right-lines be drawn (erofs the

given Line) from one Point to

the other, as in the annexed

Figure, thofe Lines will divide the given Line AB into the I'^um-

ber of equal Parts required.

PROBLEM IX.

To describe a Circle that /hall pafs (or cut) thro' any Three Points

given y not lying in a Right- line y as at the Points

AB D,

Join the Points AB and B D v^ith Right-lines; then bife(5l

both thofe Lines (per Problem 2,) the

Point vy^here the bife6ting Lines meet,

as at Cy will be the Center of the Circle

required.

The Work of this Problem being well

underftood, 'twill be eafy to perform the

two following, without any Schemey viz. i>

I, To find the Center of any Circle given, (r. e. 3.)

By the lafi: Problem 'tis plain, that if three Points be any where
taken in the given Circle's Peripheryy as at Ay By the Center of

that Circle may be found as before.

2» If a Segment of any Circle he given, to compleat or defcrihe

the whole Circle.

This may be done by taking any three Points in the given Seg^

mefjt's Arch, and then proceed as before.

PRO-
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PROBLEM X.

Upon a Right-line given^ as A By to deferIbem Equilateral Triangle*

(i. e, I.)

Make the given Line Radius^ and

with it, upon each of its extream Points

or Ends^ as at J and defcribe an

Jrch^ viz. A C and B C; then join the

Points AC ^nd B C with Right-lines^

and they will make the Triangle re-

quired.

PROBLEM XL
Three Right- lines being giveny to form them into a Triangle^ (provi^

ded any two of them^ taken togethery he longer than the Third

)

(22. e, I.)

Let the given Lines be

Make either of the Jhorter

Lines (as AC) Radius^ and up-

on either End of the hngefl

Line (as txA) defcribe an Arch

;

then make the other Line C B RadiuSy and upon the other End of

the longefl Side (as B) defcribe another Arch, to crofs the Firft

Arch (as at C) : Join the Points C A and C B with RightJines,

^nd they will form the Triangle required. -

PROBLEM XIL

L^pon a given Rightrline, as A By to form a Square, (46. e. i.)

Upon one End of the given Liney as at By ere<St the Perpendi-

cular B Dy equal in Length with the
jy

given Line^ viz. make B D z:z A B ;
-
—— '

that being done, make the given Line
Radius^ and upon the Points A and D
defcribe equal Arches to crofs each other,

as at C; then join the Points C A and

CD with Right- lines y and they will

form the Square required.

P R O-
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PROBLEM XIIL

Two unequal Right -lines being given, toform or make ofthem a Right-

angled Parallelogram.

Let the giveh Lines be

Upon one End of the longe/i

Line^ as at ere6l a Perpendi-

cular of the fame Length with

theJhorief Line B C ; then from

the Point Cdraw a Line parallel

and of the fame Length, to AB\ vi't. make D C -zz J B Join
D A with a Right*linei and it will form the Oblong or Parallels^

gram required.

As for Rhombuses and Rhomboides\ to wit, Oblique-angled Palral-

leiograms, they are made, or defcrib'd, after the fame Manned
tvith the two laft Figures; only inftead of ere6ling the Perpendi-

culars, you muft fet off their given Angles^ and then ptocecd to

draw their Sides parallel^ &'c, as before.

PROBLEM XIV.

Jn any given Circle, to inferibe or make a Triangle, whofe Angles /halt

be equal to the Angles of a given Triangle j as the Triangle F D
(2. e, 4.)

Note, Any Right- lin^d Figure is fald to he inferiFd in a Circle-^

when all the Angular Points of that Figure do jufi touch the Circle's

Periphery,

Draw any Right-line (as H K) (o as juft to touch the Circle^

as at y/; then make the Angle
KA C equal to any one Angle
of the given Triangle, 2s D F G;
and the Angle H A B equal to

another Angle of the Triangle,

zs D G F'y then will the Angle
BAG he equal to the Angle
FDG. Join the Poinis B and
C with a Right^line^ and 'twill

form the Triangle required,
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PROBLEM XV.

Jn any given 'triangle^ as A B to defcrihe a Circle thai Jhall

touch all its Sides, (4. e* 4.)

Bire<£t any Iwo Angles of the Tri-

angle, as A and and where the

bifedling Lines meet (as at will be

the Center of the Circle required ; and

its Radius will be the neareft Diftance

to the Sides of the Triangle,

PROBLEM XVL

^0 defcrihe a Circle about any given Triangle, (5. ^. 4.)

This Problem is performed in all Refpec^ls like the Ninth, viz.

by bife(5ling any Two Sides of the given Triangle; the Point,

where thofe bife£ling Lines meet, will be the Center of the Circle

required.

PROBLEM XVIL

To defcrihe a Square about any given Circle. (7. e, 4.)

Draw two Diameters in the given Cir-

cle (as Dyf and EE) croffing at Right

Angles in the Center C; and, with the

Circle's Radius C A^ defer i be from the

.extream Points of thofe Diameters, viz. A^

B^ crofs Arches, as at F, H, K\
then join thofe Points where the Arches

crofs vvith Right lines ^ and they will form

the Square required.

PROBLEM XVIIL

In any given Circle^ to defcrihe the large/I Square it can contain,

(6. e. 4.)

Having drawn the Diameters^ zs D A and E B^ bife<^rng each

other at Right-angles in the Center C, (as in the laft Scheme);
then join the Points Ay B^ Dy and Ey with Right- lineSy viz.

A By B D By E Ay and they will be Sides of the Square re-

quired.

I PRO-
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PROBLEM XIX.

Upon any given Right- line, as A 5, to defcrihe a regular

Pentagon, or Five^ftded Polygon.

Make the given Line Radius^ and upon each End of it de-

fcrihe a Circle ; and through thofe

Points where the Circles crofs each

other (as at G x) draw the Right-

line G e x: Upon the Point G with

the fame Radius defcrihe the Arch
H A e B and laying a Ruler up- /
on the Points Z), ^, mark where it :

crojfes the other Circle, as at F, A- \ / \ \ / \ *

gain, lay the Ruler upon the Points \ • \ j / \ /
i/, By and mark where it crojfes the jjj-. ^
other Circle, as at C : Then from

the Points F and C (with the fame Radius as before) defcrihe

crofs Arches, as at K: Join the Points A F^ F K, K C, and C B^
with Right- lines, and they will form the Pentagon required, viz^

JFzn FKz^iKC zzC B z^^AB-, and the Angles at vf, 5,
Cj F will be equal.

P R O L E M XX.

In any given Circle^ to defcrihe a regular Pentagon,

(11. e. 4. & 10. e, 3.)

Or, in general Terms ^ to defcrihe any regular Polygon in a

Circle,

Draw the Circle's Diameter D A^ and divide it into as many
equal Parts as the propofed Polygon hath

Sides; then make the whole Diameter
a Radius^ and defcrihe the two Arches
C A znd CD, If a Right line be drawn
from the Point C, through the Second
of thofe equal Parts in the Diameter, as

at 2, it will affign a Point in the oppo-
fite Semicircle's Periphery^ as at B.
Join D B with a Right-line, and it will

be the Side of the Pentagon required.

Thefe
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Thefe Twenty Problems are fufficient to exercife the young
Pra(5i:itioner, and bring his Hand to the right Management of a

Ruler and Compajps^ wherein I would advife him to \)t very ready

^nd exa(9:.

As to the Reafon why fuch Lines muft be fo drawn as diredied

at c?ich Problem^ that, I prefume, will fully and clearly appear

from the following Theorems ^ and therefore I have (for Brevity^s

Sake) omitted giving any Demon/lrations of them in this Chapter,

(defiring the Learner to be fatisfied with the bare KnovA' ledge of

doing them only, until he hath fully confidered the Contents of

the next Chapter j and then I doubt not but all will appear very

plain and eafy.

CHAP. IIL

'A Colle^ion cf mojl ufeful STfjCortntjEI irt fldln Geometry

^emonftrateD.

Note, In order to Jhorten feveral of the following DemonflratimSy

it will be necejfary to fremife^ that

I.nr^HE Pm/>/?^ry for Circumference) of every Circle (whe-
A ther great orfmall) is fuppos'd to be divided into 360 equal

Parts, called Degrees and every one of thofe Degrees are divided

into 60 equal Paris, called Minutes , &c.

2. All Jngles are meafured by the Arch of a Circle defcrib'd

upon the Angular Point (See Defin, g. Page 287.) and are eftecm'd

greater or lefsy according tp the Number of Degrees contained in

that Ar^h.

3. A ^adrant, or garter-part of any Circle, is always 90
Degrees, being the Adeafure of a Right-angle (Defin. 6. P, 28 7.)

^nd a Semicircle is 1 80 Degrees, being the Meafure pf two.

Right-angles,

4. Equal Arches of a Circle, or of equal Circles, meafure equal

Jingles,

To thofe five general Axioms already laid down in Page 146,

^which I here fappofe the Reader to be very well acquainted with)

n will be convenient to underftand thefe following, which begin

f^eir hfumber where the other ended.
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6. Every whole Thing is Greater than its Part.
That is, the whole Line 5 is

|^

greater than its Part A &c. ) A <

The fame is to be underftood of Superficies's and Solids.

7. Every Whole is Equal to all its Parts taken together.

That is, the whole Line J B is equal\ c d t

to its Paris JC-hcd-\'de-}-eB.S -^—1 — l"-!
The fame is alfo true in Superficies'^ and Solids,

8. Thofe Things which being laid one upon another, do agree

or meet in all their Parts, are equal ene to the other.

But the Convcrfe of this Axiom^ to wit, that equal Thingi

being laid one upon the other will meet, is only true in Lines

and Angles^ but not in Superficies's^ unlefs they be alike, vi%, of

the fame Figure or Form : As for Inftance, a Circle may be equal

in Area to a Square ; but if they are laid one upon the other, 'tis

plain they cannot meet in all their Parts^ becaufe they are unlike

Figures. Alfo, a Parallelogram and a Triangle may be equal in

their Area\ one to another, and both of them may be equal to

a Square \ but if they are laid one upon the other, they will not

meet in all their Parts^ &c.

Note, Befides the Chara<^ers already explained In Part I, and in

other Places of this TraSl^ thefe following are added.

Viz. denotes an Angle in general, and ^ fignifies An-
gles; A fignifies a Triangle; fignifies a Square, and CD de-

notes a Parallelogram. And when an Angle is denoted by any

three Letters (as, ABC) the middle Letter (as B] always

denotes the Angular Point ; and the other two Letters (as A B
and B C) denote the Lines or Sides of the Triangle which includes

that Angle.

Thefe Things being premifed^ the young Geometer may proceed

to the Demovfljcattons of the following Theorems ; wherein he may
perceive an abfolute Neceffity of being well verfed in feveral Things
that have been already delivered : And alfo it will be very advanta-

geous to jftore up feveral ufeful Corollaries and Lemma*s^ as they

become difiover*d Truths : For it often happens, that a Propofttion

cannot be clearly demonft rated a priori j or of itfelf, without a

great peal of Trouble ; therefore it will be ufeful to have Recourfe

to thofe Tr«//;j that may be afiifiing in^ the DemovJIrations then

|n Hand,

' THEQ.
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THEOREM I.

If a Rtght'Une Jland upon (or meet with) another Right-line^ and
make Angles with it^ they will either be two Right-angles^ or two
Angles equal to two Right-angles* (13. e, 1.)

H>emonlfratioiT.

Suppofe the Lines to be A B and D C, meeting in the Point

at C : Upon C defcribe any Circle at

plcafure ; then will the Arch A D
be the Meafure of the ^ b^ and the

Arch D B the Meafure oi ^ e \

but the Arches AD + D B z=l 180°,

viz. they com pleat the Semicircle.

Confequently the x ^ + ^ ^ ~ i8o^ Which was to be prov'd^

Corollaries,

I. Hence it follows, that if the 3= 90° then ^ = 90® j

but if '^s; ^ be obtufe^ then the ^ e will be acute^ &c.

From hence it will be eafy to conceive, that if feveral Right-

lines ftand upon, or meet with any Right-line at one and the fame

Point, and on the fame Side, then all the Angles taken together

will be 180'', viz» Two Right-angles.

THEOREM II.

If two Angles interfeSf (iJe. cut or crofi) each other^ the two oppoftte

jingles will be equal, (15. ^» I.)

SDemonttratiort.

Let the two Lines he A B and

D £, interfedling each other in the

Center C
Then'^^^. 180^ 7 , „

And r^b+^a= i^o^^P''^'^'

Confequently '^^ + ^ ezz^b-^*
ay per Axiom 5.

Subtract ^ on both Sides of

the Mquation^ and it will leave

^ =z ^.

Again, ^ h ^ e i8o% as before ; and ^ + ^ C ~
iSo"", confequently -f-Czz'^3 + '^^i SuLtra^ ^ and

then -v; C =; ^ ^. E.
drol^
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Corollary,

From hence it is evident, that if two Lines interfedl each other,

they will make four Angles ; which, being taken together, wiU
always be equal to Four Right- angles.

THEOREM III.

Jfa Right- line cut (or crofs) two parallel Lines ^ it will make the oppojite

Angles equal one to another, (29. ^. i.)

Suppofe the two Lines AB and H K to be parallel, and the

Right line D G to cut them both

at C and n : Upon the Point C (with

any Radius) defcribe a Semicircle;

and with fhe fame Radius^ upon the

Point at «, defcribe another Semi-

circle oppofite to the firft, as in the

Figure. Then 'tis plain, and I fup-

pofe very eafy, to conceive, that if

the Center C weremov'd along upon

the Line jD G, until it came to the

Center at w, the two Lines A B and H K would meet and concur,

viz. become one Line (for parallel Lines are as it were but one broad

Line), Confequently the two Semicircles would alfo meet, and

become one entire Circle, like to that in the laft Demonflration,

And therefore the^;>=z^^ = ^^ = ^^?5as before, per

And ^mzz^n-=:^b'=L^c\\laft Theorem,

Q. E. D.

Corollary,

Hence it follows, that if three^ four^ or ever fo 'many Parallel-

lines, are cut or crofs*d by one Right-line, all their oppofite Angles

will be equal.

T H E O R E M IV.

The three Angles of every plain Triangle are equal to two Right- angles»

(32^.1.)
Confequently ^ any two Angles of any plain Triangle mujl needs be lefs than

two Right- angles, ( 1
7 . ^ . I i)
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SDemonttratton.

Let the A A B C hit proposed ; draw the Right-line H K^z.--

rallel to the Side A B^ juft touching

the Vertical Angle C\ and upon the yKf
"'*\

fame Angular Point C defcribe any Se- jj / j^X--^ \
micircle, and produce the Sides A C ' ••••'•••••-g^-

and B C to its Periphery. Then will

^ b -IZ 'V B, ^ a = ^ J, and

;if zr C, per laft Theorem* ]^
But + ^ « + ^ A- =z 180°, or

^
two Right-angles : Confequently ^ B + ^ A ^ C zz i8o*

per Axiom 5. E. D.

Corollary,

Hence it follows, that the two acute Angles of every Right-angled

Triangle are equal to a Right- angle, or 90^
Confequentiy, if one of the acute Angles be given, the other is

alfo given, viz, 90^—the given "s: leaves the other -ST.

THEOREM V.

Jfone Side of any plain Triangle be continued ^r produced beyond^ or out

of the Triangle y the outward Angle will always equal to the two

inward oppofite Angles, (32. c, i.)

Let the Side A B oi the A A B C be produced out of the Aj
fuppofe to /), &c. as in the Fi-

gure. Then z = ^ -j-

X" for the ^ ^ -j- ^ IS
~

180° per theorem I. and the ^B+ A xCzz i8o%
per laft Theorem, Therefore

^ 4- X z =: ^ ^ 4- + C", per Axiom 5. SuhtraSf ^
B on both Sides the jEquation^ and it will leave ^ z A

C (per Axiom 2.) Q^E, D,
Confequentiy, the outward Angle (at z) of any plain Triangle^ muJi

needs he greater than either of the inward oppoftti Angles ^ viz. greater

ihan^ Ay or {16, e, I,)
^

Corollary,

Hence it foilows, that if one Angle of any plain Triangle be

given, the Sum of the other two Angles is alfo given ^ for i8o°—
the given the other tvfo

THEO-



Chap. 3. Of c^eorems* 30s

THEOREM Vr.

In every plain Triangle^ equal Sidesfubtend (viz. are oppofiteto) equal

Angles. (5. e. i.)

Confequently, equal Angles are fuhtended by equal Sides (6. e. I.)

H)emcnfrafioiT.

Suppofe the A B C Z) to be an Ifofceles A ;

that is, let 5 C C D, Bifea the ^ C, or

{which is all one) make C A perpendicular

to B D ; then will the ^ ^ on each Side of

it (viz. ^ B A C znd -^D J C) be Right-

angles.

Therefore ^ ^ 1" n
~

J per Corol. to Theorem 4.

Confequently, i ^C-^^B=zl-^C-\-^D, per Axiom 5.

Subtra£i "s;: C from both Sides of the /Equation^ and it will leave

jB ~ ^ Z), per Axiom 2. E. D.

Corollary,

From hence it follows, that the three Angles of an Equilateral

Triangle are equal one to another.

THEOREM Vir.

In every plain Triangle^ the longejl Side fubtends the gre^tejl Angle.

(18. e. J.)

Confequently^ the greatejl Angle of any plain Triangle is fubtended by

the longeji Side,

This Theorem is evident by Inrpe£^:ion only: For, let one of the

Sides of any plain Triangle (as C B j be pro-

duced, fuppofe to E\ join D E with a

Right-line', then 'tis evident, that becaufe

C E is now made longer than the Side B C,
therefore the ^ at £) is become larger than
it was before hy the ^ B D E : And it's

plain, the longer the Side CE had been
made, the at D would have been the
more enlarged.

D

T H E O-
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THEOREM VIIL

If the Sides of two Triangles are equal, the Angles oppojlte to thofe

equal Sides will be equal, (8. ^. i.)

The Truth of this Theorem is evident by the two included Trz-

angles in the 6th Theorem^ for they have their refpe6tive Sides

equal, viz. BCz:zCDyBA-=:DAy and C common to both

Triangles. And it is there prov'd, that the qppofite to thofe

equal Sides are equal, ^c, which needs no further Proof

Note, The Converfe of this Theorem holds not true ; for the Angles

of two Triangles may be equals and their oppoftie or fubtending Sides

unequal j as will appear at Theorem XII,

Corollary,

Hence It follows, that Triangles mutually equilateral are alfo mu-
tually equiangular ; and.

That Triangles mutually equilateral are equal one to another*

(4. & 26. e, I.)

THEOREM IX.

Ah Angle at the Center ofany Circle is always double to the Angle at

the Periphery^ ivhen both the Angles Jland upon the fame Arch.

(20. €, 3.) This Theorem hath three Varieties or Cafes.

S>emonffraUon.

Cafe I. Let the Diameter D A^ and

the Line D B, be the two Lines which
.

form the ^ Z) at the Periphery ; draw
the Radius B C, then ^ 5 C is the ^
at the Center. B\it ^ B CA := ^ D
x7 per Th. 5. and becaufeD C z=z B C,

therefore 2) zr B^ per Theorem 6.

confequently <:::^B C A 2 ^ D»

Cafe 2. Suppofe the ^ B C F Tit the .

Center to be within the ^ B D F 2.t the

Periphery,- (as in the annexed Figure.)

Draw the Diameter D J-,

xhQn±Q^BCA:=zi^BDA} ^ r

and ihz^FCA^: 2^FDJ ^^''^'f'

add thefe two Mqtiations together.

I ' • • •

»

Thsn
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Then wWl -^BCJ+ ^FCJzzz^BDJ^^^FDJ,
per Jx, i.Biit^ BCJ+-^FCJz=i'^ B C znd 2 ^
B D J + 2 ^ FDA —z^BDF. Confequently ^BCF
sz2^BDF.

Cafe 3. Again 5 fuppofe the^ BCF
at the Center to be out of the BDF
at the Periphery. Fronn the Angular^

Point D at the Periphery draw the Dia-

meter D A.

Then^FCA^ 2 ^^FDA 7

and ^5C^zz2'K5^>f
SubiraSi this laft Mquaikn from the

other, and it will leave ^ F CA— ^ BC

A

2 ^ B D A, per 2. But ^ F CA -
FCB, and 2 r;: FD A^2-^ BD A zz 2 FDBrConie-
quently ^ i^^C^ — 2 ^ FDB. Q. E. D»

Hence 'tis evident, that alj Ang!es at the ^Qrlph^rj^ whkh
ftand on the fame Segmerit or Arch of a Circle, or upon equal Ar-

ches^ are equal one to another, (21. ^. 3.}

THEOREM X,

An Angle in a Semicircle is a Right- angle. (31. 3-) That hj, ff

the Diameter of any Circle he the Side ofa Trimgie^ and theAngU

oppofite to that Side he any where in the Circle's Firi^hery^ it Vidd

be a Right'angle*

Let D Aht the Diameter,

the Triangle, then, B iz:

the Radius B C, then is the ^

^D -\-^A. For ^ C
D, and ^ C 5 >f = ^ A^
6. Therefore ^ D B A
^ ^ C B Ay per Axiom 5.

DBA+'k::D+^Az
theorem Confequently,

Q,£. D.

and DBA
: 90''. Draw
zDBA—
BD — ^
per Theorem

i^C BD
Again

r i8o\ per

^ D B

R r ?

g-y" 2 Right-angle*
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Corollaries,

1. Hence it will be eafy to conceive, that an Angle made in any

Segment lefs than a Semicircle will be obtufe^ or greater than, a

Right-angle.

2. And an Angle, made in any Segment greater than a Semicir-

cle, muft confequently be acute,

• THEOREM XI.

Jn any Right-angled Triangle^ the Square which is made of the Hypo-

thenufe^ or Side fuhtending the Right-angle^ is equal to both the

Squares which are made of the Sides including the Right- angle.

- (47- ^- ^0

There are feveral Ways of demonflrating this noble and ufeful

Theorem^ but, I prefume, none more eafy to be underftood by a

Learner than that which I (hall here propofe : And, in order there-

to, 'twill be neceilary topremife the following Z^wtwa'j.

3l0mma i.

A Right-line is faid to be multiply'd with a Right-line^ when ei-

ther a Square^ or other Right-angled Parallelogram^ is made of the

two Lines.

That is, the Area of any Right-angled Parallelogram is equal to

the ProduSi of thofe Numbers which exprefs the Meafure of its

Sides.

Thus, if = 6 Inches and A C ^= 3 Inches: Th^n A B X A C — (i

X ^ i8 fquare Inches ; which is
^

the Area of the Parallelogram ABCD,
C

2Lemma 2.

If a Right-line be any way cut into two Parts, the Square of the

whole Line will be equal to the Squares of each Part, and a double

Rectangle or Parallelogram made of both the Parts, (4. e, 2.}

that is, if the Line S be cut into the S

two Parts 5 and C ; then h S z=i B + C : ^] CT"
But if both the Sides of the Mquation be in-

volv'd, it willbe55 = ^5 -^%BC + CL
lemma

6 B
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Jlemma 3.

The Area of every Right-angledTnangle is half the Parallelo'

gram made of its Bafe and Perpendicular.

For B "piC Area of the whole Fa-

rallelogramy by the firft Lemma, And A
BCH-^-AhcH— the Parallelogram ; but

B = b, and C — c. Therefore ^^BxC zz

the Area of each A, viz. i B xC+ ib^c B xC.
Thefe Things being premifed, let us fuppofe the Triangle B C
to be a Right-angled Triangle^ viz, the Side C perpendicular lo

the Side B ; then will BB-^-CCzzHH.

SDemonffratioiT.

CC
\

Make a Square whofe Side is =
B and draw the included

Square whofe Side is zi as in

the Scheme : Then will the Area

of the great Square be equal to the

j^rea of the four Triangles -}- UH;
but the Area of each A= 1 5 C,

or BxCy per Lemma 3. There-

fore the 4 A's zz ^ 5 C X 4 =
2. BCy confequently, the Area of

the great Square is HH'\- 2 BC»
Involve B and it will heBB
-f2BC + CC=the ^r^^ of

the great Square ; per Lemma 3.

Confequently, HH-\- 2 B C zz
BB'{'2BC-\'CC, per Axiom ^. Subtra^: 2 5 C from both Sides

of the Mquation^ and there will remain HH zz B B -\- C

To illuftrate this Theorem by Numbers^ let us

Suppofe C = 3. 5 zz 4. and //zz: 5.

Then will CC izg.BB = 16. and ////zz: 25.
Confequently, BB-^-CCzzHH— 16 -|- 9 = 25.

Conje^ary,
'

From this admirable Theorem (faid to he firji invented by Pytha-
goras) is deduced the Method of adding and fubtracting Squares,

Parallelograms, Circles, ^c.

T H E O-
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THEOREM XII.

in any Right-an^kd Triangle^ a PerpendUuhr being letfallfrom the

Right angle upon the Hypothenufe will divide the Triangle 'int&

tzuQ Right-angled Triangles y which will be both fimilar (»r alike

)

to the firjl Triangle^ and to each sihcr, (8. ^. 6.)

Note, Jll plain Triangles are/aid i6 hefimilar (viz, alih) w.hen

each Jingle Angle in one of tht Trianglti is equal to each fingU
Angle efthe other ; hut if any twofingle Angles of one Trian-

gle are equal to twofngle Angles of the other^ the third dngh
%vill he equal. Per Tbeo. 4.

1. Iry the Right-angled A BAC^ let

AF be fuppofed perpendicular to the Hy-
pathenufe BC; then BAP zz^ C.

Fcr ^ B A P + B — 90% and ^
B ^ C zzqo^y per Corollary to Theo-

rem ^. Therefore the ^ B J P •= ^
Cy per Axiom 5. again, ^ P A C -\- ^
C = <)0y 2ind ^ B -\- ^ C z=: 90^ Therefore ^ PAC zz^
By kc. Confcquently the A B A P is aiike to the A ACP y and

each is like to the whole BAG.

2. Or if a Righi-linf be drawn parallel to one of the Sides of

ny plain Triangle^ (viz. within it)

it will cut ofF a I'riangle fimilar

or alike to the whole Triangle.

Thus :

Li the AAB D draw the Right-

line a b parallel to the Side A B
then will the included /^a Dh be

like the A ^ ^ : For -s" ^? zz ^ and ^ ^ z= x;- -S, per The^

orem 3 ; and ^D \% common to both the Triangles j Erga.^ &;c.

THEOREM XIII.

If two Triangles are alike y their like Sides will be proportionaL

That is, thofe Sides which fubtend the equal Angles, as alfo

thoTe Sides which are about the equal Angles, will be prop&rtional

to each other \ and confequenily, if any t^vo Triangles have their

Sides proportional, their Angles are equal. (4, 5? 6, 7. e, 6.)
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Let the fimllay Triangles in the Scheme of the iail Theorem be

here propofed again.

Then it will he B P : yf P : : JP : C Fy according to this Th-
erm. Ergo BPxCP^^P>i^P*

FWJl.

Let us fuppofcthe aforefa^d Right-angled A ^ cut througli

the Perpendicular and there

open'd until the Sides B A and

CA become one Right-Unc. Let

the Sides ^6 P and C P be conti-

nued until they meet in E ; then

compleat the Parallelograms by

drawing thef parallel Lines

HAP. GHBy and LAP, as in

the Figure,

Then it is evident, that the /\ BHA :=z A B P A^ TunS, the

ACP AzzAC Lj^; alfo that theA 5 £ C= A 5 G C> becauf*

all their refpe<5live Sides are eqtwl.

Butthe AP 4- A C3 UGLA—^ BPA,^
AC PA+U AP B P, Now i!' from both Sides of this ^pm-
iion there be fubtradted the equal Triangles, there will remain 113

HGLA — U AP EP. But t=D HG LA z:z B P x C ^nd

U AP E P :=: AP X ^ P' Confequenily BP i AP AP\
C P. Which was to be prov'd.

Or otherwife, thus:

Suppofe the A P ^ C to be ^,...•••0,,^

Right-angled at A: Upon the \ ^
Point C, with the Radius C A / ^ ^ fr
defcribe a Circle, and continue

the Hypothenufe B C to Z ; join

Z A and AD with Right- lines ;

then will theA P^i) be like to

theABZA. For^DAB-]- B

^ Dy^C=: go% by ConJlru^Jion. And ^ Z^C+ ^ DACl
=1 90% by X. Therefore ^DAB-\-^DAC=z^
7.AC -\- D AC, By y/^/^w ^. fuhtraii ^ DAC from both

Sides of the Mquation^ and there will remain ^ Dy^P — Z AC.
But ^ Z C — ^ CZ//, by Thtiorm 6. And -s; P is common

2
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to both Triangles. Therefore ^ BDJ^^BJZ, by Theo-

rem 6, confequently /\B AD\% like to ^BZ

A

€B A b Then ^^ + ffz=^^, by Theorem 1 1,

Let the «SiV^J \ B C zn h^ V Confequently h b z=l h h zz c

I C J ~ ct J which gives the following Analogy,

Viz. b: h c:: h^c: b; that is, 5 ^ : B Z : : B D : B A.

QiE. D.

Corollaries.

I. Hence it is evident, that, in any Right-angled Triangle^ a

Perpendicular^ being let fall from the Right-angle upon the Hypo^

thenufe^ will be a proportional between the Segments of the

Hypothenufe : That isy B P : P A :: P A : P C,

2. The Bafe (B A)\s2i Mean pro-

portional between the Hypothenufe

(B C) and that Segment of the Hypo-

thenufe next to the Bafe, f-i^/z. 5Pj
that isy B C : B A : : .B A : B P.

3. The Cathetus (A C) h 2. Mean
proportional between the Hypothenufe (B C) and that Segment of

the Hypothenufe next to the Cathetus^ (viz. PC): That is, -SC;

Scholium,

I have been more large upon this mofl: excellent Theorem, in

giving a double Demonjlration of it, becaufe it is fo univerfally ufefuL

in all Parts of the Mathematichs : For the Bufmefs of Trigonometry

(both Plain and Spherical) wholly depends upon it; and therefore

one may truly fay, that Aflrono?nyy Diallings Navigation, Surveyings

Opiicks, he, depend upon a due Application of it.

And of its Ufe in Geometry, Des-Cartes takes particular No-
tice; as you may find in Dr. Pell's Algebra, Pag, 65, whofe
Words are thefe

:

Des-Cartes, in a Letter not yet printed, writes thus: In

fearching the Solution of Geometrical ^ejlions, I always make
ufe of Lines parallel and perpendicular, as much as is poffible,

*' \he means as many Lines as are ufeful'] and I confider no
** other Theorems but thefe Vno% [the Sides of like Trian-

gles have like Proportion'], And [in Re^fangle Triangles

« the



Chap. 3. Of ci^eoremief, 313

the Square, of the greateft Side is equal to the Squares of the two other

*' Sides. '\ And I am not afraid to fuppofe many unknown Quanti-

ties, that I may reduce the propos'd Qyeftion to fuch Terms, as

*' to depend on no other Theorems but thefe Two."
This I thought convenient to ipfert, that the young Learner may

fee how the great Des-Cartes efteem'd thefe two Theorems, viz,

the laft, and Theorem 11; for, in Truth, all the precedent Theorems
are only (as it were) Preparatives to thefe Two.

This laft Theorem demonftrates the Reafon of the Method ufed

in finding out Proportional Lines 5 as in the Three following Pro*

P R O B L E M I.

Two Right' tines being given to find a Third in Proportion to them^

(ii.<r. 6.)

Let thefe two Lines be

Set the Two given Lines at any

Angle in the Point Ay and pro-

duce the Linevf B to C, making
B C zz AD ', join the Points B
Z) with a Right'line, and draw
C F parallel to 5 Z) ; then will

the A ^5 i) be like the A ^ C F. Therefore AB\BC{\
: : A D : D Fy which is the third Proportional required,

PROBLEM n.

Two Right-lines being given, to find a Mean proportional Line heluucm-

them, (13. e» 6.)

Let the given Lines be {P

Join the two given Lines into one,

i

viz. make BCzzBP'\-PC, and
upon B C, as Diameter, defcribe a

Semicircle', then upon the Point P,
where the two Lines mee|^ eretS a Perpendicular to tcucb tk^t

Ss . . Ck-

P
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Circle's Periphery^ as P and it will be the Mean proportional re-

quired, viz. BP: J P:: J P: PC.
By this Problem *tis eafy to conceive how to make a Square equal

to any given Parallelogram, (14, e. 6.)

For if 5 P be the Lengthy and P C be the Breadth of the given

Parallelogram y then will be the Side of the Square
^ equal in

^r^^ to that Parallelogram.

PROBLEM III.

Three Right»Unes being given^ tofind a fmrth Proportional Line,

(12. e, 6.)

Suppofe the three Lines

Upon the longeft Line A B. fet ofF

the next longeft Line A D ; viz,

make DBzizAB-^AD; then

upon the Point D fet the other Line

ii) C at an Angle, either right or oblique^ and draw the Right line AC
continuing it a fufficient Length ; make B F parallel to DCy and it

will be the fourth Proportional required ; that is/AD : D C : : AB :B F.

THEOREM XIV.

Jf any Angle of a plain Triangle he bife^ed (viz. divided into two equal

Angles) with a Right- line ^ (viz. as C A is fuppos'd to do the Angle

B CD) it vjill cut the oppofite Side {viz. B D) in Proportion to the

other two Sides ofthe 'Triangle {2- e.6.) I e. B A: B -AD: C D.

SDemonftratioiT,

Produce the Side D C, until C Z
z=: C B : join the Points Z B with a

FJght'Une^ and draw thp Line P C
parallel to B D \ whence the ^ Z
7=.^C B Z per Theorem 6. and ^ Z
^^CBZ, or :l^CBZz=z^
B C per Theorem 5 ; or, dividing

both Sides of the Equation by 2, "vT

CBZ —i-^ BCD. Buti^ B
CDzz-^ ACB =; ^AC D by the Hypotbefis. therefore ^ ACB
z=. -\C B Z pQX Axiom 5 : Whence C is parallel to 5 Z per Theorem

3, and the Tiianojes BDZ, ADC, and FCZ are fimilar by the

fccond Figure to Theorem 12. confequently BA (~ FC) : B C [zil

ZC)\:AD\CD. O E. D.
'

T H E
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Theorem xv.

Iftwo Right'lines (howfoever drawn) within a Circle do cut each others

the ReSiangle made of the Segments (or Parts) of the one Line^ will

be equal to the Re£fangle made of the Segments (or Parts) ofthe other

Line. (35. e. 3.)

That is, if two Lines (sisJB and CD) do cut each other in any
Point, as at Xy then wiWJxX Bx D xxC

c

Join the Points of y^C and B D with

Right'lines^ then will theA C yf be like

to AB X D '.¥ox ^ B — C 2inA ^ A
= ^ i). by Corollary to Theorem 9.

and A xC ZZL^ S X D.hy Theorem 2.

Therefore it will A xi D : : C x: B x» by Theorem 13, Confc*
quently Axx B x z=: D xxC x. Q^E.D.

THEOREM XVI.

If two Right' Lines are fo drawn within a Circle, hein^ continued^

they will meet in a Point out of the Circle'j Periphery^ the ReSlangk

made of the one whole Line, and its Part out of the Circle, will be

equal the Re€fangle of the other whole Line, and its Part out of thi

Circle. (36, 37. ^. 3.)
That is, if the Lines y^^7and

2) 5 be continued unto the Point

Z} then will A^xCZ — D Z
XBZ,

SDcmonltraftorT*

Draw the Lines 5 and CD,
then will A CZ D be like to the 2)

AB Z A , {or ^ A =z and Z is common to both Triangles^
confequentlv, ^ABZ=i^DG Z,hv Theorem 4. therefore AZ
: BZ: \ DZ CZ, ErgOy AZ xCZ zz D ZxBZ,

THEOREM XVIL

Iffrom any Angle of a plain Triangle infcribed in a Circle there he let

fall a Perpendicular upon the oppofite Side^ as D P i as that Perpen'-

S s 2 diculat
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dicular is in Proportion to one of the Sides including the AngUj fo is

the other Side including the Angle to the Diameter ofthe Circle.

SD^monttraftetT.

Let BCD ht the propofed triangle.

From the ^ at Z) draw the Diameter

D A ; then will ^ A z± becaufe

they both ftand upon the fame Arch D C,

and ^ D C A = 90% by Theorem 10.

confequently the ADCzz ^ BDP,
by Theorem 4. Therefore A D C A is

like to the A Z)P 5 ; and therefore, DP :

D B :: DC: DA-, or DP: DC::
DB:DA. Q,E. D.

THEOREM XVIir.

If any ^adrangle (that isy a Trapezium) be infcriFd within a Circle,

the two oppofete Angles^ taken together^ are equal to two Right-Angles^

viz. iS"" (22. e. 3.)

That is, in the ^adrangle ABCD ihc ^ A ^ C 1 80*.

And the ^ 5 + X) zi i8o%

SPemonffrati'oiT.

Draw the two Diagonals AC and BD;
then will the ^ BD A zn BC A,

and the ^ BDC m ^ BAC by Co-
rollary to Theorem 9. But ^ ^ -6 C +
xPCJ+-xi5y/C. = i8o^ by

Theorem 4.. znd the ^ B D A B DC
HZ ^ ADC. Therefore the ^ A B C + ^ ADC = I8o^
and by the fame Way of arguing it may be proved, that the

BAD + ^BCD ~ i8o^ Q, E. D.

THEOREM XIX.

If in any ^^adrangle infcriFd within a Circle there be draiun tW9

Diagonals^ as A C and B Z), the ReSfangle made of the two Diago-

nals will he equal to both the Re5iangles made of the oppofete Side of
the ^mdrangle.

That'is, ACxB D —ABxCD + AD^BC,
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Make the Arch D G zz Arch B C,

and from the Points J G draw the Line

Afy and it will form the A ^/ ^, like

to the A <S C: For the ^ fJD zz
X7 B ACy becaufe the Arches D G aiid

B C are equal.

Again, the ^ fD J =z B CA, be-

caufe they both ftand upon the Arch AB:
Ccnfequently, tht ^ AfD =1 ^ A B C^

by Theorem 4. Therefore it will be AC : B C : : AD : D f hy

cr; r BCy^AD ^

T^heorem Ergo =.x)/

Again, the A 5 ^/ and A A C D are alike :¥ox ^ A B f
=1 ^ >f C /), and ^ BA/zz ^ OA D, becaufe the ^/AD
= ^ B A C, and the ^ C^:// is common to both Triangles,

Confequently, the ^ =: AD C, Therefore AC: CD
I'.AB: Bf.hy Theorem 13. Ergo ^^^f^ = ^ / But

Dy^. 5/= B Z).
.
Confequently, ^ CxAD + CDxAB

=:BDxy^C. Q.E.D,

T H E O R E M XX.

Parallelograms (whether Right or Oblique arfgkd) that fland upon

the fame Bafe, or upon -equal Bafes, and betivixt the fame Parallels^

are equal to one another. (35. & 36. ^- i
.)

That is, CZ) A -B C D zzCZ a bC D,

SDcmonKraticn.

Becaufe 5 zz CD zn a by by Suppofuion, therefore i?^ ;

for B a is common to both. And be-

caufe A C z=: B D, and the ^ ^ =1 ^
B, therefore the A A C a =. A B D b :

And if from both Triangles there be

taken the A B x a common to both,

there will remain the Trapezium A B x C
zz ab X D, per Axiorn 5

,

But
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But the Trapezium J B x C + AC x D z= CD JB CD. and the

Trapezium ab x D A C x D z:z CD a b C D. confequently CD
JBCD=:CDabCD. Q. E. D.

Corollary,

Hence it will be eafy to conceive, that all Triangles which ftand

upon the fame Bafe, or upon equal Bafes, and between the fame

Parallels, (viz. having the fame Height) are equal one to another.

(37 ^ 38 ^- i )

For all Triangles are the Halfs of their circumfcribing Paral"

lelograms ; and therefore, if the Wholes be equal, their Halfs will

alfo be equal,

THEOREM XXL

Parallelograms (and confequently Triangles) which have the fame
Heighth^ have the fame Proportion one to another as their Safes

have, {i, e. b.)

2)cmonffrafion«

Draw AF parallel to BG^ and draw
A By CD, FG Perpendiculars to them.

Then will 5 i) X J B =z CD ABCD.
And becaufe CD = ABy therefore DG
XAB — CD CD FGy hut BD: DG
:: BDx AB : DGxAB, And con-

fequently AA BD:A CDG : : BD : DGy &c.

Q^E. D.

THEOREM XXIL

Like Triangles are in a duplicate Ratio to that of their homologous

Sides, (19. e» 6.)

That is, the Area*s of like Triangles are in Proportion one to

another as are the Squares of their like Sides.

Suppofe t\\Q AB C D and

Abed to be alike, and their

like Sides to be thofe mark'd

with the fame Letters.

Let
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Let A and a be Perpendiculars to the two Bafes D and d.

Then 1 DA = the Area ofA 5CD ? g ^ p
And ^ ^ « = the Area oiA b c d 5 3> ^^i*^ 303-

But
And

Confeq.

3

c. Hence

B : b \ i D id \ Q t» 0-7

: i : : ^ : « P*^-
^'^^^'^^'^

D '.d : : A : a
Dazzd A
1 DDda — \DddA. By yf^f/^/w 3.

D D : dd: : I DA \\da. And fo for other Sides,

Q. E. D.

THEOREM XXIII.

In every Ohtufe-angled Triangle (as B CD) the Square of the Side

Juhtending the obtufe Angle (as D) is greater than the Squares of
the other two Sides (B and C) by a double ReSlangle made out of
one of the Sides (as B) and the Segment or Part of that Side pro"

duced (as a) until it meet with the Perpendicular (P) letfall up*

on it, (12 e. 2.)

That is, DD— BB + CC+2Ba.

Firfl

And
1 — 2

SD^monttratioiT.

DD — PP -i- aa + 2 B a + BB
CCzzPP +
DD — CC 2Ba -\- BB
DD ziBB -^CC+2Ba

Q^E. D.
Corollary,

Hence it Is evident, that, if the Sides of any Ohtufe-angled Tri^

angle are given, the Segment (a) of the Side produced (or the Per-

pendicular P) may be eafily found.

THEOREM XXIV.

If a Perpendicular (as P) be let fall into any Acute-angled Triangle

(as BC D)^ the Square of either of the Two Sides (as D) is hfs
than the Squares of the other Side^ and that Side upon which the

Perpendicular falls (viz. C and B) by a double Rectangle made of
the Side B, and that Segment or Part of it (viz. a) which lies

next to the Side C (13. ^. 2.)

Th^t is, DD ^ 2Ba zn BB + CC,
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3
4
I

5»

And
But

(g>^ 2
— aa
— 2

6

+

SDeinonftratWT.

B —^ a z=L by" Figure.

BE — 1 Ba aa zi. ee,
'

BB — 2 Ba zzz ee — aa,

DD — CC ee aa.'

DD —. CC = BB — 2 B6i:

DD + 2 Ba = BB + CC. Q. E. D.

Corollary,

* Hence it follows, that^ if the Sides of any /ftute-angledTrtanglt

be known, the Perpendicular P, and the Segments of the Side

whereon it falls (viz. e,) may be eafily found.

CHAP. IV.

^he &D!nfton of fcveral Eafy problems in plain Geometry^

whereby the Learner ptay (in Part) perceive the Application

cr life of the foregoing Theorems.

NOTE, when a Line^ or the Side of any plain Triangle^ is any

Way cut into tiuo or more Parts ^ either by a Perpendicular

Line let fall upon it, or otherwife, thofe Parts are ufually caWd Seg-

ments ; and fo much as one of thofe Parts is longer than the other^ is

calVd the Difference of the Segments.
And when any Side of a Triangle^ or any Segment of its Side is

given, 'tis ufually fnark'd tvith afmall Line crofs it, thus ;.—.— [ ^
afid thofe Sides or Parts of Sides^ that arefought^ are marked with

four Points^ thus : —if-

PROBLEM!. ,

To cut or divide a given Right line (as S) into Extreme and Mean
Proportion, (ii. e. 2.)

That is, to divide a Line fof that the Square of the greater Seg-

ment (or Part) a, may be equal to the Rectangle made of the whole

Line S^ and the lelier Segment e.

Viz.

And
I

2

Se zzz aa, by the Problem.

S — a Cy {or S zi: a -[-•
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2 and 3 4 — =: .5— tf. By Jxiom 5.

4 X 5 5 = 55 — 5^2

^ ^ Sa 6 aa + Sa == 55

6, folved 7 4 = 55 + i 55 V4 5/. See Pages 195, 196.

Note, 7he laji Problem cannot he truly answered by NumberSy but

Geomitrically it may be performedy thus

:

one of its Sides in the Middle, as

at d upon the Point C defcribe fuch

a Semicircle as will pafs through the

remoteft Points of the Square, and

compleat its Diameter. i. - a ]
^
C

2. Then will either Part of the Diameter, on each End of ih*

Side 5, be == the greater Segment fought.

But a + 5 : 5 : : 5 : a. By Theorem 13.

ErgOy aa + Sa zz 55, Which was to be done.

PROBLEM n.

The Bafe ofany Right-angled Triangle y and the Difference between the

Hypothenufe and Cathetus being given ^ to find the Cathetus, b'c,

h ZZ

i iz 32
a Cathetus fought

bb aa dd + 2da aa

By theorem ii» :

bb dd 2da

2da =z bb — dd
bb — dd ,

^'(^'

b : d 2a \ d b. By TImrem 13,
bb — dd -\- 2da. As before at the 5fh Step.

Letj
I

2

And 3

Then

4 — aa 5

5 -^^ 6

6 2d
7

Or, 8

8 • •

9

Tt Here
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Here you fee that either Way raifes the fame Equation ; neither

is there any conftant Method or Road to be obferved in folving

Geometrical Problemsy but every one makes Ufe of fuch Ways and

Theorems as happen to come firft into their Mind, the Refult be-

ing every Way the fame,

PROBLEM III.

fhe Difference between the Bafe and Hypothenufe of any Right-angled

Triangle^ and the Difference between the Cathetus and Hypothenufe

being both given ^ to find the triangle.

^ = 32
^ =: 25
d-\-x-\-a'=ix\it Hypot.

Let{

And

Then
I

5
.3
6+7

x-^-azize J

dd 2da -\- aa zz yy
XX -|- 2xa aa zz ee

dd-^- 2dx+ 2da+ 2xa xx aa zr: H Hypothenufe,

dd -|- 2da -\- 2xa -j- ^a* -j- 2aa = yy -|- ee.

The tV7o laft Steps are equal, by Theorem 11. Confequently, if

tbofe Things that are equal in both be taken away, the Remainders

will be equal. By Axiom 2.

aa =r idx = 1600
a zz \/ 2dx zr 4.0

d '\- a n ']% zzL y The Bafe.

^ -|- iz 65 =: ^ The Cathetus.

^ + + ^ = 97 The Hypothenufe.

That is 10

I I

t ^ II 12

2 + 11 13

I4-2+ II 14

PROBLEM IV.

The Hypothenufe, and the Sum of the other two Sides, cf any Right'

ar^led Triangle^ being given^ thence to find the Sides,

Let
And

By Fig.

4—3
3 — 5

6 m,*

I

2

3

4
5
6

^=97
a + ezzSz=z 137

aa ee :=z HH.
aa^ 2ae -\- ee :=i SS

2ae zzSS-^HH
aa— 2ae + zz 2HH—
a--ezz %/ 2HH— 6S

2-f 7
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2+2
8 + 2

2 — 9

8

.9

10

2fl = 5 -f i/ 2J-iH— 66' =: 144

— 72 The Bafe required,

a= 65 Cathetus.

5 + t/ 2/^/i^

e zz

PROBLEM V.

The Hypothenufe, and the Difference of the other two Sides of any

Right'angled Triangle being given ^ to find the Sides,

2

3
3
6

2

8

7

I

Let

And

By Fig.

— 4

5+

+

I

2

3

4

5
6

7

8

9

10

1

1

^= 97 As before.

— e zzdzzz J Ql^ere <z

2ae -zz hh— dd

aa + '2'Oe ee ~ ihh— dd

a ez=z \/ 2hh—dd

2a =: i/+ i/ 2hh— dd=z 144

<j = 72

2ez=: 2hh— dd :
— d=, 130

^ zz 65

PROBLEM VL
Jn any Right-angled Triangle, either the Bafe, or Cathetus, and the

alternate Segment of the Hvpothenufe made by a Perpendicular let

fallfrom the Right-angle^ being given ^ to find the other Segment,

^ = 45 T^^ Cathetus

^ = 48 The alternate Segm*

b : e : : e : a Qjiere a

ba = ee

cc— aazz.ee, ByTheor»ll,
ba zz cc — aa

^

aa -\- ba zz cc

aa
-f- ba '\' ^bh z= cc \bb

a 4- 4 ^ z=V cc -^bb ^

a zzLS^ cc 4: ~bb : — \b-zL2'] And fo on for 5rc.

Let I

And 2

Then 3

3 • 4
Again, 5

4. 5 6

6 4" aa 7

7> c 8

8 9

9 — ll> 10

T t 2 Khali
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a a

i fhail now fliew the Geometrical ConJiruSiion (or Solution) of the

three Cafes ot ^adratick Mquations prorruftd in 202. Let the

firft Example he that above, viz. aa -^^ ba "Zl cc. Cafe i.

Make tne Co efficem and the Root of the Refolvtnd{yN\iiz\i

is here) into a Right-angled Pa-
rallelogram, And upon the middle

Point of the Side defcribe fuch

a Semicircle, as will pafs through the

remoteft Points or Angles of the

Parallelogram^ compleating its Dia-

meter, as in the annexed Scheme,

Then will either Part of the Dii meter, on each End, be equal to ^

;

the other Part will be ^ ^» ^'^^ ^ will be a mean Pro-

portio'ial between them : That is, ^ -f" ^ • ^ * * ^ • ^» By 'Theorem

13, confcquently aa ba ~ cc» Which was to be done.

PROBLEM VIL

7^^ Difference between the Bafe and Cathetus of any Right-angled

Triangle^ and the Perpendicular let fallfrom the Right-angle upon

the Hypothenufe, being given 3 thence to find the Hypothenufe,

Let

And
Quere a

By Fig»

A
-Again,

5X2
6 - 7sen

10 -V- fi

I

2

3

4
5
6

9

10

1

1

^ 15 The DiiFerence of the Sides

P = 36 •

a •=zl.he Hypothenufe.

i + ^ : p : : : ^

de •\- ee ziz pa

dd + 2^^ -f- 2^/f :

^^5^^ -j- 7.ee iz 2pa

dd z=: aa — 2pa, Cafe 2.

By Theorem 11,

2/)J pp ZZ dd pp ZZ. I52I,

^ — p z=z \/ dd pp zz: 29
azi:p-{-\/dd-\-ppz=i 75, for e. per 5/^^ 5,

T/^^ Geometrical Conjiru^ion of this Cafe 2, vi^. tfa — 2^^ zz <W
may be performed in the very

fame Manner as the laji Cafe y-
'

was ; that is, by making a Right-

angled Parallelogram of the Co-
efEcient 2p and the \/ ddy viz. /

dy &c. As in the annexed Fi-

gure.

2p

a

Then
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Then will the greater Part of the Diameter to one End of the

Parallelogram be zz. tf, and the lejfer Part will be j — 2/>. For a :

d\\d\a— 2/> by Theorem 13. Confequently, aa 2/)fl ~ dd.

Which was to be done,

PROBLEM VIII.

The Hypothenufe of any Right-angled Triangle^ and the Perpendicu-

lar let fall from the Right-angle upon the Hypothenufe, being given,

tofind the greater Segment of the Hypothenufe, l^c.

T pt- 1 A — y5 nypoiijcnuiw

And 2 —

—

Then 3 e'zizh Quere a

per Fig, 4 « : p : : p : i

4 5
^-
a

z e

3 — ^ 6 a zr. e

5» 6 7 z^—
a

7 X ^ 8 -aazLpp Cafe 3*

8 + 9
—"ha zz.— pp

9 c 10 aa^-ha + lhhzzihh"^

10 ««* II a— \hz=zs/ \hh—pp zz

12 a = ih±\/ ihh—ppzz

PPZZ110,2S

10, 5

48. Or, a z=z 27,

aa

a

The Geometrical Conftrudion of Cafe 3, viz.

may be thus performed : Draw a Right-

line (of any convenient Length at Plea* y^*^

fure) and near its Middle ere<Sl a Per-

pendicular py viz, of the fame

Length with the Root of the Refolvend. j

From the top Point or upper End of **•
..

that Perpendicular, fet off Half the

. . h h
Length of the Co-efHcient, viz. and upon the Point where —

2 2

juft touches the firft Line (with the fame Dillance) defcribe a Se-

micircle ; then will its Diameter h be cut by the Perpendicular p
into two Segments, which are the two Values of the Root a^ viz,

the greater and lejpr Roots ^ both taken together, being always equal

to the Co-efficient : (vide Page 201.) For h — a : p : : p : a by

theorem 1 3. Ergo, ha-^aazz: pf* Which was to be done.

z PRO-
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P R > B L E M IX.

The Perimeter, /. e, the Sum ofall the three Sides of any Right-angled

Triangle^ and its ArtZy being given^ thence to find each Side,

a'\^e'\-y'=i5-=. 234 The Sum of the Sides,

laezzi A The Area 1= 2340

7/' T
I

And 2

Again, 3

2X4 4

3 + 4 5
J — y 6

6 7

5» 7
8

8 + QV

9 -f- 2^ 10

6, 10 I I

3 — 4 12

12 UM^ 13

II + 13 14

13 -f- 2 15

11 — 15 16

+ se =
)[y By Figure

2ae zz 4/^
-}- 2ae -\' ee 1Z. yy

a e z=z s — y
aa -\- lae ee ZZ ss— 2sy yy

yy + ^/i zz ss 2sy + yy
2sy = j; — 4//= 45396

= "—~ zz ' J —— zzgj The Hypothenufe.
2S S

<7 + ^ = j—y=: 137
aa— 2ae ee zz yy— J^A zz 49
a— ^=i/49 = 7
2*3 = 137 + 7 = 144

^ = 72 The Bafe.

^ zz 137 — 72 zz 65 The Cathetus.

P R O B L E xVE X.

In any Right-angled Triangle a Perpendicular being let fall from the

Right-angle upon the Hypothenufe ; if the Sum of each Segment^

when added to its adjacent or next Sidcy be given^ thence to find each

Side^ and the Segments,

Viz. If I ^ + « zz 5 == 108
And 2 e -\-y zz z =: 72

To find e^ u, J, and p

1 — a 3 u zz s — a

3 4 uu =z ss— 2sa + 0^

4 — aa 5 uu — aa zz ss — 2sa zz

2 — c 6 z — e z=. y
6 7 zz — 2ze ee zz yy

y *— ee 8 zz— 2ze yy — ee in

5, 8 9 zz — 2ze =: jj — 2sa

By Fig rc a : p : : p : e

10 1

1

ae z= pp

5> II 12 ae ZZ ss — 2sa

12 -r- a



Chap. 4. Of jRefoIbmg proWemss. 327

12 a

13 X 22

9 + H
a^5

16
X
+

13

14

15

16

17

18

19

I
ss— 2sa

e zz

17 -f- 2s

Subftitute

Then 20

20 C 21

21 wj* 22

22 — X 22
1 — 23I24

per 13:25

2 — 25.26

23 + ^s\v

a

2%SS— Azsa
2ze = ^—

a

zz z=i SS — 2sa
2ZSS -f- 4^sa

a

zza = ssa — 2saa -|- 2zss — 425^2

2saa + zzt? -j- 4ZJ^ — ssa zz 2Zii

aa -| 1- 2z ~sa z= zs
2S

zz
2x m 1- 2z— 4 f in 1 14

aa + 2xa zs zz 7776
aa -j- 2;icj xx zz zs xx zi IIO25

<2 A* zz -i/ zj 4- A**" zi 105

J =: i/ zj -|- A-jf : — ;ir =: 48
« zz 60 = Bafe.

a ^

= 45 =: /^^ Cathetus.

a -|- ^ = 75 ziz the Hypothenufe.
'

PROBLEM XI.

The Difference of the Sides of any Oblique- angled plain Triangle^ the

Difference of the Seg?nents of the Bafe, and the Difference between

the greater Side and the Bdfe, being given^ to find the Bafe, ^c.

d zz the Difference of the Sides zi 405
b zz the Difference of the Segments = 495
X = 165 the Differ, of the greater Side and Bafe

a zz the leaft Side

d a '\' X z=: the Bafe

Let

And
Then

And

6

7

8-

I

3

'2d-^b

+
+

9
•10

I

2

3

4
5

6

7
8

10

II

d -{-a -\- X '.d-^-ia: :d: b

By Theorem 16.

dh-\'ba-\-bx—dd'\- 2da

2da— ba zizdb -\- bx— dd

_ db^bx-^dd 118
a 25 = 3752d— b 315
d -^^ a •=! ZZ the greareft Side,

^ + + ^ = 945 — Bafe,

F R O-
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PROBLEM XII.

Tlhe Difference of the Sides of arty plain Triangle^ the Difference of the

Segments of the Bafe, and the Perpendicular let fallfrom the Verti-

cal Angky being given^ thence tofind all the Sides.

Let{

And
^ere

Then

5
b — dd

Subflitute

9 -r- 2^

But

10

II 12

dd13 X
14 +
8, 15

16 -r- ^x

17 c a

18

19

20
2

10,

IIM

'J

X 2

-f- 21

Num.

I

2

3
4

5
6

7
8

9

10

II

12

13

14

15

16

17

18

19

20

21

22

23
1 4- 23 1 24

f J as before
^ — 495 3

/> = 300
= the lefTer Segment.

h 2a : d 2e : : d : B.

bb + 2ba — dd 2de

bb — dd -\- 2ba zi 2de

IX zn bb — dd n. 81000
2x -|- 2ba iz 2de

X -\- ba

a

pp aa zir ee By Theorem li i

XX + 2xba -f- bbaa

TT^ = "
XX 4- 2xba 4- ^3^/7

^ pp aa
dd

XX + 2Jr^^/ • ]- bbaa pp^W 4- ^/^tftf

hbaa— ddaa -j- 2Jf^^ zz />/)^i/— ^-.r

aa

aa

2X

a + ib + y ibb + ppdd

2X

2X

a = ibi + fJ^-lx : - lb = 22s

2a = 450
^ 4- 2^ = 945 the Bafe.

e zzz 2j ^ zz the lelTer Side.

d e z=. ySo z= the greater Side.

PROBLEM XIIL

*Ihe Sum of the two Sides of any plain Triangle^ the Difference of

the Segments of the Bafe, and the Perpendicular let fall from the

Vertical
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Fertical Angle upon the Bafe, being given^ thence to find the Bafe

and the Sides,

Let

Put
I

Then
And

Per Fig.
I

9 tUI

8

+
Suppofe

Then

14

10,

2J

i6

17 X
18 +

20 - 7.x

1 1 J 1= 1 155 the Sum of the Sides,

2|i/zi: 495 the Difference of the Segments^

3 n: 300 the'Perpendicular,

4p zz: the leaft Segment.

5 U =z the leaft *S/V/^.
^

6 -f- the Bafe.

yls— 2e — the Difference of the ^^V^f.

^\d -\- ia '. s \ '. s — 2.C \ d
()\aa \- pp — £6

10

1

1

12

H
^5

i6

'V/f?^? -|- /)/> zz ^

^i/-f- 26^« zi — ise

ise =.ss— dd— 2da

2x ~ ss— dd
2se =: 2x— 2da

X— da

da
aa -|- pp

XX— 2xda 4- ddaa , ^ ^
in 1 -zziaa-f-pp

ss

18

20

21

21 5 hence 122

22 X 2

2 + 23
10, Num.
I 25

23

25
26

ATjr— 2;^^^^ -j- ddaa n + ^J/^
ssaa — ddaa -j- 2a'^^2 z=z xx— sspp

2xaa 2xda znxx— sspp

aa -{-dazzL kx— tltt^ ^c. as before.
2X

a — 22s

2a = 450
d Ar'^azn 945 the Bafe,

^ ~ 375 the lelTer Side.

s— ezn 780 the greater Side.

PROBLEM XIV^.

ne Area ofany Oblique-angled plain Triangle, the Difference of th^

Sides^ and the Difference of the Segments of the Bafe, being given^

thence to find the Bafe, i^c.

Let

I

2

3

A±z 141750 the Area,

d zz 405
b = 495

U u Put
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Put
I

Then

Per Fig.

7
% ^ dd

9 ©-'^

Per Fig'

II ^*

6X2
l^ -r- a

14

Per

16, 17

18 "X

19 X ^dd

10 +
21 -r-

22 C

24 + Idd

25 tou*

4

5
6

7
8

9
10

1

1

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

y HZ the Perpendicular,

a z= the Bafe,

a '. d ie \ \ d \ h

ba dd 2de

ba — dd — ide

bbaa— iddba -f- dddd ^ddee

^— = u the lefler Segment of the Bafe,

aa— ^ba -\- bb

ya =z

y =

4
: 2A
2A

yy =-
aa

lAA , aa— 2ba'\'bh
yy uu znee

aa

bbaa— iddba-l-dddd = ee

bbaa— iddba -f d^ 4rAA aa— iba 4- bh
' — H ^'

/^dd aa

bba^— T.ddba"' '\'d^aa ja t
^

^ yiA -\— 2ba^ -\- bba"^

i^dd 4
C hba^'--2ddba^ -f d'aa zz 16 AAdd 4- dda^

I '^2ddba'i + ddbba'-

bba^— dda^ + da"-— ddbba"- -nib AAdd
J J 16 AAdd

aaaa— ddaa zz
hb-^dd

aaaa— ddaa + '^dddd z= ^^/^^^ + i if*

aa

aa

bb-- dd

I
a/i6 aAdd

,

— » dd

945

PRO
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1

PROBLEM XV.

Jhere is an Oblique-angled plain Triangle^ wherein a Perpendicular

is let fallfrom the Vertical Angle upon the Bafe ; the leaji Side and

the Bafe are given ; and the ReBangle ofthe Difference of the Sides

into the leaft Side is equal to the Square of the Difference of the

Segments of the Bafe ; ^Tis required to find the Segments of the

Bafe, ^c.

Let
\

And
Put

Then

By Figure

6

5X2
7 ^ 8

5

IP cc

9'

12 X
13

II

cc

a

14 -|- 2rf«

15 in Num.

I

2

3

4

5

6

7

8

9

10

1

1

12

13

^5

16

<: zz 56 = the leafl Side,

B 92 zi the

-f- 2^ zz 5
y = the Difference of the Sides,

cy aa by the Queftion.

B \ ic y \ y \ a^ for 5 = « + 2r

Ba zz 2<:_)' -|-
J';'

icy z=

5^2 — laa -zz yy

ccyy zi aaaa

aaaa
yy ^

cc

Ba — 2aa z=.
aaaa

cc

cc Ba — 2ccaa zz aaaa

cc B — 2cca aaa

aaa -[-' 2^^"^? zz ccB

aaa -j- ti^2a = 288512

The Falue of a^ in this ^quation^ may be found as in the Ex-
amples Page 238, 'y/z. by putting r e zza Oy &G. as in thof«

Examples you will find a zz 37>55502, &c.

PROBLEM XVL
The three Chords or Subtenfes of three Arches compleating a Semicir-

cle being each given^ thence to find the Diameter of that Cfrcle.

That is.

Any Trapezium being infcriVd in a Semicircle, if one of its Sides

be the Diameter^ and the other three Sides be given^ thenct to find

the Diameter or fourth Side*

U u 2 Itct
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Then

And

5
-6 X
8, =
10 — a

11 — cca

6

7
8

9
10

1

1

12

13

f zz 4 > the 3 Sides.

<j =: the Diam. fought

Draw the two Diagonals

e and

ca bd zn ey. By Theorem 19.

"^"^
? By Theoretn 10 and 1 1.— da z=z ee }

-J- 7.bdca -j- zz: ^^)'}'

aaaa — bbaa — ddaa -\- bbdd zzz eeyy

aaaa — hbaa — ddaa z=i ccaa 7.hdca

aaa — bha — dda — cca z=z ibdc

aaa — bba -r~ dda — cca 2bdc

aaa — 50J zz 1 20

This Mquation being folv*d as in Example 2, Page 240, you

will find a = 850558^3 &c.

PROBLEM XVII.

Jn any Right-angled Triangle^ the Area and the Sum of the Hypothe-

nufe, zvhen added to either Side, bei?Jg giveUy thence to find the

Sides^ he.

Suppofe

^

I — zzi A zz. 1350 the yfr^^.

2 y 4- ^ ~ ^ = 120 the Su?n^ &c.

3 Quaere e^ and y

1X2 4 ae zn 2A

4 -f- a 5
a

Per Fig. 6 aa ee zn yy
2 — e 7 y ~ J — ^

8
a

8 9
\sA

,
A.JA

aa
5 ©-^ 10

10 + II
lAA

\aa ee zz: ^ -j- ^7df

j aa *

6, 9, II
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6, 9, II

i2,Thatis

13 X
14. +

12

13

aa

aa

aa zzi yy z:: ss
4.sJ . 4.J/t

-r

ss
a

14 aaa ~ ssa— J[.5A

15 ssa — aaa z=. \ sA
x6 14400^ — aaa n: 648000

The Value of a^ in this Mquation^ may be found as in the third

Example, Page 241 ; that is, by making r e — a^ &c. it will

be found that a zz 60.

PROBLEM XVJII.

There is an Oblique-angled plain Triangle, wherein a Perpendicular

is let fallfrom the Vertical Angle upon the Bafe ; the Sum of each

Segment of the Bafe, when added to its adjacent or next Side, and
the Area of the Triangle, are given^ to find the Perpendicular and
each Side.

Let

And

Then

Per Fig.
I

I

2

30 ^

8,

13

H
15

1

1

12

+
±
2Z

16 -7- 2J

17 H- 18

I

2

3

4

5

7

8

9
10

1

1

1

2

13

16

17

18

19

~ the ^r^f^z zz 141750
a — the Perpendicular fought,

y -\r ^Xka ziL A

^A
y + e zz —

a

yy -\- aa bh

ee aa zrz uu
b in % — y
u — s — e

bb zn z% — 2zy
-f- yy

uu z= ss — T^se — ee

zz — 2zy aa
ss — ise zz aa

zz — aa z=z izy

ss — aa zz. 2se

zz — aa
^

2Z

ss a a

2S

C Having found the Value of a
) from the 24th Step, e and y will be

J
eafily found by thefe two Steps,

Land bf by thegth and loth Step.

2;%

2«

aa
,

ss— + — aa
z=y +e

6, 19
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6, 19 20

20 X 22; 21

21 X S 22

22 X ^ 23

23, Numb. 24

cUlementg of (Btommv^ P^rt iii.

zz — aa ss — aa 2 A+ -

2«

zz — aa

2S a

zzs— zaa ^za

s a

\zA
zzs — saa + — zcia

a

zzsa— saaa + zssa - zaaa =z 4Zi^x

900000^— aaa = 243000000

Here a zn 300 found as in the laft Problem,

PROBLEM XIX.

^here is a Right-angled Triangle, vjherein a Right-line is drawn pa^

rallel to the Cathetus ; there is given the Cathetus, that Segjnent

cf the Hypothenufe next to /Zj^ Cathetus, and the alternate Segment

of the Bafc thence to find the Bafv^, ^c.

^ = 20 . f = 24 . and ^ = 15
b a zz. the Bafe. Quaere a

b a : c : : a ; e per Figure,

-\~ ee ~ hh per Figure.

viz. Let I

Then 2

Here 3
And 4

5

5
' 6

4 ,— aa 7

6, 7 8

8 X 9

9 ±
.

10

That is. 1

1

aa

ca

1= ee

b + a

ccaa

bb -J- zbo, -f-— aa ee

ccaa J J

z=z hh — aa
bb

ccaa

_ UU —— 141*

-j- iba -f- aa

ccaa — hhbb— bbaa + 2hhba— 2ha'^ + ^^^^—
+ 2baaa ccaa -|- — 7:'/;^'^— 2hhba= /'^^^

+ 40^^0-4- 751^^— 9000^ = 90000aaaa

For a Solution of this /Equation, let it be made

tf^^7« -|- baaa -|- — cfa -^iG
Put r -f- ^ = ^

f r -{- 4rrr^ -|- ()rree ~ tf''-

' tdz=z 9000 . G ~ 90000

I
err -j- 2cre -j- = f<7^7 C

L— dr — de zz — da J

90000

Let r — I©

Then

;
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i4-

10000 + 4000^ + tooee-l

+ 4OCOO + 12000. + 1200..U G = 90OOQ
-f 75ICO 4- 1502c. + 751.. (

yuw^v

— 9OOCO — 9000. J
That is, 35100 + 22020^ + 2551.. = 90000
Hence it will be 22020. + 2551.. 54900
Confequently, 8,63. -f- = 21,52 = D

- And = e

8,63 + .

Operation^ 8,63) 21,52 (2, i zi ^

-}".=: 2,1 20

1, Divlfor z=z 10 1,52 Firftr=iio

2. Divifor = 10,7 1,07 + ^ = 2,r

45 &c. r -f- ^ ^ 1 2, 1 = r for a focond

Operation, which being involv'd, and multiply'd into the Co-effici'

entSy as before, will produce thefe Numbers :

+ 21435,8881 + 7086,24. + 878,46..*^

-j- 70862,4400 -i- 17569,20. 4- 1452,00.. / Q
4- 109953,9100 -t- 18174,20.4- 751,00..?— 108900,0000 — 9000,0©. J

Viz. 93352,2381 — 33829,64. 4- 3081,46.. = 90000
Here, becaufe 93352,2381 :p' 90000 therefore 12,1 7^ ^, and

therefore it muft be made r— e — a, \vhich will produce the fame

Numters, only all the fecond Signs muii be changed.

Thus, 93352,2381 — 33829,64. 4- 3081,46.. — 900CO from

whente will arife this Mquation : ;

4- 33829,64. — 3081,46.. z= 3352,2381
Confequently, 10,9784.— ..= 1,08787332 = 1)

Op^ation^ 10,9784) 1,08787332 (0,0999 z:.
— . =,0999 9792

I. Divifor 10,88 108673 Laft r zz 12,

r

-0.. Divifor 10,879 979^1 — ^ 05^999

3. Divifor 10,8785 1076232 r — e ~ 12,0001 = .

979Q65

&c.

P R O B L E M XX.
Jn the Oblique-angled Triangle CAD, there is given the Side AD, and

the Sum of the Sides AC -\- CD j alfo within the Triangle is given

the
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the Line AB perpendicular to the Side CA \ thence to find the Sid^

CJ -\- CD zzs —
AD — d:=L'^2

AB — b —
CA z= a fought.

s— az=iCD

I

Let \ 2

3
And 4
Then 5

Suppofe

Then
And 6

But
/

7
Q0

8 9

c 10

Per Fig. 1

1

J 1 — M«

But

12 I

Q

14

Let

16

i6 -f-

17 + ^ 18

9

18 O-^" 20

19, 20 21

the Z/«^ jD/J* £
parallel to ^5 5 Cy^ being produced to F
A CAB, and A CFZ) will be alike.

BC : CA : : DC : CF
BC=i s/ bb + aa\ Let JF — and FDzny
*/ bb -\- aa : a : : s — a : a -\- e

sa aa

\/ : bb aa ^ + ^

— 2sa aa zz CZ)
JJ—2;^+^^7z=^^74- 2ae -^ee+yyzzi UCF-^ FZ)
ss— 2sa z=. 2ae -f- ee -\- yy
dd =:ee+yyz=z JF Q FD
ss — 2sa — dd 2ae

2x z::: ss — dd 1

X — sa zz ae

X— sa

a

X— sa A- aa

a
ssaa— 2saaa -\- a^ „ —;

—

19 —Z:— •=zna-\-e

XX
bb+ aa

— 2xsa A-2xaa-\'Ssaa— 2^tf»4-<7* „ —r-^
: J- 1-— = <Z ^

aa

ssaa— 2saaa a^

bb^ aa

XX— 2xsa + 2xaa 4- ssaa— 2sa^ -|-

aa

This Aiquation being brought out of the Fra£iions, and into

Islumbers^ v/ill become — 20i8«''- + 125409^^— 2464230,25<a*

+ 354683C7iZ — 274183922,25 ; which being divided by 2018,

the Co-efficient of the higheft Power of tf, will be— -j~ 62,145
ta^ — 1221,125^2^ + = '358^9>i3SS755

2 , And
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And from hence the Value of a may be found, as in the lajl

problem^ due Regard being had to the Signs of every Term,

This Work of reducing^ or preparing Equations for a Solution

by Divijion^ hath always been taught both by ancient and modern

Writers of Algebra^ as a Work fo neccflary to be done, that they

do not fo much as give a Hint at the Solution of any adfe£ied Mqua^
tion without it.

Now it very often happens, that, in dividing all the Terms of an
Mquation^ fome of their patients will not only run into a long

Series^ but alfo into imperfed: FraSiions (as in this Equation above)

which renders the Solution both tedious and imperfeSl*

To remedy that ImperfeSiion^ I (hall here fhew how this /Equa^

tion (and confequently any other) may be refolv^d without fuch

Divijion or Redu6iion»

Let h = 2018. c zz 125409. d =
f -1 35468307. And G = 274183922,25

Then the precedent Equation will Itand thus :— baaaa -\- caaa — daa •\- fa zz: G
Put r e — a before.

— br^ — Afbrrre — 6brree = — ba^
"J+ cr^ + yrre + yrei = +— drr — 2dre — die zz — daa f

+/'•

This is plain and eafily conceived. The next Th^!^ will be,

how to eftimate the firft Value of r ; and, to perform that, let G
be divided by ^, only fo far as to determine how many Places of

whole Numbers there will be in the Quotient ; confequently, how
many Points there muft be (according to the Height of the Mqua*
tion,)

Thus b r= 2018) G = 274183922,25 (130000
2018

7238, &c.

Now from hence one may as eafily guefs at the Value of r, as if

all the Terms had been divided. That is, I fuppofe r lo,

which being involved^ &c. as the Letters above dire^^ will be

X X — 20880000
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— 20880000 — 8072000^ — l2io8oo^^r

+ 125409000 + 37622700^ -f" 3762270^^— 246423025 — 49284605^ — 2464230, 25^^

4- 354683070 4- 3546^307^
!=

Viz. 213489045 + 15734402^ + 87239,75/?^ in 2741839 &'c.,

Hence 15734402^ -\- 87239, 75^^ zz 60694877^25
Confequently i 180,3^ -|- cc zz 695,72 = D

And -^^ ;— = e

Operai'iGn, 180,3) 695,72 (3,7 ::z: e

H- ^ — 3'7) 549
1. Dmfor =183 146,72 Firft r zz. 10

2. Divifor = 184,0 128,80 e — 3,7

hz. ' r e — 13,7 == r for a

fecond Operdtion^ with which you may proceed, as in the laft

Problem^ and fo on to a third Operation^ if Occafion require fuch

Exadnefs. But this may be fufficient to (hew the Method of re-

folving any adfeSfed Mquation^ without reducing it ; which is not

only very exa6^, but alfo very ready in Practice, as will fully ap-

pear in the laft Chapter of this Fart^ concerning the Periphery and

Area of the Circle^ Sec. wherein you will find a farther Improve-

ment in the Numerical Solution of High Equations than hath hither-

to been publifh'd.

C H A P. V.

Pra5fical problems, and HuicS for finding the Superficial

Contents, or area's of Right lin'd Figures.

BEfore I proceed to the following Problems^ it may be conve-

nient to acquaint the Learner^ that the Superficies or Area of

any Figure y whether it be Right- iin'd or Circular, is composed or

made up of Squares, {:'\thQj: greater or lefs, according to the diffe-

rent Meafures by which the Dirnerfions of the Figures are taken

Of ?neafur*d.

That i^, if the Dimenfions are taken in Inches, the Area will be

cmnpos'd offquare Inches ; if the Dimenfions are taken in Feet, the

Area will be composed offquare Feet-, if in Tards, the Area will be

fquare Tards ; and if the Dimenfions are taken by Poles or Perched

(as infurveying of Larid^ &c. ) then the Area will befqnaVe Perches^

&c.
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&c. Thefe Things being underftood, and the Definitions in the

283d and 284th Pages well confider'd, will help to render the

following Rules very eafy.

PROBLEM!.
7*

0 find the Superficial Content^ or Area of a Equate ) or of
any Right-angled |13arallrlct$ram.

P 5 Multiply the Length into its Breadth, mid the ProduSi will

C be the Area required. (See Lemma i. Page 302.)

Example. Suppofe the Line AB 6

Yards ^ and the Breadth AC ox BD
= 3 Tards^ then AB X AC — 6x3
^18 will be the Number of fquare

Tards contain'(3 in the Area of the Pa-
rallelogram A BC D. This is fo evi-

3
c

—

1

(

J

1

B

D

dent by the Figure only, that \t nee<is no D-emonfiraticn,

P R O B L E M IL

5^!? find the Area of any Ohlique-T'rianglcd Parnllelogram^ viz.

either of a Ktjonibus or K?)omboitJCS.

R<JLE \
Multiply the Length into its perpendicular Height (or

\ Breadth ) and the Produ£i will be the Area required.

That is, the 5/^!!^ ABxBP^the Area of the Rhombus AB CD.
Vox if B P ht drawn perpendicular to C Z),

and G be made parallel to B -P, then

will GC = PZ) and GP =r CD. Con-
fequently AAGCz=ABPD, and a
ABGP Rhombus ABCD. But AB
XBP — r=2 ABGP. Therefore A Bx
BP, or CD X BP =: the Area of the

Rhombus A BCD.

Example, Suppofe the Side AB iz 2^ Inches, and the Perpendi-

cular B P 17,5 Inches (being the f?orte/I or neareji Dijiance be-

tween the two Sides, AB and CD.) then AB x B P z=: 2^ X 17^5
402,5 fquare Inches, being the Area of the Rhomhui required.

The like may be done for any Rhomboides whofe Length and per-

pendicular Breadth is given.

Xx2 PRO.
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PROBLEM III.

^0 find the Superficial Content^ or Area of any plain E'riaitgU.

Every plain Triangle is equal to half its circumfcribing Paralh'

lograniy (41. e. j.) which ajfords the following Rule

:

C Multiply the Bafe of the given Triangle into half its perpen-

RuLE. < dicular Height^ or half the Bafe into the tvhole Perpendi-

C ciilar^ and the ProduSf will he the Area,

That is, BDyil CP, ov \ BDxCP = JreaofABCD.
Vor JC z=i BP, A B zz C P,

and B C IS common to both A l\ ; .^ir.......^*

therefore A ABC — A BCP, I

and for the Hke Reafons AC F D : ^--^
7=.ACPD, Therefore A i5 CP
>\-ACPD — \t:2ABCD, ^ ^
Confequently lBD:xCP, or B D X z CP will be the Area of

A BCD.

Example. Suppofe the Bafe 5i) zi 32 Inches, and the perpen-

cular Height C P — 14^ Inches,

Then i X C"? i6x 14 = 224. Or BDx\CP —
32 X 7 —- 224. Or thus, 32 X 14 — 448. Then 2) 448 (224
;zz the Area of the Triangle B C D m fquare Inches.

PROBLEM IV.

To find the Superficies, or Area of any STrapcjlum.

Firfl-, divide the given Trapezium into two Triangles, by draw-

ing a Diagonal from one of its acute Angles to the oppofite Angle \

and let fall two Perpendiculars (from the ether two AnglesJ upon the

Diagonal, as in the following Figure, Then

f Adtiltiply half the Diagonal into the Sum of the two Per-

Rule. < pendhulars, or half the Sum of the Perpendiculars into the

C Diagonal, and the Product will be the Area,

That \s, \ A CxB P + E D, Or A C xl B P \ E D ^
Area of the Trapezium AB C D.

For the A B C is Half its circumfcribing Parallelogram ; and

the A ACD IS alfo Hafof its circumfcribing Parallelogram, as hath

been prov'd at the iaft Problem,

Confequently^
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Corifequcntly, B P ED X i JC^ or L B P + i £ D X
will be the Jrea of the Trapezium^

as above. P

Example, Suppofe the Diagonal =

=z 33 i^^^^j and the Perpendku- -^-^ ' • •^5>!O
lar BP zz 15 Feet^ and the Per- -

penduular E D=. 14. Feet. Then
B P -\- E D 29 /V^f, and D
BP+EDxky^C =i2gx i6,s

= 478,5. Or^Cxi5P + ^^i) = 33XV=47S,5. Or
thus, 29 K 33 = 957- Then 2) 957 (478,5 any of thefe Pro-

duSfs are the Area of the Trapezium ABC D,

PROBLEM V.

To find the Superficial Content or Area ofany irregular Polygon^ or

many-fided Figure^ which by fome Au'

thors is calVd a Triangulate^ hecaufe (as ^
Ifuppofe) it muji be divided into Trian- yL—-—IT^^^

gles^ as in the annexed Figure ABCD /.'-•*' *

^\
FG ; by which it is evident, that the :.-.v^D

Sum of the Area's of all thofe Trian-

gleSy found as in the laft Problem^ &c, G '^----^IX'^

will be the Area of their circumjcribing ^
Polygon,

PROBLEM VL

T0 find the Superficies,, or Area of any regular Polygon^ viz. of

any regular ^mtagon, ^gcragon, ^gcptagon, £IDctagort, &c.

{Multiply half the Sum of its Sides into the Radius

of the infcriFd Circle^ or half the faid Radius into

the Sum of the SideSy and the Product will be the

Area required.

That is
^^-f^^+Z^g+^i^-f^g-t-^^+^^4--^>^ . y

= the Area of the annexed 05iagon ; wherein it is evident, that its

Area is compos'd of fo many equal Ifofceles Triangles as there are

Numbers of Sides in the Polygon^ viz. of eight Ifofceles Triangles^

whofe Bafes are the Sides of the OSiagony viz. AB BD zn DE^
he. And the Sides of thofe Triangles^ C A^ C B, C &c. are the

Radius's of the circumfcribing Circle; and their perpendicular

Heights^ viz. PP^ is the Radius of the infcriFd Circle,

z But
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But the Area of any ope of thofe Triangles is I J B X 0 P
by Problem 3. Confequently the

Sum of all their Area's will be

CP into halfthe Sum of all their

Ba/es, as above.

This, bting equally evident in

all regular Polygons v^rhatfoever,

makes the Rule general ior find-

ins: their Area's.

Now, becaufe it is tequir'd to

have the Radius of the proposM

Polygons infcriFd Circle^ I fhall

here infert (and demon/Irate) the

Proportions that are between the

Sides of feveral regular Polygons and the Radiuses both of their

fcriFd and c'lrcumfcrihing Circles; the one will help to delineate or

-proje^i the Polygon (if Occafion require it) and the other will help ta

iind its Area^

, And F;r/?, Of an cSqailatcral Eriangle.

The Side of any Equilateral plain Triangle is in Proportion to the

Radius of

Circumfcrihing Circle^

its InfcriFd Circle

Perpendicular Height

AB : CD

<^»57735027 &c.

As I : To^ 0,28867513 &c.

0,86602540 &c.

i. e.

^

5 : CG
AB : AG

• I : 0,57735027
: I : 0,28867513
: I : 0,86602540

SDnnonlfration.

Lct:AB=iBD=z I, then will B G
= Gi)=:o,5; but O AB— O BG
iz: A G by Theorem 1 1 . That is, i

— 0.25 = 0,75 = G, confe-

qiiently, \/ 0,75 z=z 0,86602540= AG:
Then AG : AB AB : A H, by Theorem 13, that is, 0,8660254:
I : : I : 1,15470054 5cc. — A then 4 AR-zz 0,57735027 ==
y^C. kz^in^AG-.DGwDG: CG, that is, 0,8660254: 0,5 ::

0,5 -.0,28867513 izCG. E. D.
Now, by the Help of the Firfl of thefe Proiottlcns^ it will be

fafy to refoke the following Problem*

PRO-
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PROBLEM VII.

The Side ofany Equilateralplain Triangle being glven^ to find its Area,

Example^ Suppofe the Side of the proposed Triangle J B Q
to be 25 Inches^ viz, A B zz B C zz CJ =z 2$
Firft I : 0,866254 : : 5 =z 25 : 21,650635
= BP by Theorem 13. Then A P {— i C
J) X BP = the Area of A ABC by Rule

to Problem 3, that is, 12,5 X 21,1550635 zz

270,6329 the Area in fquare Inches*

Or this Problem may be otherwife refoh^d thus:

Let^=JP = ^C. Thzn 2b zz A B. But

vfPz=nJ5P. By T/?>^5r^;« 1 1 . That is, 4^^ —
bb zz T.bb zz U B P, Confequently, \/ ^bh z=: B P. Then b

\/ ;^bb — B P X i ^ viz. ^/ ^bbbb X 1/ 3 ~ the ^r^fl of the

Triangle.

Secondly^ For a ^Pentagon.

The Side of any Pentagon is in Proportion to the Radius of

its

yl Co»85
S-As I : To] 0,68

0,85065080 &c.

68819096 5cC,

53884176 &:c.

Circumfcribing Circle

^

InfcriFd Circle^

Perpendicular Height

AB :AC : : I : 0,85065080
I : 0,60819096
I : 1,53884176

Let AB— I, And draw the Di-
agonals A Dy A Fy and D G, which

Vf'iWht equal tooneanothf r. Then will

AGxDF-^ADxG FziAFxDG
by Theorem 19, Confequently, AGx
DFzzAFxDGi— ADxGF^ih^th, nJB=:aAD: —
ADxGF=2i (becaufe//^ zzAG =: D F, 2indAD =:AFzz DG)
hence it will be AD zz 1,61803398, then AD— DHz=i
OAHbyTheor.il. But DHziziAB, therefore OAD—ioAB
zz AHz=: 1..5388417 >. Aeain, AH: AD:: AD; AXzz 2 AC.
For A AHD and A AD Xare alike.

Ergo
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Ergo ^ ~ 2^Czz 1,70130161. Hence ^C=0585o65o8o

But ^H—^C= C/^= 0,68819096, &c. Q,E. D.
From hence it will be eafy to refolve the following Problem,

PROBLEM VIIL

57^^ Side of any regular Pentagon being given^ to find its Area*

Example^ Suppofe the given Side to be 15 Inches long, then it

will be, as I : 1,53884176 : : 15 : 22,0826264 the perpendicular

Heights and by the general 22,0826264 X V = 165,619698
the Area required.

Thirdly^ For an iSDctagon.

The Side of anf rfgular Dragon is ijn^f^roportion to thj Radius of

its \ ^^^^^fi^^^^^S Circle^ As I : to 1,30656296, &c»

X Inpj'ib'd CircUy As i : to 1,20710678, ^c.

r^. { BA :CA :: I : 1,30656296
^'^'LBA:CP: :i : 1,20710678

SDemcnflration.

Praw the Right Line D B, and

from the Point B let fall the Per-

pendicular B X upon the Diameter

DA,
Then will A DBA and A DxB

be alike, by Theorem 10 and 12.'

bzzBA—i:a=LCA
BD, and y :=i Bx

Then

2

But

That is

bb

Again

2a : b \ : e : y. viz, DA:BA::DB:Bx
^^fz=e=zDB
b

^Jfll-ee^UDB
bb

^aa-^^J^^bh
^ bb

n DA— n DB =1 n BA. By Theorem 11.

^bbaa — /^aayy m bbbb

f -I aa = yy. For Cx =1 Bx
I and nCx + D Bxzz n CB zz aa

5. 6
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5» ^ 1

7 ~ 2 8

SCO 9

9 to** 10

10+ 11 n
12

Then 13

13 tm* H

4.^te— 2a'^ = Of 2a^'— ^hbaa =— ^+

<7^^^ — 2^^^a — \:b^

—
. 2^^^7i2 \' b^ — l^b^ :=: i b^

aa — bb — ^/ib^
aa bb -\- \/ 1: b^

a zz V : bb \/ ^b^ -=1 1,30656296, &c. ~ Cv/
aa— jbbzz CP,' viz. CH— UHPz=lOCP
\/ aa— Ibb = 1,20710678, &c. = CP,

From hence 'twill be eafy to find the vfr^j of any O£iagon.

PROBLEM IX.

lihe Side of amy regular Odagon being given^ to find its Area:

Example, Suppofe the Side given to be 12 Inches long; FirJ}^

as I : 1,20710678 : : 12 : 14,48528136 zz the Radius of its in-

fcrib'd Circle ; then 12X4= 4^ ^^^^ Sum of its Sides,

and 48 X 14,48528136 == 695,2935 the Area required.

^ Fourthly^ For a SDecagon.

The Side of any regular Decagon (viz. a Polygon of ten equal Sides)

is in Proportion to the Radius of ^

J J
Circumfcribing Circky as i : to 1,61803398, &c.

\ InfcriFd Circle as I : to 1,53884176, &c.

5 BA: CJ : : 1: 1,61803398
lBJ:CP::i: 1,53884176

2DemonftrattO!T.

T ^b — BJ—i,az=CJ
lc = DB, and y z=i Bx

Then
That is,

But

3

4 -f-

Again

That is.

2a : b '. e : y
DJ:BJ::DB:Bx

2ay =: be

J be
and 2y = —

a

2y : e : : i : 1,61803398. See Pentagon,

ig ^ be le

1,61803398 ^ a a

1,61803398 = ^7 =:

aa— :Lbb zi CP.
viz. OCF— nPFzzU CP, By Theorem 1 1.

1/ 2,61803398 — 0,25 — 1,53884176 zzC P
{

Yy P R G-
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PROBLEM X.

The Side of any regular Decagon being given^ to find its Area.

Example. Let the given Side be 14 Inches Icfng ; then, as

I : 1,53884176 : : 14 : 21,543784 zz the Radius of the infcnb'd

Circle ; and 14 X 5 — 70 is half the Sum of its Sides. Laftly,

21,543784 X 70 ~ 1508,06488 the Area required.

Fifthly^ For a SDoDCcagon.

The Side of any regular Dodecagon (viz. a Polygon of twelve e^ual

Sides) is in Proportion to the Radius of

J
C Circumfcribing Circle^ as i : to 1,93185165, &C.

^\ InfcriFd Circle as i : to 1,86632012, &c.
jr, i BJiCJ: : 1,03185165

IBA:CP:: 1,86632012

SDemonttrafiort.

Let h = BJ — I .a=iCJ2LS before

And e = xj ; then a— e Cx

Firft

But

2

4

5

4

7>

Again

X 2a

9
10

+
13, C
I WJ

14 + 2hb

15
Again

17, Hence

2

4

5
6

C By Figure.

Bxz=il.CJz=iia
O Bx zuiaa
bb— \aa 'Zi.ee

•4-

\/ bb— \aa •=! eg

aa — ~aa "=1 aa — lae -f- ee

U CB — Bx zz U Cx

HP

2a \/ bb— \aa = lae1

8 bb—'aa — 2a\/bb

aa '— aa -\- bb9

10

1

1

12

13
14

15

16

17
18

1-aa zir. ee — lae

aa— ^aa — %aV bb— ^ a<s

2a \/ bb— ^aa ~ bb

^bbaa — aaaa zz b^

aaaa — Jif.bbaa — — b^

aaaa — /i^bbaa + A^^ ~ S^"*"
— 3

aa — 2bb = i/ 3 ZI 1,7320508075
aa — 2bb-\-\/2^ 3^7320508075
a z=: 3,7320508075 ZZ 1,93185165 = CA
aa— ibbzzi CP. viz. CF— nPFz=nCP
CPzzx/ aa— lbb=i 1,86632012. Q. E. D.

Con-
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Confe^ary,

Hence if the Side of any regular Dodecagon be given, the Radius

of its infirib'd Circle may be eafily obtained, and thence the Jrea

found j as ia the laft Problem.

The Work of the 'foregoing Polygons, being well confider'd,

will help the young Geometer to raife the like Proportions for others,

if his Curiofity requires them : And not only fo, but they will

alfo help to form a true Idea of a Circle's Periphery and Jrea, ac-

cording to the Method which I (hall lay down in the next Chapter

for finding them both.

CHAP. VI.

A new and eafy Method of finding the Circled' P^ripj^er^

and Silt^ to any ajfign^d Exa3inefs (or Number of Figures

)

by one ^Equation only. Alfo a new and facile Way of
making Natural ^\m% and 2Cangent5.

T ET us fuppofe (what is very eafy to conceive) the Circle's Jrea to

be composed or made up of a vaft Number of plain Jfo/celes

Trianglesy having their acute/} Angles all meeting in the Circle's

Center. And let us imagine the Bafes of thofe Triangles fo very

fmall, th^t their Sides and their Perpendicular Heights, viz. the

Radiuses of their circumfcrib'd and infcrib'd Circles (vide Pro-

blem 6.) may become fo very near in Length to each other, as that

they may be taken one for another without any fenfible Error :

Then will the Peripheries of their circumfcribing and infcrib'd

Circles become (altho* not co-incident, yet) fo very near to each

other, as that either of them may be indifferently taken for one and

the fame Circle.

But how to find out the Sides of a Polygon (viz. the Bafes of

ihofe Ifofceles Triangles) to fuch a convenient Smallnefs as may-

be necefTary to determine and fettle the Proportion betwixt a Cir-

cle's Diameter and its Periphery (to any afftgn^d Exa^nefs) hath

hitherto been a Work which requir'd great Care and much Time
in its Performance ; as may eafily be conceived from the Nature
of the Method us'd by all thofe who have made any confiderable

Progrefs in it, viz. Archimedes, Snellius, Hugenius^ Moetius^ Van
Culen, &c. Thefe proceeded with the bifeding of an Arch, and
found the Value of its Chord to a convenient Number of Figures

Y y z at
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at every lingle BifecSlion, repeating their Operations until they had
approached to the Chord defign'd.

And this Method is made Choice of by the learned Dr. TVallls

in his Treatife of Algebra ; wherein, after he hath given us a large

Account of the different Enquiries made by feveral (very eminent

in Mathematical Sciences) in order to find out fome eafier and more
expeditious Way of approaching to the Circle's Periphery, as in

Chap. 82, 84, 85, 86, and feveral other Places, he comes to this

Refuir, {Page 321.)
" 'Tis true, faith he, we might in like Manner proceed by con-

*' tinual Trife6tion, Quinquifection, or other Section, if we had
*' for thcfe as convenient Methods of Operation as we have for

Bifedion : But becaufe Euclid (hews how to bifedl an Arch
Geometrically, but not to trife<5l, ^c. and the one may be done

*' ( Algebraically) by refolving a Quadratick Equation, but not

thofe other, without inequations of a higher Compofitionj I

therefore make Choice of a continual Bife<9:ion, ^c."

And then he lays down thefe following Canons

:

The Subtenfe of i i

of i 'i/:2—-'i/3
of^V i/ :2+i/ 124-1/3
of ^'j i/ : 2—1/ : 2-^-1/ : 2+1/3
of 4/ : 2—1/ : 2-f i/ : 2-|-i/ : 2-4-1/3

Stc. i/:2—1/ : 2-fi/ : 2+i/ : 2-j-i/ : 2-4-4/3

V^:2—i/:2-f i/ :2-4-i/ : 2+i/ :2-4-i/ : 2-4-4/3

4/;2—-/:2+i/: 2+\/ : 2+i/ : 2+v' : 2+^^ : 2+^/3

Into 6
into 12

&c. 24
48
96
192

384
768

he. &c.

/few; tedious and trouhkfome the JVork of thefe complicated Extrac-

tions is, I leave to the Confideration of thofe, who either have had £x'
perience therein, or out of Curiofity will give themfelves the Trouble of
making Trial.

Again, in Page 347, the DoSior inferts a particular Method pro-

pofed by Ltbnitius, publi(l;)i'd in the A^a Eruditorum at Leipfick, for

the Month of February 1682, in order to find the Circle's Area^

and confequently its Periphery, which is this

:

As I :to^~-|4^j^|+^--TV-4-Ti— tV+tV--ti^,&c.
infinitely : ; fo is the Square of the Diameter to the Circle's Arei^»

But this convergeth fo very flowly, that it is not worth the Time
to purfae it.

I fhall here propofe a new Method of my own, whereby the

Circle's Periphery^ and confequently its Area^ may be obtain'd

infinite-
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infinitely near the Truth, with much greater Eafe and Expedition

than either that of BifeSiion^ or that of Libnitius^ as above, or any

other Method that I have yet feen ; it being perform'd by refolving

only one /Equation^ deduced by an eafy Procefs from the Property

of a Circle, (known to every Cooper) which is this

;

The Radius of every Circle is equal to the Chord of one fixth Part of

its Periphery. That is, JD ~ DH — HG, the Chords of one

third Part of the Semicircle, are each equal to JF its Radius* Then
if the Arch JD be trifeaed, it

will be ABz=lBZzz ZD.

Let

R=zJFzzi
znADzzi

AB. Quaere a.

Then

And

That is,

For

4X&C. 5

R : a

R a

a

FB : BZ : : Fe : ex = AD — 2a

A AFB^ and A BAe, are alike.

And AB zz Ae =: Dx^ kc.

Rc^2Raz=zRa-^'^
R

^R^a — aaa=. RRc, That is, 3^2— aaa zz. i

Here a = the Chord of iV Part of the Circle.

For T of i z= tV

Next, To trifeSl the Arch AB.

Let I 3_y
— y^ a the laft Chord.

I ^5 2 I'jy^ — 2']y^ -j- 9/ — y^ zz.

^ X 3 3 9y'- 3y' =^ 3^

3 — 2 4 9)' — 30>' + 27>'5 — 9/ ^9 = 3^ — ~ X

Here y = the Chord of sV Part of the Circle.

Again, To trifeSf the Arch whereof y is the Chord,

Let

1 ^5

I ^5

I

2

3

2a — a^=zy
2ja^ — 27^5 — ^9 ::t- ^?
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J ^7

I X 9

3 X 27

X Q4

6 -
+ 8

+ 5
-'I

10

f i9683«9 — 59049a" + 78732^^5 _
I 6i236«'5 ~ ^9

27^7 — ga^ z=z gy

8io<2^— 8iOfl5 -|- 270^7— 30^9 = 3o>^

c 656 — ^0935^?^ + 7290^9— 2430^?" +
c 19683^7 _ 45927^9 + 45927^" —
t 255 15^?'^ + 8505^^5 zz 9/

819a' + 737155—. 30888^7 ^
930^79— io74o5<7" -1- T

46525'3_ 697685^5

Here a zz the Chord of t^^j: Part of the Circle.

f 27^

J
72<

C 1 041

Proceeding on in this Method of continually trife£ling the Arch
of every new Chord, and ftill connedling the produced /Equations

into one, as in the two la/i Trife5liom^ 'twil! nor be difiicult to ob-

tain the Chord of any affign'd Arch, how fmall foever it be.

Now, in order to facilitate the Work of raifing thefe JEquatiom

to any confiderable Height, 'twill be convenient to add a few ufeful

Obfervations concerning their Nature, and of fuch Contradlions

as may be fafely made in them 5 which, being well underftood, will

render the Work very eafy^

1. 1 have ohferv'd^ that every TrIfe(fl:ion wtll gain or advance one

Figure in the Circle's Periphery, but no more. Therefore fo many

Places of Figures as are at firji defignd to he perfe5i in the Periphery,

fo many Trifedlions muji he repeated to rqije an Equation that mil
produce a Chord anfwerable to that Defign^

2. 7 have alfo founds that all the fuperior Powers (of whofe

Indices are greater than the Nurnher of Trifefiions, {vi%> whofe In-

dices are greater than the Nunjber of defigrid Figures) may h^ wholly

rejc£led as infignificant,

3. IVhen once the Number of Trifeftions, and thence the highejl

Power (ofa) is determined^ the third Procefs (vi%. the third Trifec-

tion) Tnay be made a fix'd or confiant Canon \ for by it^ and Multipli'

cation only, all the fucceeding TrifecS^ions (how many foever they are),

may be compleatcd ivithout repeating the feveral Involutions*

4. In
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^.v J —
4, /« raiftng and colleSiing the Co-efficients of the feveral Powers

(of 2.) ^twill he fufjicient to retain only fo many fignificant Figures (at

) as there is defigned to he Places of Figures in the Periphery (or at

mofi but two more) and every fucceeding Juperior Power may he allowed

to decreafe two Places offignificant Figures : But herein great Care mufi

be taken to fupply the Places^ of thofe Figures that are omitted^ with

Cyphers^ that fo the whole and exaSi Number of Places may he truly

adjufied ; otherwife all the Work will be erroneous.

Now the Number of thofe fupplying Cyphers may be very conveniently

denoted by Figures placed within a Parenthefis, thus r 576 (8)

may fignify 57600000000^2^ as in the following Mquations, The

like may be done with Decimal Parts, thus: (,7)658 may fignify

5OOO0000658, &c. which will be found very ufeful in the Solution of

thefe and the like /Equations,

The aforefaid Contra£tiofts may be fafely made, becaufe both the

fuperior Powers of a^ which are rejected ; as alfo thofe Numbers
that are omitted iii the Co-efficients (and fupply'd with Cyphers)

would produce Figures fo very remote from Unity, as that they

would not afFe6l the Chord defign'd ; that is, they wou4d not afFedt

the Chord in that Place wherein the defign'd Periphery is concerned;

as will in Part appear in the following Example,

If thefe Directions be carefully minded, 'twill be eafy to raife an

Mquation that will produce the Side of a regular Polygon^ whofe

Number of Sides fhall be vaftly numerous, confequently infinitely

fmall : But, I prefume, 'twill be fufficient for an Example to find

the Side of a Polygon confiding of I5 8280326 equal Sides ; that is,

if I find the Chord of ,,sh^\o3^6 P^''^ of ^1^^ Circlets Periphery, asid

that requires but fixteen Irife^iions^ which being ordered, as before

directed, will produce this Mquation,

430467 2 1<?—3323601 794869686 1 2(4)(23

+769837653i997i4(2oK—8491218532841(35^27
+54633331 H3(SoK—230oS3348(66>"
+6830988(7 9)a'^— 15072(94)^2'^'

Here the Value of a will have 23 Places of Figures true ; that

is, the Sides of the infcriVd and circumfcrib'd Polygons will be exad^ly

the fame to 23 Places of Decimal Parts^ but no farther ; all which
may be eafily obtained at two Operations. And for the firfl:, 'twill

be fufficient to take only three Terms of the /Equation^ which will

admit of being yet farther contraded, thus

:

Let
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+76983765(27^ 1

And let r e zz a ; then rejeding all the Powers of ^, that arife

1>y Involution above ^-^^j

It will be r^ -f- 3rr^ + 3r^'^ + ~
And -|- S^"^^ + lor^^^ + lorreee =

Then the firft fingle Value of r may be thus found i

43046721) 1,00000000 (,00000002 = r

This ,00000002 zz. r being duly involved, and its Powers mul-
tiply'd into their refpedlive Co- efficients^ will produce

+,86093441+43046721^ ^—,02658881— 3988322^— 199416(9)^^—3324(i8)^^<? > zri

+,00024635+ 61587^+ 6159(9)^^+ 308(18)^^^3

viz. ,83459196-1-391 19986^— 193257(9)^^—30i6(i8)^^fzzi

Hence 39119986^?— 193257(9)^^—30i6( 18)^^=0,16540804

All the Terms of this lafl Mquation being divided by 193257(9)
the Co-efficient of ee^ it will then become

,0000002024^

—

ee—,156(5)^^^=1,0000000000000008558968=2)

^ f.
, c Z) -I- 1 56(5 )^^^

Conjequently^ < ^ — = e
L ,0000002024

—

e

Operation. '. . . \ ,

,0000002024) ,0000000000000008558968 ( ,000000004 zz #

W— e ,0000000043 +,0000000000000000009984 zz: 156 (5) eee

• « • •

1 Di* ,000000198) ,0000000000000008568952 (,000000004327

2 Di, ,0000001981 7Q2

6489

5943

5465
Firft r =: ,00000002 3962

+ ^ zi: ,000000004327 ^c.

y + ^ = ,000000024327 a. Or rather new r for a fecond

Operation.

Now^ if this firJi Value ofazz ,000000024327 were not continu-

ed to more Places of Figures by a fecond Operation^ but only multiply'd

into the Number of Chords, viz. ,000000024327 X 258280326
= 6,28318539, &c. the Periphery of that Circle whofe Diameter is

2, nearer than either Archimedes, or MoetiusV Proportion : For

3
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Archimedes makes it 6,285714, &c. viz. As 7 to 22. Jind Moe-
tius makes it 6,28318584, &c. viz. As 113 to 355.

But if the v^\io\i^ Equation before proposed be now taken, and we
proceed to a fecond Operation^ the Value of a may be increased

with twelve Places of Figures more, and thofe may be obtain'd by

plain Divifton only.

Thus, let r -)- ^ r= ^7, as before, and let all the Powers of e be

now rejected as infignificant

;

Then will
r3 3rV z=.a

\^
\

r'5 i5r*V zz a^^

The feveral Powers of r = ,000000024327 being rais'd, and

multiply'd into their refpedive Co-efficients^ will produce thefe fol-

lowing Numbers

:

+ 1)047197581767 + 43046721^'— ,047849196598394865 — 590075U
+ 5OO-655906484595355 + 134810^— ,000004281440413375 — 1232^ > — I+ ,000000016302517803 te

— ,000000000040631167 — oe

+ ,000000000000071388 -4-

— ,oooocooooooococo93 — oc ^

Viz. 1,000000026474745106' -} 37279554^ ~ I

Hence 37279554^ = — ,000000026474745106 zz D : Or
rather — 37279554^ zi ,000000026474745106 = D

Con2fequentlyy
|

D
37279554

Operation,

37279554) ,ooooooo26474745io6( (,15)7101^79^7 =
260956878

37905730
37279554

62617660

37279554

2^7. Laft
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Laft r z= 5OOOCOO024327
— e ,000000000000000710167967

r — e z=i ,000000024326999289832033 = a the Chord or

^ide of the Polygon required.

The next Work will be to examine how many Places of thefe

Figures will hold true to the Circles Periphery : In order to

that, let a be reprefented by the Chord B by in the annexed

Scheme ; and let Bx =: xb. Then will

5Ar=;^=:(, 7)1216349964491 60165 „ A J
andn^C— = U C x. -^X -

•
i

Let the Radius 5 C z= i as before. V ^| 7
Then will the ^QBC'-CiBx zzCx \ ^ /
== 5^999999999999999, &c. \ : /
'But Cx : X B : : C J : JD 1 p. \ z /
orCx'.Bb:: C A : D d\^^' \ \ /
jE'r^5D^=(, 7)243269992898320354 \ : /
the Side of the Circumfcribing Polygon, \/
Then will ax 258280326 be the Pe- C
rimeter of the Infcrib'd Polygon, And
Dd X 258280326 will be ihe Perimeter of the Circumfcribing Po-
lygon. That is, 6,2831853071795859 z= the Perimeter of the

InfcriFd Polygon. And, 6,2831853071795865 zz the Perimeter

of the Circii77ifcrib'd Polygon.

Hence 'tis evident, that the Circlets Periphery^ whofe Diameter

is 2, may be concluded 6,2831853071795864 true, becaufe the

Perimeters of the infcrib'd and circumfcrib'd Polygons are fo far

very near being Co-incident^ or the fame.

*Tis poffible there may be fome who will think this is tedious

and troublefome Work ; but if thofe pleafe to confider, that, if

this Periphery were to be found by the aforefaid Method of Bi/e^ion^

it would require thefe following Extra^ions :

Here the firft Root (viz. \^ 3) muft be extraSfed at leaft to

one hundred and two Places of Figures. The fecord Root
(viz.
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(viz. : 2 + 1/ 3) muft have 99 Places of Figures in it. The
third Root [viz. 'v/:24-i/:24-v^3) mult have 96 Places in

it, &c. every ExtraSiion being allovv^'d to decreafe three Places^ that

fo the laft Root (viz. the Chordfought) may confift of 24 Places of

Figures^ as above.

I fay, vi^hoever duly confiders the Trouble of thefe fo often

repeated Extra£iions vi^ill, I prefume, be pleasM u^ith what I

have done. For truly, when 1 confider the great Time and Care

required in them, I cannot but admire at the Patience of the la-

borious Van Culen^ who proceeded that Way until he had found

the Circle's Periphery to Ihirty-ftx Places of Figures^ to wit,

6,28318530717958647692528676655900576. Thefe Numbers
are faid to be engraven upon his Tomb-Stone in St. PetefV Church in

Leyden, for a Memorial offo great a JVork.

Having thus obtainM the Circle's Periphery., its Arch may eafily

be found {to the fame Number of Figures) by Problem 6. That is,

if Half the Periphery of any Circle be multiply'd Into Half its Dia-
meter^ the ProduSf will be that Circlets Area^ as will appear farther

on. Therefore 35I41592653589793 will be the Area of the

Circle whofe Diameter is 2.

Thus I have fhew'd the young Geometer hov/ to find the Circle's

Periphery and Area to what Exa£tnefs he pleafes to approach ; for

precifely true it cannot be found, notwithftanding the late E^rc"

tenfions of a certain Frenchman who hath publiQied to the World
(in the Works of the Learned) that after twenty-five Years Study

he had found the ^adrature of the Circle : But if he had perus'd

the 83d Chapter of Dr. Wallis's Algebra, he might there have feen

his Error, viz. the Impoffibility of what he pretended to ; for it is

as impoffible to fquare the Circle (that is, to fnd its true Area) as

it is to find the Root of a Surd Number,

Note, What I have here proposed and done by the TrIfe<£^ion of

an Arch, may as eafily and much more fpeedily be perform'd by

Quinquefedion or Septife£lion, ^f. But becaufe the Scheme for

Trifeflion is more fimple, and may be eaficr underftood by a

Learner than thofe of the other Se6tions (of which fee my Compen-

dium of Algebra, Pages 76 and 79) I have for that Reafon made
Choice of Trifedlion.

As to the Proportion of one Circle to another, and of the Circle

to the ElUpfts^ &c. thofe fliall be fully fhew'd when we come to

the Fifth Par^,

Z35 2 Before
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Before I conclude this Part, I (hall make fome Ufi or Appli-

cation of the above- found Periphery, in finding the ^antity of

Anglei^ which is done by the Help of Right-lines, call'd 8ines and

Tangents, the Length whereof are calculated to every Degree and

Minute of a ^tadrant, by much Labour. But I fhall here fhew
how to find the natural Sine (and confequently the natural Tangent

)

of any propos'd Jrch or Angle, by two Mquations, without the Help

of any precedent Sine, as ufual ; which I did fome Years ago com-
municate to the ingenious Mr. "Jofeph Ralphfon, and he fo well ap-

proved of them as to make them the 20th and 21ft Problems in the

j'econd Edition of his Analyfis Mqiiationum Univerfalis.

And becaufe, in finding the Quantity of JngUs, every Circle is

fuppos'd to be divided into :^6o equal Parts, call'd Degrees; every

Decree is fubdivided into 60 Parts, call'd Minutes ; and every

Minute into to Seconds, kc. (See Page 294.)

Therefore 360) 6,2831853, &c. (0,0174532925, &c. is an

Jrch of the above- found Periphery, equal to the Jrch of one Degree,

And 60) 0,0174532925, kc (0,0002908882, &c. zi the Jrch

of one Minute.

Then if the given Jrch (or Jngle) be lefs than 45 Degrees, re*

duce it into Minutes, and multiply thofe Minutes into this conftant

Multiplicator, viz. 0,0002908882 calling the ProduSf p . And for

the Sine fought put a. Then it will be

—

aaaa -\- i2paaa— tg^aif

Example.

Let it be required to find the Sine of 19°. 13'. II53''. Here

0,0002908882 X 1 153 = O53353940946 />. And — ^7^
-f-

4,024729^^— 199,04961 \aa -4- 80,494583^7 ~ 5,06201394.
Let r ^ e z=z a

f rr ^ 2re -\- ee — aa

Then 4 rrr 'T^rre ee — aaa

{ rrrr -U 4 rrre -f- i)rree zz aaaa

Note, In this Cafe the firji r 7nay always be taken equal to the firji

Figure in the Product — p. Viz. here r ~ 0,3 zvhich being involved

cjs its Poivers direSf, and thofe Powers ?nultiply'd into the refpe^lve

Qo-effcients of the Mquatton ; it will be

r+ 24,1483 4- 80,49^
\ — 17,9144 — 1 19,43^ — 199,05^^

I
-f 0,1086+ 1,08^ -|- 3,62^^

L— 0,0081 — 0,11^ — O^S^ee

f^iz, 6,3344 37,97^ — 135,97^^ ~ 55O620I

= 5,06201394
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Hence 37,97^^ -h ' 95997^^ = ^927239
And 0,123^ ee z=L 0,006492 iz D
Theorem \ ——— 1= e

€,193 + ^

Operation, 0,193) 0,006492 (0,029^^
-|- ^ =1 ,029 42

I. Divtfor ,21 2292
1998

2. Divifor ,222

Firft r = 0,3

+ ^ zz 0,029

r ^ = ©9 329 = ^ for a fecond Operation.

Which being involved and multiply'd^ &c. as before, will pro-

duce thefe Numbers

:

-4-26,48271781+ 80,49458^— 21,54532894— 130,97464^— 199,0496^^

+ 0,143325784- 1,30692^+ 3>9724^^— 0,01171611— -0,14244^— 0,6494^^

Viz, 5,06899854— 49*31558^— 195,7266^^ = 5,06201394

Hence 49,31558^ + 195,7266^^ ,0069846 ; which being

divided by 195,7266 the Co-efficient of ee^ will become ,25196^
ee — ,0000356854 = D

=
I ,2C 196+ e

The
15 196

Operation, 0,25196) ,0000356854 (0,0001415 =
e zz 0,00014 2520

I. Divifor 0,2520 104854

5i. Divifor 0,25210 100840

40140
25210

Laft r IT 0,329 &c,
' + ^= 0,0001415

f + ^ zz ^ rr 0,3291415 being the natural Sine of 90°. 13^ As
was required.

Thus you may find the Ri^ht Sine of any j^rcb or Jngle lefs

than 45 Degrees, But,
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But, if the given Arch be greater than 45 Degrees^ you muft

take its Complement to 90^ viz^ fubtradl it from 90 Degrees^

and reduce the Remainder into Minutes^ as before. Then multi-

ply the Square of thefe Minutes into this Gonftant Multiplicatory

0,000000084616 calling their ProduSi />, and putting a -= the

Sine fought, as before. Then will -J" 28^^ + 195^^^+ Z^P^^
loSpa— 28^=196— Sip,

Example,

Suppofe It were required to find the Sine of 75°, 32^ or (which

is the fame Thing) to find the Co-fine of 14°. 28'. m 868'', whofe
Square 753424 X 0,000000084616 n 0,06375172518 = pm

Hence the /Equation in Numbers will be aaaa -j- 28^^?^ -J-

197,295062^^2— 2i5ii48i4« 190,8361102588.

Let r — e zz a And r zi I

err — 2re ee zzz aaa

Then -J rrr— yre -\- ^^ree = aaa

C rrrr — ^rrre trree ~ aaaa

Note, / here take r =r i becaufe the Arch is fo near to 90®. and

therefore 1 make it r — e z=l a.

— 21,1148+ 21,11^+ n
a- 197,2956— 394,59^ + 197^29^^ I g.6
+ 2850000 —• 84,00^-}- 84,00^^ r ^ ' ^

-f- 1,0000 — 4,oo<? -j- 6,00^^ J

Viz, 205,1808 — 461,48^ -4- 287, 29^^ zz 190,8361

Hence 461,48^ — 287, 29^*^? =: 14,3447
And 1,606^ — ee — ,049930 = D
Theorem

L 1,600 —
Operation. i,6o5) ,049930 (c>03i = e

— ^ = 0,031 471
'

'
\

I. Divifor 1,57 2830 Firft r zz 1,000

1575 —^ = 0,031

Divifor 1,575 r — ^ zz 0,969 = r

&c.

for a fecond Operation ; which, being involved as before, will pro-^

^iuce thefe following Numbers ;

— 20,
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— 20,460254766 + 2i,ii48i<?

+ 185,252368710— 382,35783^ + 197,2951^^

-f 25*475889852 — 78,87272^ 4- 81,5960^^

4- 0,881647759 — ?^63Q4-i^ + 5^6337^^

Fiz, 191,149651515 — 443»755i5^ + 284,5248^?^

= 190,836110259

Hence it will be 443575515^— 284,5248^-^ = 0?3i354i256

And 1,55963^— ee — ,0011019821 = D

Then?
^

^ 1.55963 — ^

Operation, 1955963) 0,0011019821 (030007068 = ^

— e z=z 0,00070 109123

1. Divifor 1,5589 1 07 52 10

935358
2. Divifor 1,55893

1398520
1247 144, &c.

Laft r = 0,969 -

— e ziz 0,0007068

y— f zz n: 0,9682932 the Sine of 75^ 32^ as was required.

Having found the Sine and Co-fine of any Arch^ the Tangent is

ufually found by this Proportion :

yj^ C As the Co-fine of any Arch : is to the Sine of that Arch : : fo if,

i the Radius : to the Tangent of the fame Arch»

For fuppofing BC zz BD Radiusy the Sim of the Arch
CD. Then BA is the Co-fme^ and F
FD the Tangent of the fame Arch,.

But BA.CA: : BD : F D, &c.
Now by this Proportion there is re^

quired to be given both the Sine and

Co-fine of the Arch^ to find the Tan-
gent, 'Tis true, if the Radius, and ^

either the Sine or the Co-fine be given, ^ ^
the other may be found, thus, \/ UBC— CA -^iBA, Of
\/ BC— BA= CA. But, if either the Sine or Co-fine be given^

the Tangent may (I prefume) be more eafily found by the follow-

ing theorems

:

3 Let
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Let 5C = I. CJ—S, BA=zx and FD =r T. Then, if

5 be given, jTxnay be found by this

Theorem \ .
~ 2^

Or if ;^ be given, T*may be found by this

THEoREiviii/—f2L- zi: y
C I — XX

Let the Sine of 90". 13''. (beforefound) be given, 'y/z. 0,3291415
r= 5, to find 7* the Tangent of the fame Arch, Firft 0,3291415 x
,3291415 = 0,108334127 = 55. Again i — 0,108334127— 0,891665873 =1 — 55. Then 0,891665873) 0,108334127
(0,1214963253 and \/ 0,1214963253 = 0,3485632 T, the

^Tangent of 19^ 13^ As was required. And fo you may proceed

to find T zz the Tangent^ when x = the Co-fine is given.

Perhaps it may here be expe^ted^ that I fhould have fhew'd and

demonjlrated (or at leafi have inferted) the Proportions from whence
the foregoing Mquations for making Sines were produced ; but I

have omitted that, as alfo their Ufe in computing the Sides and

Angles of />/i7/« Triangles by the P^^ only (^-y/z. without the Help of
Tables) for the Subject of my Difcourfe hereafter, if Health and
Titne permit.

In the mean Time^ what is here done may fufEce to (hew, that

the making of Sines by fuch a laborious and operofe Way, as was
formerly ufed, is in a great Meafure overcome j which, I think,

I may juftly claim as my own.

AN
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INTRODUCTION
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Mathematicks.

PART IV. .

C H A P. L

Definitions of a Con0> ^'^^ ^CCttOlT!?*

THERE are feveral Definitions given of a Cone: The
Learned Dr. Barroiv, upon Euclid, hath it thus:

*' A Cone (faith he) is a Figure made when one Side of

a Redtangle Triangle, (viz. one of ihofe Sides that contain the

Right Angle) remaining fix'd, the Triangle is turn'd round

about, 'till it return to the Place from whence it firft moved :

** And if the fix'd Right Line be equal to the other whifiti con-
*^ taineth the Righc Angle, then the Cone is a Rtd^angled Cone :

but if it be lefs, 'us an Obtufe-angled Ccne ; if greater, an Acutc-

angled Cone. 1 he Axis of a Cone is that fix*d Line about which
** the Triangle is mov*d : The Baje of a Cone is the Circle, which

is defcrib'd bv the Right Line mov'd about."
** (Defin. 18, 19s 20. Euclid, ir.)

Sir yonas Moor, in his Trer^cife of Conical Se^lons (taken out of

the Works of Mydorgim) defines it thus:
** If a Line of fuch a Length a*; (hall be needful lliall, upon a
Point fix'd above the Plain of. a Circle, fo move about the Cifr

cle, until it return to the Point from whence the Motion began,

the Superficies that is made by fuch a Line is cail'd a Conical
** Superficies ; and the folid Figure contain'd v^ithin that Supeificies

" and the Circle is call'd a Cane, The Point remaining ftill is the

Vertex of the Cone, ^c."
A a a AUho'
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Altho* both thefe Definitions are equally true, and, with a little

Confideration, may be pretty eafily underftood ; yet I (hall here

propofe one very different from either of them ; and, as I prefume,

more plain and intelligible, efpecially to a Learner,

If a Circle defcrib'd upon ftifF Paper (or any other pliable Matter)

of what Bignefs you pleafe, be cut into two^ three, or more Se^orSj

either equal or unequal, and one of thofe Se^ors be fo rollM up, as

that the Radii may exadly meet each other, it will form a Conical

Superficies,

That is, if the Se^r HFG be

cut out of the Circle, and fo roll'd

up as that the Radii VH and VG
may juft meet each other in all their

Parts, it will form a Cone, and the

Center ^will become a Solid Pointy

call'd the VERlEXoi the Cone ; the

Radius VH^ being every-where equal,

will be the Side of the Cane, and the

Arch H G will become a Circle,

whofe Area is calPd the Cone\ Bafe,

A Right Line being fuppos'd to pafs

from the Vertex^ or Point to the Cen-

ter of the Cone's Bafe^ as at C, that Line

(viz. VC) will be the AXIS, or perpcn-

dicular Height of the Cone,

If a Solid be actually made in fuch a

Form, it will be a compleat or perfect

Cone; which Ifhall all along calla Right

Cone, becaufe its AxisVC ftands at Right

Angles with the Plain of its Bafe HG^
and its Sides are every-where equat.

Any Cone, whofe Axis Is not at Right Angles

with the Plain of its Bafe^ may be properly

caird an imperfe£l Cone, becaufe its Sides are

net every-where equal (as in the annexed Ft"

gure,) Now, fuch an imperfe6^ Cone is ufual-

]y cali'd a Scalene or Oblique Cone,

Any folid Cone may be cut by Plains (which 1 Jhall all along

hereafter call Right Lines) into five Se^ions,

Se^i.
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If a Right Cone be cut directly thro' its Axis^ the Plain or Su-

perficies of that SeSfion will be a plain Ifofceles Triangle^ zs HVG
Fig. 2, viz. the Sides (HV and VG) of the Cone will be the Sides

of the Triangle, the Diameter (HQ) of the Cone's Bafe will be

the Bafe of the Triangle, and (VC) its Axis will be the perpendicular

Height of the Triangle.

SeSi, 2.

If a Right Cone be cut (any where) ofF by a Right-line paral-

lel to its Bafe, zs h g (it will he eafy to conceive, that) the Plain

of that Se^ion will be a Circle, becaufe the Cone's Bafe is fuch

:

wherein one Thing ought to be clearly underftood, which may be

laid down as a Lemma, to demonftrate the Properties of the follow-

ing SeSfions,

Lemma.

Ifany two Right Lines, infcrtb^d within a Circle, do cut

or crofs each other (as hg doth ^ ^ in the annexed Figure)

the Re£langle made of the Segments of one of the Lines

will be equal to the Re^angle made of the Segments of the

other Line, (See Theorem 15. Page 315.)

That is, haXgazizhaXohl^
And HAx GA =1 B A X A Bi^^'
confequently ii ha^~ab,znd U BAzz.ABy
then it will h a X g ^ = b a, and

in the Cone\ Bafe H A X G A z^i

BA.

Se£f. 3.

If a Right Cone be (any wherej cut ofF by a Right Line that cuts both

Its Sides, but not parallel to its Bafe (as TS in the following Figure

)

the Plain of that Se6tion will be an Ellipfis (vulgarly called an Oval)
viz, an oblong or imperfedl Circle, wnich hath feveral Diameters^
and two particular Centers, That is,

J. Any Right Line that divides an Ellipfis into two equal Parts is

caird a Diameter ; amongft which the longeji and the Jhortefl are

particularly diftinguifti'd from the reft, as being of moft general Ufe ;

the other are only applicable to particular Cafes,

A a a 31 2. The
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2. The longeft Diameter (as TS) is

called the Tranfuerfe Diameter^ or Tranf-

verfe Jxis^ being that Right Line which

is drau'n thro* the Middle ot the Eilipjis^

and doth (hew or Fifnit its Length.

3. The (borteft Diameter^ call*d the

Conjugate Diameter, is a Right Line that

doth^ interfedl or crofs the Ttan/verfe

Diameter ar Right Angles^ in the Mid- ^
die or common Center of the Ellipjii

"..x
(as Nn) and doth limit the Ellipjis's

^

'}g

Breadth. .....i"*'

4. The two Points, which I call particular Centers of an EUip-

fis (for ^ Reafon which jhall he Jhew'd farther on) are two Points in

the Tranjverfe Diameter^ at an equal Diftance each Way from the

Conjugate Diameter^ and are ufually call'dNpoES, Foci, or burning

Faints.

5. All Right Lines within the ElUpfts that are parallel to one a-

"inother, and can be divided into two equal Parts, are called Ordi-
KAT ES with Refpedl to that Diameter which divides them : And if

they are parallel to the Conjugate^ viz. at Right Angles with the

*Tranfverfe Diameter^ then they are call'd Ordinates rightly apply^d.

And thpfe two that pafs through the Foci are remarkable above

the refl, which, being equal and fituated alike, are call'd both by

one Name, viz, Latus Rectum, or Right Parameter^ by which

all the other Ordinates are regulated and valued j as will appear

farther on.

Se&. 4.

Jf any Cone be cut into two Parts by a Right-line parallel to one
cf its Sides (as S A in the following Scheme) the Plain of that Se£lion

(viz. Sb B A B b S) is calPd a Parabola.

1. A Right Line being drawn thro* the Middle of any Parabola

{^s S A) is caird its Axis, or intercepted Diameter.

2. All Right Lines that interfe£t or cut the Axis at Right Angles

(as B B and b h are fuppoi^d to cut or crofs S A) are call'd Ordinates

rightly apply d (as in the Ellipfts) and the greateft Ordinate., as B 5,
whicn hmits the Length of the Parabola's Axis (S A) h ufually caU'd

the Bafe of the Pf7rtfi^/«^,

3. That
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3. That Ordinate which pafTes thro'

the Focus^ or burning Point of the Pa-
rabolay is called the Latus ReSium^ or

Right Parameter (as in the EUipfis) be-

caufe by it all the other Ordinates are

proportion^dy and jnay be found.

4. The Node^ FocuSy or burning

Point of the Parabola^ is a Point in its

Axis (but not a Center ^ as in the Ellip-

fts) difl-ant from the Vertex^ or Top of

the Section, {y'vL^from jSj juft | Part of j^/''" \
the Latus Re6fum ; as fhali be fhewn
farther on. B

5. All Right Lines drawn within a Parabola parallel to its Jxis

are call'd Diameters ; and every Right Line, that any of thofe Dia^
meters doth bife£t or cut into two equal Parts, is faid to be an Or-

^inate to the Diameter which bifc<^s it.

Se^. 5.

If a Cone be any where cut by a Right Line^ either parallel to

its Axis (as S A, or otherwife as xN) fo as the cutting Line bet-

ing continued thro' one Side of the

Cone (as at 5 or a-J will meet with the

other Side of the Cone if it be conti-

nued or produced beyond the Vertex

as at T\ then the Plain of that Scdtion

( vi^i. the Figure SbBBbSJis calPd an

Hyperbola. >

1. A Right Line being drawn thro'

thq Middle of any Hyperbola, viz. within

the Sedlion (as S J, or x N) Is call'd

the Axis or intercepted Diameter (as in

the Parabola) and that Part of it which
is continued or produced out of the Sec-

tion, until it meet with the other Side

of the Cone continued, viz. TS or Tx.^
''

''-....AT C ^\]...'*

&c. is call'd th^ Tranfverfe Diameter^
" ^

or Tranfverfe Axis of the Hyperbola,

2. All Right Lines that are drawn within an Hyperbola, at Right
Angles to its Axis, are call'd Ordinatii rightly apply'd \ as in the

,»Ki^fn and Parabola^

That
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3. That Ordinate which pafles thro' the Focus of the Hyperbola

is call'd Latus Re^um^ or Right Parameter^ for the fame Reafon
as in the other Sections.

4. The middle Point of the Tranfuerfe Diameter is call'd the

Center of the Hyperbola : from whence may be drawn two Right
Lines (out of the Sedlion) call'd Asymptotes, becaufe they will

always incline (that /x, come nearer and nearer) to both Sides of the

Hyperbola^ but never meet with (or touch) them, altho' both they

and the Sides of the Hyperbola yvere infinitely extended ^ as will

plainly appear in its proper Place.

Thefe five Sections, viz, the 'Triangle^ Circle^ EUipJis^ Parabola^

and Hyperbola^ are all the Plains that can polfibly be produced from
a Cone ; but of them, the three laji are only called Conick Se^ions^

both by the ancient and modern Geometers^

Scholium*

Befides the 'foregoing Definitions^ it may not be amifs to add, by
Way of Obfervation, how one Sedion may (or rather doth) change
or degenerate into another.

An Ellipfis being that Plain of any Seilion of the Gone which
is between the Circle and Parabola^ 'twill be eafy to conceive that

there may be great Variety of Ellipfes produced from the fame
Cone ; and when the Section comes to be exa£lly parallel to one
Side of the Cone, then doth the Ellipfis change or degenerate into

7i Parabola. Now a Parabola^ being that Se£lion whofe Plain is

always exa6^1y parallel to the Side of the Cone, cannot vary, as

the Ellipfis may ; for fo foon as ever it begins to move out of that

Pofiiion (viz. from being parallel to the Cone's Side) it degenerates

either into an Ellipfis^ or into an Hyperbola : That is, if the Se6lion

incline towards the Plain of the Cone's Bafe, it becomes an Ellipfs ;

but if it incline towards the Cone's Vertex, it becomes an Hyper^

hola^ which is the Plain of any Section that falls between the Pa-
rabola and the Triangle, And therefore there may be as many Va-
rieties of Hyperbola's produced from one and the fame Cone, as

there may be Ellipfes,

To be brief, a Circle may change into an Ellipfis^ the Ellipfis

into a Parabola^ the Parabola into an Hyperbola^ and the Hyper

"

Ida into a plain Ififceles Triangle : And the Center of the Circle,

which is its Focus or burning Point, doth, as it were, part or di-^

vide itfelf into two Foci fo foon as ever the Circle begins to dege-

nerate into an Ellipfis ; but when the Ellipfis changes into a Pa*
rabola^ ons End of it Sies open, and one of its Foci vanifhes, and
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the remaining Focus goes along with the Parabola when it dege-

nerates into an Hyperbola : And when the Hyperbola degenerates

into a plain Ifofceles Triangle^ this Focus becomes the vertical Point

of the Triangle (viz. the Vertex of the Cone) ; fo that the Center

of the Cone's Bafe may be truly faid to pafs gradually through all

the Sections, until it arrives at the Vertex of the Cone, ft ill carry-

ing its Latus ReSium along with it : For the Diameter of a Circle

being that Right Line which pafles through its Center or Focus^ and

by which all other Right Lines drawn within the Circle are regu-

lated and valued, may (I prefume) be properly called the Circle's

Latus Re6lum : and although it lofes the Name of Diameter when
the Circle degenerates into an Ellipfis^ yet it retains the Name of

Latus ReSium^ with its firft Properties, in all the Sections, gra-

dually (hortening as the Focus carries it along from one Section to

another, until at laft it and the Focus become co-incident, and ter-

minate in the Vertex of the Cone.

I have been more particular and fuller in thefe Definitions than

is ufual in Books of this Subject, which I hope is no Fault, but

will prove of Ufe, efpecially to a Learner : And akho' they may
perhaps feem a little ftrange, and at firft hard to be underftood,

yet, when they are well confidered, and compar'd wjth a Cone cut

into fuch SecJiions as have been defined, they will not only be

found true, but will alfo help to form a true and clear Idea of each

Sediioa.

C H A P. II.

Concerning the Chief Frcperiies of an (SUiffiS.

NOTE, If the iranfverfe Diameter of an Ellipfis, as TS in

the following Figure, be interfsSied or divided into any two
Parts by an Ordinate rightly apply'd, as at the Points C, a^ SiC.

then are thofe Parts TA^TC^Ta^ and SA.SCySa, &c. ufually

called Abfciflae [which fegnifies Lines or Parts cut off) and by the.

Re£fangle of any two Abiciffae is meant the Re£ia7igle of fuch two
Parts aSy being added together^ will be equal to the Tranfverft Di*
(tmeter,

AsTJ+SA = TS. And fC-^ SC =2 TS,
Or TJ+ SAz=. TS, &c.

%
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SeSfion i.

Every EUlpfis is proportion'd, and all fuch Lines as relate to It

are regulated, by the Help of one general Theorem^

r As the Re5langle ofany two Abfciflae : is to the Square

Theorem < Half the Ov&mzte ivhich divides them \ \ fo is the

\
Rectangle of any other tivo Abfcillae : to the Square

Lof Half that Ordinate which divides them»

That is,

TJxSA:nBA::TaxSa: Uba
TJxSA:ZiBJ::TCxSC:nNC
TCxSCiDNC. iTaxSa '.Uba

5cc.

SDcmonlEratioiT.

Let the annexed Figure reprefent a Right Coiie, cut

Sides by the Right Line TS', then

will the Plain of that Sedlion be an

Ellipfis (by Sea. 3. Chap, i.) TS
will be the Tranfverfe Diameter

y

N CN znd hab will be Ordinates

rightly apply'd \ as before. Again,

if the Lines D d and Kk be parallel

to the Cone's Bafe, they will be Di-

ameters of Circles (by Se£f. 2. Chap.

I.) Then will A TC K and TaD
be alike. Alfo, A •S'^z J and A^C;^
will be alike.

thro* both

Srgo
And

I

2

2X3
But

And
Then

5> 6^ 7
Hence

Sa : a d : : SC : Ck I cr/

TC:CK::ra:aDP''^^'''''''^'
SaxCk — adxSC
raxCKz=L rcxaD
Sax Ckx Tax CK— adx SCx TCx ^D. Per Axiom 3.

CKxCk — uNCl^j n „ ^^ ,
~1

J VptT Lemma be5l, 2.

for CKxCk, znd aDx ad y take iVC and ba

SaxTa.XUNC=:7CxSCx ba. ?cr Axiom

Sa xTa-.a ba : : TCxSC : NC, See Page 194.
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Or, the Truth of thefc Proportions may be otherwife prov'd by

a Circle, without the Help of the Cone; thus: Let any Ellipfis be

circumfcrlb'd and infcrib'd with Circles, as in the following Fi-

gure; then from any Point in the circumfcrib'd Circle's Periphery,

as at-S, draw the Right Line B parallel to the ferrii- conjugate

Diameter N Cy then will ^ ^ be a Semi-of-dinate rightly apply'd td

the tranfverfe Diameter 7*5, as before. Again, fron;i the Point b

(in the EUlpfis's Periphery) draw the Right Line b d parallel to the

Tranfverfe TS ; aiid draw the Radius BC. Then will A B Ca
and ACfdb^ alike.

Therefore

But

Confeq.

Or
4 in 's

feut

Therefore

3

4
5

6

7

BC: Ba iiCf'.dC
per Theorem 1 3.

i TCzzlBC, NCzziCf
\ ^nd b a zi^dC
TC: Ba::NC:ba
TC:NC::Ba:ba

TiC: NC: lUBaiO ba

( TaxSdzz a Ba
t per Lem. Se^. 2. Ch. i.

TaxSa:Oba::TC

'if****

/A
a J

X 5C zi : iVC, as before.

And fo for any other Abfcijps and their Semi-ordinates,

Thefe Proportions being found to be the true and common Pro-
perties of every Ellipfts^ all that is farther requir'd in (or aboutj

that Se£iion may be eafily deduced from them.

Seft. 2. To find the ILdAm Ketttim, or Kigl^t ^Baranutec

of any Ellipjis,

There are feveral Ways of finding th^ Latus ReSfuniy but I
think none fo eafy, and (hews it fo plainly to be the Third Princi-

pal Line in the Ellipfu^ as the following.

rT-,,„^^ J the Tranfverfe Diameter : /; In Proportion tb ihilHE0REM.5o • r ' 1 i r -n n
C v>onjugate ::Jois //^^Conjugate:/^ /^<fLatus Rectum*

Viz. (in the following Fig.) TS : Nn : : Nh : LR the Latus Re^urHi

from the laft Proportions take either of the Antecedents, and
itsConfequentj cither TCxSC: NCy orTaxSa: ba^

B b b and
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and make the third Term, to which find a fourth Proportional,

and it will L R'.

7CxSC:DNC:ifS:LR M
land NCz=Cn
rcx5c=^ rs

iDTS:inNn::TS:LR

Thus I

But 2

Therefore 3
And 4

I. 3' 4 5
6

6X4 7

7 • n
viz 9

Again 10

I, 10 1

1

(f" F

n rsxLR=.nNnx TS ^
STSxLR::zUMn
t which 2;ives the following Analogy,

TS:Nn::^Nn:LR
TCxSC: ONC iiTaxSa: t2 ha

by common Properties,

TSiLR:: TaxSa: ba.

From hence *tis evident that L R, thus found, is that Ordinate

by which the other Ordmates may be regulated and found. There-
fore (according to its Definition Se^, 3, Chap, i.) it is the tri^e

Latui ReSlum, E. D.-

ConfeSfary,

Hence It follows, that if the tranfverfe and conjugate Diameters

of any Rlltpfis are given (either in Lines or Numbers) the Laius

Return may be eafily found ; and then any Ordinate^ whofe Di-
flance from the Conjugate is given, may be found, as above.

Seft. '^^ To find the JfOfU£l of any Ellipfis.

The Focus is the Diftance of the Laius ReSium from the Con-
jugate or Middle of the Ellipfis (vide Definition 4, Page 364.) and

that Diftance is always a Mean Proportional between the half Sum
and half Difference of the tFanfverfe and conjugate Diameters,

which gives this theorem,

!From the Square of half the Tranfverfe fiibtraSi the

Square of half the Conjugate, the fquare Root of their

Difference will be the Diftance of each Focus from ^he

Middle or common Center of the Ellipfis.

That is, fuppofing the Points / and F to be the tv;o Foci^ vrz.

fC — Cf and TC — ITS. NO — i Nn. Then, TC+NC ;

fC::FC: NO, Ergo O FC z=^TC^Q NC, Con-

fequently, FC =: ^ Q 7^— NC,
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And

That is,

3

I

8

4
6

SD^itonftrafion.

fSx by 8ch Step of the lad Procefs*

TS:LR : iTFxS F : a L F, common Properties'

TSiLR::YcTCFx 7C—CF: iDLRzznLF
iDLRx7Sz=
OTC-'OCFkLR

i LRxTSz=nTC—nCF
iTSxlR-iDNnD-NC T
D NC=i O TC^ D CF
CFzz TC— NC

CFz=ii/ U 'IC—nNC
Now from hence is deduced that notable Prcpofition, upon which

is grounded the ufual Method of defcribing an EUipfts^ and drawing

of Tangents-i ^c.

! If from the tvuo Foci of any Ellipfis there he

drawn two Right Lines, fo as to meet each other

many Foint of the hUiphs s reripnery, the oum
of thofe Lines will he equal to Tranfverfe.

Y\z.fJSIxNF-rS.fLxLF-TS, OrfB + BFz=zTS, &c.

Firft, I

But 2

3

4
Hence
Again, 5

Confeq. 6

But,

Ergo 7
8

But, 9
That is, 10

8X4 1

1

lO+I I 12

12 — 13

I hy 8ih of the laji,

\ UCF^UNC— UNF
\ by Theorem 1 1.

\

-J II.

NFzz: TC
hy Axiom 5.

NF-TC
rNFz=.2TCz=.T^ n ^

TS'.LRwT: FxFS'.n LF.hy common Properties.

iTS:iLR::TFxFS:OLF
iTS=iTC. And 4^ LR — LF
TC:LF::TC-fCFx'IC—CF:aLF
TCxLFzzuTC—uCF

fF-^ L F=z / L, by Thzortm ir,

4 CF-\- Z /L, for 2 CF-fF
4 TC^ArOC F—4rTCxLF
4 TC+ n LF=^TCxL F+ UfL .

4 arc—4rcxz.F+ ^^'^^ D/^
B b b 2 13 var
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13 lu)*

Ergo

14

15

zT:C-^LFzzfL J

TSzzfL+ LF. Q,E. D.

And this Propofition muft needs hold true to every Point in the

Ellipjjs^s Periphery^ viz, at B, kc. As will evidently appear to

any one who rightly confiders. That, as a Thread juft the Length

of the Diameter of any Circle having irs two Ends ty'd together,

and then mov'd about a Point in the Center (viz. by making it a
double Radius) will, by drawing another Point in its Extremity,

defcribe the Periphery of a Circle ; [vide Definition Page 28c] even

fo, if a Thread juft the Length of the tranfverfe Diameter (TS)
having its two Ends fo fix'd upon the two Foci (fand F) that it

may be mov'd about them, by drawing a Point in its Extremity

(viz. at its full Stretch) it will defcribe the true Periphery oi m
EUipfts.

Now, altho' this eafy Way of defcrlbing, or, as ufually phrasM,

drawing an ElUpftSy be mechanical, and known even to moft

yoiners^ Carpenters^ Sec, yet it gives as compleatand clear an Idea

of that Figure as any other Way whatfoever ; and by defcribing it

thus about its two Foci^ as a Circle is about its Center, dotfi plainly

(hew that thofetwo Points are not improperly call'd particular Cen-
ters in Definition 4, SeH, 3, Chap. i. for each of them bears much
the fame Refpe£l to the Ellipfis% Periphery, as the Circlets Center

doth to its Periphery.

Se£i-, 4, To defcribe or delineate an Ellipfis feveral TPays»

There are feveral (other) Ways of defcribing an Ellipfis, bpth

Geometrically and Numerically, according to peculiar Occafions,

but I ftiall only mention two or three of them, leaving the reft to the

Learner's Genius, Now, in order to that Work, it will be conve-

nient to confider what Lines are requifite to limit or bound its Form,
which I take to be chiefly thefe following.

I. If the Tranfyerfe and Conjugate are given, the Ellipfis is per-

fe6tly limited ; (vide ConfeSfary Page 363.) for if TS and Nn be fet

lat Right Angles in their Middle at and TC or C 5 be fet off horn
or «, both Ways upon the Tranfverfe to/ and F^ (viz. makefN= TC = NF) then will thofe Points/aAd F be the two Foci (by

4fth Step of the lafl Procefs) and then the Ellipfis may be defcrib'd as

Above,

If
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2. If the Tranfuerfe Diameter and Lotus ReSlum are given, the

Ellipfts is truly limited, becaufe by them the Conjugate may be

found, by Se6l. 2.

3. Or if only the Tranfuerfe^ and the Proportion it hath either

to the Conjugate or Lotus Re^fum, be given, the Ellipfis is thereby

limited. As for Inftance ; fuppofe the given Ratio between the

Tranfverfe and Conjugate to be, as « : to </:

Viz. aid'.iTS ',Nn, then ^^iS^ - Nn, &c.
a

4. If either the Tranfverfe or Conjugate, and the Diftance ol

the Focus from the Conjugate be given, the Ellipfts is limited, be-

caufe by them the Conjugate or Tranfverfe may be found.

Thefe being premis'd, and xhQ precedent Work a little confider'd,

it muft be eafy to defpribe or delineate any Ellipfis in Piano ^ either

Geometrically or Numerically.

I. To defcribe an Ellipfis Numerically by Points.

Suppofe the Tranfverfe Diameter TS %0y and the Conjugate

Nn:=: 12, (either Inches^ or any N
ether equal Parts) and let them
crofs each other at Right Angles ia

their Middles, as in the Point C;
then will T C zz C S z=i 10^ and
N C = Cn =: 6^ and it will be

20 : 12 : : 12 : 7, 2 = the Latus
Return,

Again 20 : 7, 2. Or rather take their Ratioi.

Thus

Viz.

0,

0)

0,

100 — I

100 — 4.

36 ; : lo-h 2 X 10 „
36 : : £o-f- 3X 10— 3 : p d.

2 : n ^.
II

2.

3- he.

),36zza^.2. v'9ox_zi:5,88&c.=^. 2
^ 100— 9x0,36:1: 0^.3. v^9iXo,36=5,72&c.ii:^. 3

If fo many Semi'ordinates as may be thought convenient (the
more the better) he found in thj^ Manner, and every one of them
be fet ofFat Right Angles from its refp^dive Point in the Tranf-
verfe Diameter each Way, viz. from i to a, from 2 to by from
3 to ^, Sec. Then if a Curve Line be carefully drawn with an
even Hand thro* thofe extreme Points a, b, d, &c. it will be the
Ellipfis's Periphery required.

2. T^
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2. To defcrihe an Ellipfis Geometrically by Points,

Having the Tranfverfe and Conjugate Diameters given, viz. TS
and Nriy placed at Right Angles in their Middles^ as before

:

Then from either End of the Conjugate, viz, N [ox n) fet ofF
half the Tranfverfe Diameter to x.

That is, make N x =: TC (con-

timing the Conjugate Nn when
it is jhorter than TC) Or, which

is all one, mdktCx :=iTC—NC.
Then take any Point in the Line

C X 2it Pieafure ; fuppofe it at G,
and from that Point at G fet ofF

the Diftance Cx \.q the Tranfverfe

(as 2it E) viz. make G £ ==. Cx^ and join the Points G E with a

Right Line, produced fo far beyond E as to make E B NC,
Confequentiy G 5 z= TC.

Then, I fay, where-ever the Point G was taken between C
and x^ the Point B will juft touch (orfall in) theEllipJis's Periphery.

y
'a:

n

SDcmonffratioit.

Draw the Right Line B A perpendicular to T^^ viz, let B A
be a Semi-ordinate rightly apply'd to the tranfverfe Diameter 2" 5;
then AGCE and ABAE will be alike.

Confequentiy

I, and

But

Therefore

6, in D's

But

That is,

6. 7

8 X fS
9 ±

10, Analogy

That is.

8

9
10

I r

CE:AE::EG:EB, by Theorem 13.

CE-^AE:AE::EG+EB:EB.Seep.Jg2.
CE-^AEzzC^,EGxEB=,TC. And EB=NC
CA:AE::TC:NC
qCAiQAE:: TC: NC
OCAXONC^^^^

TC
n nc— qab:= dae
a EB—Q ABz=z AE
QC^XONC

QTC
c^x Nc=:n A^cx TC—dabxdtc
ATCx Tc--DC//xDiv^c=n^J5xa5rc^
TC: uNCmQ TC—a CA : AB

i2 TCxCS: n NC::TC-^CAxTC—CA: UAB
which is according to the common Properties of the Ellipfis : There-
fore the Point B is truly found. Q; E. D.

Hence
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Hence it follows, that if a convenient Number of fuch Lines

as GE B be fo drawn (as above diredled) from the like Number
of Points taken between C and Sec. their extream Points (as at

B) will be thofe Points by which (with an even Hand) the EUipfis

may be truly defcrib'd, as before.

But, if this be well underftood, it will be very eafy to conceive

how to defcribe an EUipfis very readily, without drawing thofe

Lines, by having a thin, flreight, narrow Ruler juft the Length

of made fomewhat (harp at both Ends, upon which, from

one of its Ends, fet off the Length of NC. Then, if the Point

upon the Ruler which reprefents E be gradually or eafily moved
along the Tranfverfe TS^ and at the fame Time the Point or End
reprefenting G be kept Hiding clofe along the Conjugate N 'tis

evident from the Work above, that the End of the Ruler repre-

fenting B will, by that Motion, affign the true Periphery of the

Ellipfts required ; for by that Motion the ftreight Edge of the Ru-
ler doth fupply an infinite Number of the aforefaid Lines i as will

appear very plain and eafy in Practice.

Scholium,

Now from hence was deduced the firfl Invention of that well-

contrived Injlrument for drawing an EUipfis by one Motion, com-
monly called the Elliptical Compajfes^ being ufually made of Brafs,

and compos'd of three Parts, two of which reprefent (or rather

f^PPb) the tranfverfe and conjugate Diameters fet together at

Right jingles 5 and the third Part is a moveable Ruler, which
performs the Office of the laft-mentioned thin Ruler. But becaufe

the making of it is fo well known to moft Mathematical Inftru-

ment-makers, efpecially to that accurate and ingenious Artiji Mr
JOHN ROWLEY, Mathematical Injlrument-maker^ under St»

DunftanV Church in Fleet-ftreet, London ; who^ for his great

Skill in contriving^ framings and graduating all kind of Mathema-
tical Injlruments^ may^ I believe^ be juftly called one of the bejl

Workmen of his Trade in Europe; I think it needlefs therefore to

give a particular Description of that bijirument,

Alfo from hence came that ingenious Invention of making Engines

for turning all Sorts of elliptical or oval Work, as oval Boxes,
Picture- Frames, &c.
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Seft. 5. Any ElUpfts being given^ to find its jCrauftcrfe

and dDonjugatC Diameters.

Suppofe the given Ellipfis to be TN S n (In the annexed

Scheme) in which let it be required to find the tranfverfe Dia-

meter T S and its Conjugate Nn, Draw within the Ellipfis any*

two Right Lines parallel to each

other as Hh and Mm^ and bifedt

^hofe Lines, viz, find the Middle

Point of each, as at K and P ;

then thro' thofe Points K and P
draw a Right Line, as D Ay and it

will be a Diameter ; for it will

divide the Ellipfis into two equal

Parts, \^ee Defin. i. Page 363.] confequehtly the Middle of D A
will be the true Middle or common Center of the Ellipfis, as

at C.

For ^tis the "Nature and Property of all Diameters, howfoever they

are drawn in any Ellipfis (as 'tis in a Circle) to cut or crofs one a-

'fiother in the common Center or Middle of the Figurey as at C.

Upon the Point C defcribe an Arch of any Circle that will cut

the Ellipfis*s Periphery in two Points, as at 5 and ^; then join

thofe Points B h with a Right LinCy and it will be an Ordinatey

thro' whofe Middle (as at a) and the common Center C, the

tranfverfe Diameter TS muft pafs. For BS -zz S by and 5 « is at

Right Angles with 7" 5; therefore the Line Bb is an Ordinate

rightly apply'd to TS the tranfverfe Diameter. And if thro' the

Point C there be drawn the Right Line Nn parallel to B by it will

become the Conjugate j as was requir'd.

Sect. 6. I'd draw a ffangtnt, or Right Line that may

touch the Ellipfiy's Periphery in any ajfigned Point.

The Drawing of Tangents to or from any ajfigned Point in the

Ellipfis's Periphery, admits of three Cafes.

Cafe I. If it be requir'd to draw a Tangent that may touch the

Ellipfis in either of the extream Points of its tranfverfe Diameter,

as at T'or 5, it is plain the Tangent muft be drawn parallel to the

conjugate Diameter Nn-y as HK in the following Figure is fup*

pos'd to be*

Cafe
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Cafe 2. Or, if the Tangent muft be drawn to touch the Ellipfis

in either of the extream Points of its Conjugate Diameter, as at

N or «, 'tis as evident that it muft be drawn parallel to the

Tranfuerfe Diameter T S, as K M, Confequently if that Tangent

and the Tranfverfe were both in-

finitely continu'dj they would -^"^

never meet.

Cafe 3. But if it be requirM

to draw a Tangent that may
touch the Ellipfis in any other

Point, as at B, &c. Then, if

the Tangent and the Tranfverfe Diameter be both continued, they

will meet in fome Point, as at P ; and thofe two Points (viz. B
and do fo mutually depend upon each other, that one of them
muft be affigned in order to find the other, that fo the Tangent may
by them be truly drawn. Let D ~ T S, y zz A S, and z
J P. Then, if y be given, % may be found by this

Theorem
| — iz 2. Or, if z be given, y may be found by

^is Theorem
DD 4-^ — y.

4.

aoemonttration.

Draw the Semi-ordinate ba, as in the Figure ; then will A BAP
and A P be alike. Put x Aa the Dijiance between the two
Semi'Ordinates [y'vl. between BA and baj which we fuppofe infinite-

ly fmall.

z : z — X : : BJ : h a, by Theorem 13.

D—yy^y : D— y + ^^Xy — x : : BA: D ba
Dy—yy : Dy—yy^2lix—Dx—xx : : BA : Uba
zz : zz — 2ZX -{-XX : : BA : ba

X — c, that fo X may be every where reje6^:ed.

— yy ' — yy + 2y— D . : BA : ^4
zz : zz — 2z : : BA :

Z)^— yy : i))'— yy + 2y— 1>

:

2yzz — Dzz z=z 2yyz — 2Dyz
yx — I Dz ~ yy — Dy
' Djg — yz zz Dy — yy

Then I

But 2

That is. 3
1 in D's 4

Suppofe 5

3, Then 6

4, And 7

6, 7 8

8 •.•

9
9 2Z 10

10 + 1

1

zz : zz,— 2«
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AYin In Tvijinu luy y
T 0

10

—
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15 iw"- 16

That is.

Part IV.

Z
Dy— yy 7 ^ which Is the ift Theorem^ and gives

J. /) y f c the following Analogy.

Viz. CA .SA '.TAvAPD y-y D z.

yy — Dy — yz ziz — | Dz
yy— Dy^yz^iDD—iDz+ l zzz=i,DD+ -lzz

y — k^— j^^ \^^oo~lzz
y =: i Z> -}- i

z -j- x/^DD + ^zz J
which is the 2d~

I Theor, Q, E. D.

The Geometrical Performance of thefe two theorems is very

eafy, as by the following Figure,

t, Suppofe the Poinf B \n the ElUpJis Periphery were given,

and rt were required to find the Point F, &c.

Make TC Radius^ and upon the common Center C defcribe the

Semicircle Td 5, and join the Points C and d with a Right Line ;

then bife6l that Line (by Prob. 2, Page 287) and mark the Point

where the bife<5i:ing Line would crofs the Tranfverfe^ as at
||

e.

Upon that Point
||

e^ with the Radius Ce (or Cd) defcribe another

Semicircle^ producing the Tranfuerfe Dia?neter to its Periphery

^

and it will aflign the Point P,

For if D zzTS, y JS, z = AP^ as before.

Then

And
. For
And
But

D —yXy =. n dA
\D— yxz =.£} dA
TA'.dA'.'.dA-.SA
CA:dA:: dA: AP
CAzz \D—yy kc.

I Dz— yz — Dy — yy
as at the 1 1 th Step before

Therefore the Point P is truly found. Confequently, if a Right

Line be drawn through thofe Points B and P, it will be the Tan-^

gent requir'd, according to the firft Theorem,

2. The Converfe of this is as eafy, to wit, if the Point P be

given, thence to find the Point B in the EUipfts Periphery. Thus,

circumfcribe half the ElUpfis with the Semicircle TdS^ as before;,

and bifedl the Diftance between the Points C and P, as at ^, viz.

Let C e — e P. Then making C e Radius, upon the Point

defcribe the Semicircle C d P and from the Point where the two

Semicircles interfeit or cro(s each other,- as at d, draw the Right

Line d A perpendicular to the Tranfuerfe TS^ and it will afTign

: the
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the Point of Contaa B in the Rllipfis Periphery through which

the Tangent muft pafs.

But the PraSfical Method of drawing Tangents to any afTign'd

Point in ^he Rllipfis P.eriphery may (zuithout finding the afioreja'td

Point P) be eafily deduced from the foUow-ifig Property of Tangents

drawn to a Circle^ which is this

:

5f to any Radius of a Circle, as C 5,

there be drawn a Tangent Line (as HK)
to touch the Radius at the Point B ; the

two Angles^ which the Tangent makes with

the Radius^ will always be two Right An-

gles (i6, 17, 18, 19 Euclid 3.) that is,

HEC z=L ^ CBK — goZ.

In like Manner the two Angles^ made between fhe Tangent and

the two Jvines drawn from the Foci of any Ellipfis to the Point of

ContaSf, will always be equal, but not Right Angles^ fave only at.

the two Ends of the Tranfverfie Diameter.

Thefe being well confider'd, and compar'd with what hath been

faid in Page 366, it mull: needs be eafy to underftand the following

Way of drawing tangents to any afilgn'd Point in the ElUpfiis Peri-

phery \ which is thus :

Having by the tranfverfie and conjugate Diameters found the two
Foci f and F^ by Se^. 3. from them draw two Right Lines to

meet each other in the afiign\l Point

of Oont&5l^ f b and Fb (or fB
and FB) in the annexed Figure. Next
fet off (viz. make) bdzn b F [or B D
—BF) and join the Points Fd{ov FD)
with a Right Line.

Then, 1 fay, if a Right Line be

drawn through the Point of ContaSi

b {or B) parallel to d F, or D F^

it will be the Tangent reqiiiir'd. For
it is plain, that as the ^ fiNH zn ^ FNK when the Tangent

is parallel to the Tranfverfie Diameter., even fo is the fi b h ziz

F B k, (and ^ fiB H ^ F B K) and will be every where
•fo, as the Point of Conta£l b (or B) and its Tangent is carried

about the Ellipfis Periphery with the Lines fib F [oxfB F),

C C G 2 CHAP,
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CHAP. III.

Concerning the Chief Properties of every patabola.

l^OTEy in every Parabola, the intercepted Diameter, or that

'^^ Part of its Axis, which is between the Vertex and that Ordi-

nate which limits its jLength, as Sa or S J, &c. is call'd an Abfcifla.

Se^. I. The Plain or Figure of every Parabola is proportion'd by

its Ordinates and Abfciflse, as in the following Theorem

:

f Js any one Abfcijfa : is to the Square of its Semi-

Theorem \ ordinate : : fo is any other Abfcijfa ; to the Square of

C its Semi^ordinate.

That is, if we fuppofe the annexed Fi-

gure to be a Parabola^ wherein S a, and

S J, are Jbfcijfa, Tind b a B A By
Ordinates rightly apply *d, it will

^ C are taken,

And fo for any other Ahfciffce^ Sec.

Let the following Figure Hf^G reprefent a Right Cone cut in-

to two Parts by the Right Line S A, parallel to its Side F H.
Then the Plain of that Seofion, viz. Bb SbB, will be a Parabola^

hy.Se^t. 4. Page 364. wherein let us fuppofe 5 to be its Axis^

?.rA h ahy BAB to be Ordinates rightly apply'd to that Axis,

Again, imagine the Cone to be cut by the Right Line hg parallel

to its Eafe HG. Then will hg be the Diameter of a Circle^ by

SeSl. 2. Page 363. and A Sag like to A S A G.

Therefore

I

2X h a

But

And
I

69 Analogy

\Sa:ag:: SA: AG
\ By Theorem 1 3.

Sa X AG z=z SAx^g
{ SaX^Gxha=zSAx^gXha
t By Axiom 3.

!HA zz ha, becaufe SA
is parallel to VH
BA^AGxHA ? ByLem.

Uba zzagx ha \ P. 363
\ SaxnBAzzSAxOba
t By Axiom 5. rr

Sa: ba::SA: UBA
Vide Page 194.

Q,E. D. Thefe

!

I
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Thefe Proportions being prov'd to be the common Property of

every Parabola^ all that is farther requir'd about that Se^ion^ or

Figure^ may from thence eafily be deduced.

Seel. 2. To find the ^atus Kectum or Right ^mmtitt
of any Parabola,

The Lotus ReSium of a Parabola hath the fame ^dr//<? or Fr<7-

portion to any Abfcijfa^ and its Ordinate^ as the Z^/wi ReSfum

of any EUipfis hath to its Tranfverfe and Conjugate Diameters^ and

may be found by this Theorem,

rp 5 ^M'^'^Jf^
' Proportion to its Semi-ordinatg

1 HEOREM I .
.
y-^ ^^^^ Semi-ordinate : //;^ Latus Redtum.

Let L zz the Return,

Then
And

3 = 4

5 X
Analogy

Step of the

4

S a \ h a \ '. h a \ L\\ where- ever the Points and

: BA ::BA'. L\X ^, are taken iu the vf;f/i.

S a

H:^ = Z :Or SJxLzz ^.f

Per Axiom 5.SJba
Sax D B J z= S J X n b a, which gives tTiw

S a : ba : : S A : 5 ^, the fame as at the 7th

aft Procefs ; therefore L (thus foundj is the true Latus

Re5ium^ by which all the Ordinates may be regulated and found,

according to its Definition in SeSfion 4, Page 364. For by the

third Step S a x L z=z ka, and by the 4th Step S J x ^ ^ O
B J, Confequently 4/ SaxL = ba and 5^ X ^ — B J»
and fo for any other Ordinate.

Or if the Ordinates are given, to find their Abfiijfes ; then it

will be, L : ba \ : b a : S ay and Z : : : BA : 5^, &c.

n ba UBa _Confequently bLU =: Sa^ and ^ ^ S A, &c.
L L

From the Confideration of thefe Proportions.^ it will be eafy to

conceive how to find the Latus Return Geometrically^ thus

:

Jola
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Join the vertical Point S of the y^xisy and either extream Point

of any Ordinate as B (or h) with a i^/g^Z'/ Z,/«^, vi^. 5 B (or

and bire6t that Line (by Problem 2*

Page 287.) marking the where

the bifeeling Line doth interfecS: or crofs

the Jxisy as at E {or e) and with the

Radius S E (or 5 upon the Point E
(or e) defcribe a Circle y (as in the an-

nexed Figure) then will the Diftance

between the Ordinate and that Point

where the Circle's Periphery cuts the

j^xis, viz. JR [ov ar) be the true La-
tus RcSium required.

For S J : B J : : B J : J R, and Sa \ba\: ha : or^ by Theor, 1 3.

therefore JRzz L, And ^zr = by the ift and 2d Steps above.

Confeoiary^

From thefe Proportions of finding the Z^/«x ReSium^ it will bo
cafy to deduce and demonftrate the following Theorem

:

f As the Latus Re(Stum : is to the Sum of any two Sernt^

Theorem-? ordinates : :fo is the Difference of thofe two Semi- or^

i dinates : to the Difference of their Abfciffce.

Suppofe any Right Line drawn within the Parabola^ as h D^
parallel to its Axis S A ; then will that Line {viz. b D) be a Dia-
meter (by Def 5, Page 365) which will make ED — AB aby

DB zz AB — aby and bD =zSA — S a. Then it will be

L : E D : : D B : b Dy according to the Theorem,

3

Firft

And

I
3

X ^1
Buti

r, Analogy
\

Or! 8

SDemonlllratioiT.

f

SSa

Cof t

BA
by 5/^^ 2.

of the laft Procefs,

O ba , o , .

: . by c>tep I.

the laft Procefs.

SA-^SaxLz=. n ^v^— nba Which gives

ubaz=:BA+ baxBA—ba < the following

S'AZZs^xL^BA^'bax BA^ba ^

L : B A ba : : BA— ba : SA— Sa
L:ED:'.DB:bD This
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This peculiar Property of the Parabola was firft publifti'd, Anno

1684, by one Mr. Thomas Baker^ Rector of B'tjhop Nympton in

^
Devonjhire^ in a Treatife entitled, 77^ Geometrical Key : Or^ ihs

Gate of /Equations unlocked ; wherein he hath fhew'd the Geome-
trical Conftru£lion and Solution of all Cubick and Biquadratick:

Adfe6led i^quations by one general Method, which he calls a Cen^

tral Ruky deduced from this peculiar Property of the Parabola.

Sec^. 3. To find the ifocns of any Parabola.

The Focus of every Parabola is that Point in its y^xis th. 'Ugk

which the Laius Return doth pafs. (See Definition 3. Sect. 4*
Page 359.) Therefore its Diftance from the f^ertex of the Para-
hola may be eafily found, either by the Latus Re£fum itfelf, or by
any other Ordinate^ and its Ahfcijfie,

Thus, fuppofe the Point at F to be the Focus^ S the Vertexy t\lt

Ordinate R F R •=. L the Latus

ReSIumy and b a b any other Or-
dinate. Then will S F z=z i L.

ba
Or SF=z

Firft

And

>>= 3

4 i

Again

Confeq.

4 4

SDcmonffraftou.

SFxL ^ n FR. by Se^. 2. Page 375.
FR zziL; for the Ordinate RFR = L as above,

U FR=iiU]Lz=iiLxiL
SFxLz=zlnL
S F z=i ^L, as by Definition 4. iS^J?. 4. Pagt 359.
C3 ^ ^—-— iz L, by the third Step in Page 77 1:,

0 a o J. ^

4 6'<2
zr J Zr, &c. as above. Q,E. D.

Se(5l. 4. 7J? Defcribc, or draw a Parabola feveral Ways.

Note^ There are two or three Ways of drawing a Parabola in-

flrumentally at one Motion ; but becaufe thofe Inftruments or Ma-
chines are not only too perplexM for a Learner to manage, but
alfo a little fubjed to Error, I have therefore chofen to (hew how
that Figure may be (the beft) drawn by a convenient Number of
Points, viz. Ordinates found, either Numerically of Geometri-
cally, according to the Data ; which if the Work of the three
laft Sedions be well confider'd, muft needs be very eafy.

2 I. If.
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1. If any Ordinate and its Abfcijfa are given, there may by

them be found as many Ordinates as you pleafe to affign or take

Points in the Parabola's Axis {by Se£f, 4. Page 380) and the

Curve of the Parabola may be drawn by the extream Points of

thofe Ordinates^ a«5 the EUipfis was Page 373.
2. If the Latus ReSium^ and either any Ordinate^ or its Ahfciffa^

are given, then any aflign'd Number of Ordinates may by them
be found (by Se^. 2. Page 381) either Numerically or Geometri*

callyy &c.

3. If only the Diftance of the Focus from the Vertex of the P^z-

rabola be given, any aflign'd Number of Ordinates may be found

by it. For *S r= 4 Z the ReSlu?n^ and ~ L z=: FR in

the laft SeSfion ; and it will be, as 5 : is to : : fo is any

other Abfciffa^ 'vi-z.. (Sa or SA, &c.) : to the Square of its Semi-

^rdinate (viz. O b a^ or Q B A) according to the common Pro-

perty of the Parabola,

Ahho' any of thefe Ways of finding the Ordinates are eafy

enough, yet that Way which may be deduced from the follow-

ing Propofition will be found much more eafy and ready in

Pra^ice.

SThe
Sum of any Abfcijfa and focal Difiance from

the Vertex^ will he equal to the Difiance from
the Focus to the extream Point of the Ordinate^

which cuts off that Abfcijfa,

For Inftance, fuppofe S to be the Vertex of

any Parabola ^ the Point F to be its Focus ^ and

jj B any Semi-ordinate rightly apply 'd to its

Jxis S A : Then, I fay, where-ever the Point

A is taken in the Axis^ it will SA •\- S F
zz FB, Confequently, if Sf—SF, it wll
htfAzziFB.

Firft

Ergo

2

Again

Ergo

But

Ergo

9 Uji^

I

2

3

4

5
6

7
8

9
10

S>cmonlfrafion.

SFzzlLhy the 7th Step, Sea. 3.

fA — FA -{- t hy Conftruaion above.

OfA— UFA FA X L ^ \ LL
S A =1 FA ^ L by the Suppoftion and Figure,

SAxL:=zFAxL~\-lLL, b\xtSA)<Lz=z AB
UAB — FAxL -f iLL
nfA—nAB—n FA, confe. FA-\- AB
FA -i- a A B =z a FBy by Theorem 11.

nfa ~ uFB
fA-FB Q^E. D.
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This PropofiUon being well underftood, 'twill be very cafiJy ap-

ply'd to Pra£fice^ fuppofing the Focal Dijlance given, or any other

Data by which it may be found. Thus draw any Kight Line to

reprefent the Parabola^ Jxis^ and from its vertical Feint, as at Sy

fet ofF the Focal Dtjiance both upwards and downv/ards, viz. make
SfzziSFt the Diftance of the given Focus from the Vertex', as

in the Scheme: Then by the Prcpojiiion *tis evidenr, that, if never

fo many Lines be drawn Ordinately at Right Angles to the Jxis^ the

true Diftance between the Point/" out of the Parabola^ and any of

thofe Lines (or Ordinates) being meafur'd or fet off from the F'ocus

F to the fame Line or Ordinate, 'twill tflign the true Point in that

Line through which the Curve mufl: pafs ; that is, it will £hcw
the true Limits or Length of that Ordinate ; as at ^ in the lait

Scheme.

Proceeding on in the very fame Manner from Ordinate to Ordi^

nate^ you may with great Expedition and Exad^nefs find as many
Ordinates (or rather their Feints only, like B) as may be thought

convenient, which, being all join*d together with an even Hand,
will form the Parabola required.

N. B. The more Ordinates (or their Points^ there are founds

and the nearer they are to one another^ the eafier and exa^er may the

Curve of the Parabola be drawn. The fame is to be obfervd when any

other Curve is requird to be drawn by Points.

Seil. 5. To draw a SHan^enf to any given Point in the

Curve of a Parabola.

Tangents zre very eafily drawn to the Curve of any Parabola i

For, fuppofing S to be its Vertex^ B
the Point of Conta£f (viz. the Point

where the Tangent muft touch the

Curve) and P the Point where the

Tangent will interft£l (or meet with)

the Parabola's Axis produced : Then
if from the Point of Contaa B there

be drawn the Semi-ordinate B A 2it

fe-ight Angles to the Axis S A, wherefoever the Point J hWs in the

Axis, 'twill bsSP — SA.

SD^monCrattou.

Draw the Semi-ordinate b a (as in the Figure) then will the
B AP ^x\d /\b a P he alikf. Let v z= A S the Abfifa, and z =

Did SFi
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S P ; put X :=z j^a the Diftance between the two Semiordinates^

which we fuppofe to be infinitely near each other, as in the Ellipjis^

Page 377.

3»

1 nen J

Or 2

Again 3
Or 4

in s 5

4. 5 6

• •

7

That is, 8

Suppofe 9

Then 10

10 2 1

1

)^-|-z:y-4"^~l~'^*'-^^'^^' See jPd-^^ I92.«

y - ^ : : + : ^7, per Theorem Page 380.

ijv
-|- + : >'>' 4" 2)^24- 2^;^ + 2;z4*

2 z;^ -f A'A-: : 5 /f : ^

^ y :y X \ y y 2 y z -{^ %z', yy -\- 2 y %

\ 2y x~\-zz'\~2zx X X

C zzx
\yy '{'2 yz -\-yx -\-zz-{-2zx+ =2

Lyy -\- 2yz + 2;».y-|-z z + 2z ^-j'^'*'*

ZZ X z z+ ^ A", confequently — ^zy-^x^
:

y- ,y
X and rej€61ed, as in the Ellipjis^ Page 377.
z z

y
confequently zz zny y

z-=.y^ that is, iS'Pzi 5 J
Q, E. D.

C H A P. IV.

Concerning the chief Properties of the l^^po^boISi

7^0 7*^, any Part of the Axh of an Hyperbola^ which is inters ']

cepted between its Vertex and any Ordinate [viz, any inters

cepted Diameter) is calTd an Ahfcijja \ as in the Parabola,

Sect, I . ThrVhin of every Hyperbola h proportioned by this general-

Theorem.

TifEO'REM.

As the Sum of the Tranfverfc and arty Abfctfpi mul-

tiply 'd into that Ahfojfa : is to the Square of its Se-

mi ordinate : : fo is the Sum of the Tranfverfe and

any other AhjciJJa multiply 'd into that Abfcijfa : to

the Square of m Semi-ordinatew

Tha^
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That is, if be the Tranfverfe Diameter,

* , 55^, 5yf Abfciffe.
"^"^ Ufl.^v^Semi-ordii

Thenis|^^__.c^5^^^^

mates.

And it will be

That is.

c

1

•

u4she

:Let the following Figure HVG reprefent a Right-Cone cut into

two Parts by the Right Line SA-y then will the Plain of that

Sedion be an Hyperbola (by SeSf, 5, Chr.p i.) in which let S A
45e its Axis, or intercepted Diameter, bab and B A B Ordinates

rightly apply'd (as before in the Parabola) and TS its Tranfverfe

Diameter. Again, if the Cone is fuppos'd to be cut by hg^ paral-

lel to its Bafe HG, it will alfo be the Diameter of a Circle, ^c.

as in the Ellipfis and Parabola. Then will the A 5^ <2 and A SO A
be alike; alfo the A Ta h andA^AH
will be alike ; therefore it

-will be

And
I

5»

$ X 4

But

And

6. 7

Anal.

8

{

Saiag:: S A: AG
Taiah ::TA: AH
S a X A G z= S Ax ag
Ta X AH=.T Axab
SaxTaxAGxAHzz
SAxTAxagXah

agXahzzi n ab

^
AGxAHziz AB^

X per Lemma Page 363.

SaxTax A

B

SAxTAx ab
which give the following

SaxTa: O ab:: S A^T

Ddd2

E. D,

Tljcfe

I
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Thefe Proportions are the common Property of every Hyper^

bola, and do only differ from thofe of the Eliip/is in the Signs +
and — ; as plainly appears in the foliowing

Proportions. That is, if we fuppofc TS the

Tranfverfe Diameter common to both Sedlions

(viz. both the Elliffis and HyperbolaJ as in the

annexed Scheme : then in the EUipfis it will be

TS^SaxSa: Uab'.'. TS-^SJ X SJ:
O as bv S£^. I, Chap. 2. and in the /^y-

perbola It i%fsT^xS a : Oab:: T-S-f 6V
X : Q JBy as above. Therefore all,

that is farther required in the Hyperbola, may
(in a manner) be found as in the EWpfis^ duep

Regard being had to changing of the Sine.

Sccl. 2. Tefind the JLatufi Keftnm, or iKtgjjf parameter,

of any Hyperbola.

From the laft Proportion take either of the Antecedents and its

Confequent, viz. either Ta X S a : U a b. Oi TA xS A \ U A
to them bring in the Tranfverfe 7^5 for a third Term, and by thofe

three find a fourth Proportional (as in the Ellipfis) and that will be

the Latus Re6fum.
,

STaxSa: UabiiTS :
" ^^'-< = the Z^/«i

\ la X S a

L ReSiuntt which call L (as in the Parabola, j
2 TS : L:: TaxS a: a ab.

3 Tax S a: a ab :: TA X S A: n A By therefore

2, ^ ^ TS: L::TAxSA:D ABykc.

Thus

Then
But

Confequently L is the true Latus Re^um^ or right Parameter,

by which all the Ordinates may be found, according to its Defi-

nition in Chap. i. Andbecaufe 7^5
-f 5 ^ ~ T<7, let it be 75 +

Sa inftead of 7'<7, then it will be —^ ^^XTS—

^

ElUpfts it would be zzLRzzL.

Sea.
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Sed. 3. "fo find the jfocus of any Hyperbola,

The Focus being that Point in the Hyperbolas Axis through

which the Lotus ReSium muft pafs {ai in the Ellipfis and Parabola)

it may be found by this 'Theorem,

CTo the ReStangJe made of half the Tranfverfe int5

\ half the Latus Re£lum, add the Square of half the

Theorem. \ Tranfverfe ; the Square Root of that Sum will be the

I Diflance of the Focus from the Center of the Hy-

L perbola.

Suppofc the Point at F, in the annex'd Scheme, to be the Fom
fought ; then will FRz=.{L. Let TC zz

C 5 be half the Tranfverfe i then is the Point

C caird the Center of the Hyperbola (for a

Reafon that (hall be hereafter (hew'd )

Again ; let CS d. and S Fzz a

Then

That is,

I

Z^dd

Or 5,—^

TS:L::TS+SFxFS:nFR
idL iz 2da-^aa
dd^ ldL-=. dd+2da +aa
\/ dd-h{dL z=:d+a — FC
^/dd+ idL--dz=:a:=zSF

In the Ellipfis *tis, 2d : L : : id— a Xai^L L, that is, id L zz
2da— aa^ &c.

The Geometrical Effeftion of the laft Theorem is very eafily

perform'd, thus : make S x z=. I viz. half the Latus ReSfum ;

and let C 5 zz as above. Upon C (as a Diameter) defcribe a

Circle, and at 5 the Vertex of|the Hy-

perbola draw the Right Line n S N At

Right Angles to C x\ then join the

Points C N with a Right Line, and

'twill heCNzzd + az^FC,

For
That is.

But

3» 4

5 »*"

CS:SN::SN:Sx, per Fig.

d: SN::SN:lL.
idLzzzOSN
dd+a SNz=i n CN
dd+ idLz=: CN
^ dd-^UL — CN=zd+ay ^c.

Now
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Now here is not only found the Diftance of the Hyperbola's Fo-

,€USy either from its Center C, or Vertex 5, but here is alfo found

that Right Line ufually call'd its Conjugate Diameter, viz* the

Line n S which bears the fame Proportion to the Tranfverfe

/and Latus Return of the .Hyperbola^ as the Conjugate Diameter of

-the Elltpfis doth to its Tranfverfe and Laiui ReSium. For iti the

EllipfisT S.: Nn : : Nn: LR. per Se(^. 2, Page 363. Confequent-

Jy yTS:lNn::l Nn: i L R. But i TS zz i Nn z=z S N,
znd i L R z=: i L, Therefore d: SN :: S N:i L, As at the 2d
St^p above.

What Ufe the aforefaid Line n S N is of, in Relation to the

Hyper-bohy will appear farther on,

»

Se<fi:. 4. jTi? defcribe an Hyperbola in Piano.

In order to the eafy Defcribing of an Hyperbola in Plano^ it

4)e convenient to premife the following Propofttion, which differs

4iom that of the EUipfis in Se^. 3, Chap, 2, only in the Signs.

C If from the Foci of an Hyperbola there be drawn
\ two Right Lines y fo as to meet each other in any

Pro POSIT ION. s Point ofthe Hyperbola'; Curve^ the Difference of
I thofe Lines (in the EUipfis 'tis their Sum) will 'he

iL equal to the Tranfverfe Diameter,

That is, if F be the Focus^ and it be made Cfzr: CF(zs in

the 1 aft Scheme) ^then the Pointf is faid to be a Focus out of the

Section (or rather of the oppohte Sedion) and it will he fB—

SDcmonflratioiT.

'

Suppofe /C, ox Cfzziz, S A zz x, let C S, or TC =id^

as before ; (hen will fJ z= ^ -|- .v -f- is, and F J zz d x— 4S.

Again, let -5 = and fB zz. by then %d zzh — h^ by the

Proprfition,

From thefe fuhjiituted Letters it follows,

dd -4- idx 4- ld% %%x + zz == f A
dd 4- idx — id-z, -f- — 2zJ>r 4" zz =
/^+ n^^5izn/i5,and fA^- U ABz=.UFB

dd+!,dL= da + tda-\-aazznFC ZZLZZ.
'Per

That
And
But

41 h

of h/i

2— dd
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Again

5» ^

7

T + S

2 + 8

9. 4- ^
10 X
ri lui*

12 «w*

14.-^-

16, or

15—17

zz — dd zz \:d L
zz — dd -

id: L:: 2d a- X • ^"^3 t>y common Properties^.

zz dd-

idxZX -j- ZZA-AT

: : idx -\- XX \U AB

idddx— ddxx

10

1

1

12

15

16

18

f dd^2dX'{'2dZ'\-xx-]r'2-'^x-\r^^-\^

>^ldzzxA-.zxx-^2d^x-ddxx^ ^ ^
dd

f dd'\-ldx—idz-\-xx—2z^+ z +

^4-|^2d^z-^2ddzx-\-ddzz+2^zz;r-fzzxx—ddhh
—2^/5z—2^*^ZA'4-(^^zz4-2^zz;f+zzA'^=:^i^^

^i+fi^z+ ZA-= ^//^

—dz—zx-zzdb

i+z + ^mZ.

i-z-^= *

idz^h^b

Although the jEquation- at thir

l6th Step be in itfelf impqffz-

ble, becaufe z is greater than^

di (by the ^h Step) jf/ from
thence it njoill he eafy to con^-

K cludey that the Dijf'erence be-

zx
t^een d and z '^w^^

i^^"^**

_
the true Vdue of b, as in th-e

^ I 'jth Step.

But becaufe I would leave no Room for the Learner to doubt
Zx

about changing the Mqiiationy d — 2 = h into that of
d

zx
jz + ^ — d zz. b^ it may be convenient to illuftrate the whole

Frocefs in Numbers, whereby (I prefume) 'twill plainly appear

th2ith'^bzzrS.
In order to that, let the Tranfverfe TS zziid z=i 12, then d zz 6

fuppofe the AbfcifTa 5 // zz ;^ zz 4, and the Semi-ordinate AB zz

Firft I

I, viz.
: 2

Again 3

3, viz. ' 4
Then 5
And

TS-\-SAxSA :U AB \ :TS : L, per Se£f. 2.

12 4- 4 X 4 = 64 : 9 : : 12 : 1,6875 zz L
i/dd-{-idL :=! d ^ a zz: C F, per Seft. 3.

1/36 + 5,0625 zz 6,408 = CF = z

i-f-A'-i-zzz6 + 44- 6,408 — 16,408 zz /A
i -J- ;t z n: 6 -jr 4 — 6,408 z= 3.,592 zz F/f
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5
6

But

7-4-9
8 + 9

II ua*

12—13

7

8

9
ic

I ]

12

13

14

269,2224 z=. U fA
12,9024 = /^y^

9 =r ^i?, for i^i5 iz: 3 by Suppofition.

278,2224 z= a fjl n AB zzUfB
21,9024 ~ FJ+ U AB U FB
16,68 =^fB
4,68 z= /'^

1 2,00 =:/5= FB— 7S. Which was to be prov'd.

•J

51

If this Propofition be truly underftood, it rauft needs be eafy to

conceive how to defcribe the Curve of any Hyperbola very readily

by Points when the Tranfuerfe Diameter and the Focus are given

(or any other Data by which they may be found, as in the prece-

dent Rules) thus :

Draw any ftraight Line at Pleafure, and on it fet off the Length

of the given Tranfuerfe TS, and from its ^
extreme Points or Limits, viz. TSy fet off

Tf :z: S Fy the Diftance of the given Fo-

cus (viz. the Pointf without^ and F with-

in the SeSJion^ as before) : that done, upon

the Pointf (as a Center) with any afliim'd

Radius greater than TS^ defcribe an Arch
of a Circle ; then from that Radius take

the Tranfverfe T^, making their Diffe-

rence a fecond Radius^ with which, upon
^ c^"^

the Point F within the Se£lion, defcribe

another Arch to cut or crofs the firft Arch, / s
as at B ; then will that Point B be in the Curve of the Hyperbola^

by the laft Propofition. And therefore 'tis plain, that, proceed-

ing on in this Manner, you may find as many Points (like B) zs

may be thought convenient (the more there are, and nearer they

are together, the better) which being all joinM together with an

even Hand (as in the Parabola) will form the Hyperbola requir'd.

There are fevieral other Ways of delineating an Hyperbola in

Piano : One Way is, by finding a competent Number of Ordinatesy

as by Section i, ^V. but I think none. fo eafy and expeditious as

this mechanical Way : I fhali therefore, for Brevity's Sake, pafs

over the ref^, and leave them to the Learner *s Pra^ice, as being

eafily deduced from \vb*t hath beer, already fald.

Sea.

1
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' Sed. 5. To draw a Cangtnt to any given Point in the

Curve of an "^^i^tiS^^Adi.

The drawing of a Tangent^ that will touch any given Point in

the Curve of an Hyperbola^ may be eafily perform'd by Help of a

Theorem ; as in the Ellipfis^ Se£t. 6, Chap. 2.

cDz=z TS the Tranfuerfe Diameter,

Let -J Z zz the Laitis Return,

the Diftance between the

Ordinate and that Point

in the Tranfverfe cut by

the Tangent.

Then, if^ be given, z may be found by

this neoremA^l±yy = z [which dif-

fers from that in the Ellipfis only in Signs.

Vide Page 371.]
Or, if z be given, then y may be found by this Theorem :

Theorem. ^/£.Rj±^: ^ Lz^lDz=y.
4

SDcmonHratton.

Draw the Semi-ordinate b a^ as in the Figure, and

^ J f an infinite fmali Space between the two Semi-ordi-

\ nates ; as before in the Ellipfis^ &c.

Then
That IS,

Again

That is,

4

Per Figure

7 in n's
Suppofe

Then 3, 9

10

D : L : : Dy +yy : JB
TS :L:: TS SA X 5^ : AB
^y^^yy±^uABD
D : L : : p y '\- yy — 2yx— Dx xx : Q ah

TS : L::TS ^ SliXsa : n ab
DyL -\- yy L— 2yx L— Dx L xxL

Z)

f\x \ AB w-L — X \ ab., viz. PA : AB P a ab

8 j zz : : : zz — i%x xx : n ab
9- z= o and every-where reje£^ed (as in the Ellipfis)

,DyL.\-yyL_
/)-

D yLz-z.-\- yy L%%—ziDy — 2yy Lz Q^b
D zz

£ 6 « 6, IX

10

1

1

zz — 2Z : D ab
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6, 11 12

12 reduced 13

13 Analogy 14

* 5

13 — z;' 16

16 C 17

17 18

^^1?' + 19
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1

DyL+ yyL'—2y L'—DL _
D

Z)y Lz7.-\-yy Lzz—2Dy L%—2yy Lz

D'\'y \y \ \D'-\'y\%, vxz.CA'. SJ: : TA'.AP

s =
, ^ ,

which is the firft Theorem,

yy + Dy—zymlDz
, ^ ,

DD—2Dz-^zz DD + zz
yy+ Dy-^zy -1 zz

4
zz

. ,
I i n 5 which is the fe-

~ '

^ ^ t cond Theorem.

' Q. E. D.

The Geometrical Effeaion of the firft of thefe Theorems is very

eafy ; for, by the 14th Step, 'tis evident that there are three Lines

given to find a fourih proportional Line. By Problem 3, Page 308.}

Scholium*

From the Comparifons, which have been all-along made in this

Chapter, between the Hyperbola and the Elltpfis^ 'twill be eafy

(even for a Learner) to perceive the Cohe-

rence that is in (or between) thofe two Fi- :

gures ; but, for the better underftanding of

what is meant by the Center and Ajymptotes

of an Hyperbola^ confider the atinex'd

Scfyeme^ wherein it is evident (even by In-

fpedion) that the oppofite Hyperbolas will

always be alike, becaufe they will always

have the fame Tranfverfe Diameter com-
mon to both, ^c* (fee SeSf, i , of this Chap.)

Alfo, that the middle Point, or common
Center of the EUipfis^ is the common Cen-
ter to all the four conjugal Hyperbola's,

And the two Diagonals of the Right-angled Parallelogram^ which

circumfcribes the Ellipjjs (or is infer ib'd to the four Hyperbola*s) be-

ing continued, will be fuch J/y?nptGUs to tbofe Hyperbola^ as are de-

fiNed Chap, i, Se^, ^^Defin. 4,

Sea.
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Seft. 6. To draw the ^fpmptotes of any ^ppetbola, &c.

Having found the Latui Return (by Se£l, 2.) and the Conjugate

Diameter in « 5iV^in its true Pofition^ by Sedl. 3. Then through

the Center C of the Hyperbola^ and the extream Points n N of its

Conjugate Diameter, draw two Right Lines, as C Nznd Cn, in-

finitely continued (as in the following Figure) and they will be the

Afymptotes required. That is, they are two fuch Right Lines as,

being infinitely extended, will continually incline to the Sides of the

Hyperbola y but never touch them.
• #

SOcmonCraftoit.

Suppofe the Semi-ordinates a b and 5 to be rightly apply'd to

the Axis TA \ and produced both Ways to the Jfymptotes^ as zifg
and FGi then will the A ^5 A^, A C^^, and A C/^ G be alike.

Let d z=z CS z=: TC, And L the Latus Return ; as before.

Put
{ j } the Abfcijfc8. Then

J
^ + ^ = ^^-

Then
1 in *s

But

2, 3

Again

5

- 64 -

But

8X9
7, 10

Again

That is,

But

I

2

3

4

5

6

7

8

9-

10

1

1

12

13

14

'5

d:SN:: d+e:ag. \'iz. C S : SN : : C a :

dd: D S N : : dd -i- 2 de e e : D a

g

dzz O SN. per Se6t. 3.

dd LA'T' de LA- ee L ^
zd

2 d: L 1 de e el D^^, per Sed. 2*

2 de LA-'ee L „ ,

2^

ag^ Uab
ag-^ab z=: bf\ «.

ag^ab-bgb^'^'^'
O abzzzbf'Kbg
bfxbgZZLdL
dd : SiV': : dd -f 2^>'4'>'>'; AG
OCSiUSN:: OCAiDAG
ddL-\'2dy L+yyL _

zd
2d:L:: 2dy+ yy : J By per Scft. a.

id

Eeca
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13 — '5 16

Alfo
1

17

18

17 X ^9

16 19 20

II,&20 21

dL

AG-ABz=iBgV^'^'^'
JG—nAB — BFxBG

And BG

From the laft Step 'tis evident, that the Afymptotes are nearer

the Hyperbola at G than at and confequently will continually ap-

proach to its Curve : For B F)idL(— BGis lefs than bf)\dL
{iz bg^ becaufe the Divtfor B F \s greater than the Divifor bf \ and

it mult needs be fo where- ever the Ordinates are produc'd to the

Afymptoiesy from the Nature of the Triangles.

Again J From the 7th and i6th Steps *tis evident, that ihtAfymp'

totes can never really meet and be co-incident with the Curve

of the Hyperbola^ although both were infinitely extended, becaufe \
d L wiH always be the Difference between th^ Square of any Semi^

ordinate and the Square of that Semi- ordinatey when Ms produced to

the Afymptote,

ConfeSfary.

From hence it follows, that every Right Line which pafTes thro*

the Center and falls within the Afymptotei^ will cut the Hyperbola ;

and all fuch Lines are calPd Diameteri (as in the Ellipfts) becaufe ^tj

the Properties of the Hyperbola and Ellipfts are the fame.

Note, Every Diameter, both in the Ellipfts^ Parabola^ and Hy-

perbola^ hath its particular Latus ReSfum and Ordinates ; which
(fhould they be diftin£lly handled, and the EfFe^lion of all fuch

Lines as relate to them, 51S alfo the Nature and Properties of fuch

Figures as may be infcribed and circumfcribed to all the St^lions^

with the various Habitudes or Proportions of one Hyperbola to ano-

ther, ^f.) would afford Matter fufficient to fill a large Volume:
But thus much may fuffice by way of Introduifion; I (hall therefore

defift puffuing them any farther, being fully fatisfied, that, if wKat
I have already do^e be well underftood, the reft muft needs be

very eafy to any one that intends to proceed farther cn that ub-'

jea.

AN



397

AN

INTRODUCTION
TO THE

Mathematicks.

PART V.

THE Method of finding out any particular Quantity (viz.

either any Line, Superficies, or Solid) by a regular

Progreflion, or Series of Quantities contiriually approach-

ing to it, which, being infinitely continued, would then become
perfe<Slly equal to it; is what is commonly caird Arithfneiick of

Infinites ; which I fhall briefly deliver in the following Lemma's^

and apply them to Pradlice in finding the fuperficial and folid Con-
tents of Geometiical Figures farther on.

LEMMA L

If any Series of equal Numbers (reprefenting Lines or other

Quantities) as, j. i. i. i. tfjc, or 2 2. 2. 2. t^c, or 3.

3* 3' 3* Terms be multiply*d into the

Number of Terms, the Producfl will be the Sum of all the Terms
in the Series.

This is fo very plain, and cafy to be undcrftpod, that it nced^

no Exa7jiple»

LEMMA n.

If the Series of Numbers in Arithmetic!^ Progreflion begin with a
Cypher, and the common Difference be i ; as, o. I. 2. 3. 4.^^.
(reprefentins; a Series of Lines or Roots beginning with a Point)

if the lart Term be multiply'd into the Number of Terms, the

Produft will be double the Sum of all the Series.

That is, putting L= the laft Term, N zz the N^mbe^ of

Xerms, and S = the Sum of all the Scries

:

Then
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Then will NL ziziS, Confequently, ; NL ~ S,

viz. one Half of fo many times the greateft Term as there are

Numbers of Terms in the Series.

o-[-i-{-2-f-3-4-4 10 = the Sum of the Series r= ^ 7S/Z.
Thus —;

; ;—= . , ,

4H-44-4+-44-4 20:11. NL,
And this will always be fo, how many Terms foever there are,

by Confer, I, Page 185.

LEMMA IIL

If a Series of Squares whofe Sides or Roots are in Arithmetick

Progreflion, beginning with a Cypher, ^c, (as in the laft Lem^
ma) be infinitely continued ; the laft Term, beir^; multiplyM

into the Numbers of Terms, will be Triple to the Sum of all

the Series, vix, NL Lzz'^S^ ox ^NLLzzS,

That is, the Sum of fuch a Series will be one Third of the laft

or greateft Term, fo many times repeated as is the Number of

Terms in the Series.

Injlances in the Square Numbers.

' ^ 4+4-1-4 12 3 12

2 j
Q4-'+4-f9 .-^H.^ 7 ^ ^

.
^

^'
1 9+9+9+9 30 18 3 18

c o-f i-|-4-f9-fi6 _30_ 3 _ 9 _ I I
^^^^

^ t i6+i6-{-i6+i6 80 8 24 3 24

From thefe Inftances 'tis evident, that as the Number of Terms
in the Series does increafe, the Fraction or Excefs above does

decreafe, the faid Excefs always being

—

J which, if we fup-
^ 6 N— 6

pofe the Series to be infinitely continued, will then become infi-

nitely fmall, vi^. in EfFe£l nothing at all. Confequently, NLL
may be taken for the true or perfect Sum of fuch an infinite Series

of Squares.

LEMMA IV.

If a Series of Cubes, whofe Roots are in Arithmetick Progreflion,

beginning with a Cypher, (as above) be infinitely continued,

the Sum of all the Series will be ' NLL L-=:S»

That is, one Fourth of the laft or greateft Term fo many times

rrpeated as is the Number of Terms.

Inflames
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2.

Injlances in Cube Numbers,

If o . I . 2 . 3. ^c, be the Roots of the Cubes.

0+ 1+ 84-27 36 _ 4_ _ _i. + 2.

^ 27H-27-{-27-f27 108 12 4 12

f o-h i-f 84-27-I-64 ioo__io__ 5

X 64-1-644- 64-j-64-{-64 320
~~

32 16

Then i.

16

{125+12

o-}- T-f. 8+ 27-J- 64+1 25__ 225__ 4; _ 3 _ ^

5+1 25-|-i25-}-i25-j-i 25 750 150 10 20 4

X

20

From thefe Examples it plainly appears, that, as the Number of

Terms in the Series increafes, the Fra<il:ion or Exccis above ^ de-

creafes, the Excefs being always ; which, if we fuppofc
4-^>^—

4

the Series to be infinitely continued, will become infinitely fmall,

or rather nothing ; as in the laft Lemma. Confequently, ^ NL
LL may be taken for the true and perfect Sum of all the Term*
in fuch an infinite Series of Cubes.

LEMMA V,

If a Series of Biquad rates, whofe Roots are in Arithmetick Pro-

greflion, beginning with a Cypher, ^c, (as before) be infinite-

ly continued, the Sum of all the Terms in fuch a Series \vill be

The Truth of this may be manifefted by the like Procefs, as ia

the foregoing Lemma^s^ and fo on for higher Powers. But if an/
one defires a farther Demonftration of thefe Scries, he may (I pre-

fume) meet with ample Satisfaftion in Dr. Wallis's Hiftory of Jl-

£ebray Chap. 78 and 79, wherein the Do<5tor concludes with thefe

Words

:

Thus having (hew'd, that In the ProgrefTion of Laterals (or

Arithmetical Proportionals) beginning at o, the Sum of 2, 3, 4^
5, 6 Terms, is always equal to half of fo many times the great-

cfl ; and there being no Pretence of Reafon why we fhould

then doubt it in a Progreflion of 7, 8, 9, 10, we conclude

it fo to be, tho* fuch Number of Terms be fuppos'd infinite.

Again ; in a Progreflion of their Squares having fhew'd, that

in 2, 3, 4, 5, 6 Terms the Aggregate is always more than one
Third of fo many times thegreateft, and the £xc?fs always fuch

aliquot

<(
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aliquot Part of the greateft, as is denominated by fix times the

Number of Terms wanting i. (As, if the Terms be 2,

it is I -f ^ ; if three, it is | -|- A ; if 4» it is 4 + ; if 5>
it is } -f- of fo many times the greateft Term, and fo onward)

" we may well conclude (there being no Pretence of Reafon
*^ why to doubt it in the reft) that it will be fo, how many foever

be fuch Number of l^erms. And becaufe fuch Excefs, as the

Number of Terms do increafe, will become infinitely fmall (or

lefs than any affignable) we conclude (from the Method of Ex-
^* hauftions) that, if the Number of Terms be fuppos*d infinite,

*' fuch Excefs muft be fuppos'd to vahifti, and the Aggregate of

fuch infinite Progreflion fuppos'd equal to y of fo many times

the greateft.

In like manner having prov'd that fuch Progreflion of Cubes
" doth (as the Number of Terms increafe) approach infinitely near
*' to ~ of fo many times the greateft, and of Biquadrates to 4, and

fo of Surfolids to ~ of fo many times the greateft, and fo on-
** wards as we pleafe to try ; and there being no Pretence of Rea-

fon why to doubt it as to the reft, we may take it as a fufHcient

Difcovcry, that (univerfally) the Aggregate of fuch infinite

Progreflion is equal (or doth approach infinitely near) to fuch
*' a Part of fo many times the greateft, as is denominated by the
*' Exponent (or Number of Dimenfions) of fuch Power (as is

that according to which the Progreflion is made) increased by

1, namely, of Laterals \ ; of Squares
_J

; of Cubes i. ; of Bi-
*' quadrates

-J-
; of fo many times the greateft) and fo onwards

infinitely."

This Difcourfe of the Doctor's I thought convenient to infert,

fuppofing it may give fome Satisfaclion to the Learner, to hear fo

Great a Man as Dr. JVallis\ Argument about the Truth of thefc

Series, which I have briefly delivered in ihe 'foregoing Lemma

L E M M A VL

If any two Series or Ranks of Proportionals have the fame Num-
ber of Terms (whether Einite or Infinite) it will always

r As the firft Term of one Series : is to the firft Term of the

be \ other Series : : fo is the Sum of all the Terms in (he one Series

:

CtQ the Sum of all the Tcjrms in the other Series.

(12. 5)

As
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apply d to ©liperfiClC^ ^nd S)3ltDS. 401
.

- - - — . —— ^,^^,^1^1

3 6 Or thefe Numbers, 4 5
2 6 12 15

3 9 36 45
4 1

2

108 ^35

5 324 405
6 18 972 1215

That is, I : 3 : : 21 : 63 And 4 : 5 : : 1456 : 1820 ^r.
The Application of thefe Lemma's to Geometrical Quantities,

viz, to Lines, Superficies, and Solids, wholly depends upon grant-

ing the following Hypothefes,

"The ^5i!potf)CfeS.

1. That every Line Is fupposM to confift (or be composed) of

an infinite Series of equidiftant Points.

2. A Surface (viz. the Area of any Figure) to confift of an in-

finite Series of Lines, either ftreight or crooked, according as the

Figure requires.

3. A Solid to confift of an infinite Series of Plains, or Superfi-

cies, according as its Figure requires.

Not that we fuppofe Lines, which have really no Breadth, can

fill a Space or Superficies ; or that Plains, which have not any

Thicknefs, can conftitute a Solid : But by what we here call Lines

are to be underftood fmall Parallelograms (or other Superficies)

infinitely narrow, yet fo as that their Breadths, being all taken

and put together, muft be equal to the Figure they are fuppos'd to

fill up. And thpfe Plains or Superficies, which are here faid to

conftitute a Solid, are to be underftood infinitely thin ; yet fo as

that their Depths or Thicknefle* (which are hereafter alfo calltfi

Lines) being all taken together, muft be equal to the Height of

the proposed Solid. Now, in order to render this Hypothefis as

cafy for a Learner to underftand as T can, I fliall here propofe a

very plain and familiar Example ; Viz, Let us fuppofe any Book
to be compos'd (or made up) of 100, 200, 300 (more or lefs)

Leaves of fine Paper ; fuch a Book, being clofe put together, wiii

have Length, Breadth, and Depth or Thicknefs, and therefore

may (not improperly) be called a Solid ; and each of its Edges
(being evenly cut) will be a Superficies compos'd of a Series of

fmall Parallelograms, every one of their Breadths being only the

Edge of a fingh; Leaf of Paper ; and if we conceive the Thick-

nefs of every one of thofe Leaves to be divided into 10, or

F f f IQOf '
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100, or 1000, ^^r. they will then become fuch a Series of infi-

nitely fmall Lines as are (by the Hypothefis) faid to conrpoffe or

fill up a Superficies. And all the Superficies of thofc infinitely thin

or divided LfCaves of Paper will become fuch a Series of Plains,

©r Superficies, as are faid to corftitute a Solid, viz, fuch a Solid

as the Big.ncfs and Figure of that Book.
Now according to this Idea of Lines, Superficies, and Solids,

one may, without the leaft Prejudice to any DemonJiratioTiy admit

<ii th)e fallowing Definhicns^ and TJmrems^

\. 7^he Area's of Squares, and all other Parallelograms, are conv-

posM or fill'd up with an infinite Series of equal Right Lines.

IL The Area of every plain Triangle is composed of an, infinite

Series of Right Lines parallel to its Bafe, and equally d'ecreaifing

until they terminate in a Point at the vertical Angle.

IIL The Area of a Circle may be compofed either of an infinite

Series of concentrick or parallel Circles, or of an infinite Series of

Chord Lines parallel to ks Diameter^ or of an innumerable Mul-
titude of Seniors.

IV. The Area of an EUipfis may be composed either of an in-

fiirite Series of Ordinates rightly apply'd, or of an infinite Series

of Righf Lines^ parallel to its Tranfvcrfc Diameter.

V. The Area's of the Parabola and Hyperhola are compos'd of
an infinite Series of Ordinates ; or may alfo be compos'd of Right

Lines parallel to its- Axis, ^c.

VI. A Prifm is a foMd Body contain'd or included within feve-

^1 equal Parallelograms, having its Bafcs or Ends equal and alike;,

and It is generally nam'd according to the Figure of its Bafe ;

That is,

VIJ. A Cube (or Solid like a Dye) is a Prifm bounded or in-

cluded with fix equal fquare Plains.

VIIL A Parallclopipedon is a Prifm that hath its Sides bounded
or included within four equal Parallelograms and two fq'uare Bafes

©r Ends.

lie. A Cyiifider (or Solid, like a Rolling-ftone in a Garden) is

•nly a round Prifm, having its Bafe5 or Ends a perfedt Circle.

X. The
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X. The Solidity of every Prifm is compos'd of an infinite Se-

ries of equal Plains, parallel and alike to that of it5 Bafe.

XI. A PyT*amid is a S*/lid bounded or included within feveral

plain Triangles fet upon any Polygonous Rafe, having their verti-

cal Angles all meeting together in a -Point, called the Vertex, and

takes its Name from the Tigure of its Bafc, vrz. if it iias a fquare

Bafe, 'tis caird a ifquare Pyramid ; if a triangular Bafe, 'tis call'd

atriangular Pyramid, i^c,

XII. A Cone is only a round Pyramid, which hath been already

defined in Page 355,
Xni. The Solidity of every Pyramid is compos'd or conftituted

of an infinite Series of Plains, parallel and alike to that of its ,Bafe,

equally decreafing until they terminate in a Point at the Vertex.

XIV. A Sphere or Glohe^ (viz. 2l Ball ) is a 5olid bounded or

included within one regular Superficies, being forrrf'd or gene-

rated by the Rotation of a Semi-circle about its Diameter (calPd

the A^is of a Sphere) and its Solidity is compos'd or conftituted

of an infinite Seri€s of concentrick Circles, vvhcfe Diameters arc

the Chords of that Circle by which it -was form'd.

XV. A Spheroid (or Egg-like Figure) is a Solid bom^ded with

'One regular Superficies, form'd by the Rotation of a Semi-ellipfis

about its Tranfverfe Diameter (calTd the Axis of the Spheroid)

and its Solidity is conftituted of an .infinite Series of concentrick

Circles, whofe Diameters are the Ordinatcs of that Ellipfis by

which it was form'd.

^ XVI. There is another Sort.of Solid ca(rd an O^^^te Spheroid,

being formed by the Rotation of an Ellipfis about its Conjugate

Diameter, and it is like a flat Turncp.

XVII. If a Semi-parabola be turn'd about its Axis, 'twill form

a Solid call'd a ParaboUck Conoid^ being compos'd or conftituted

of an infinite Series of Circles, whofe Diameters are the Ordina>es

cff a Parabola.

XVIII. If a Parabola be turn'd about its Bafe, or greateft Or-
dinate, 'twill form a Solid calTd a Pyramidoidy but moft com-
monly a ParaboUck Spindle^ whicfh will 'be conftituted of an infi-

nite Series of Circles, whofe Diameters are Right Lines parallel to

the Parabola's Axis.

XIX. If an Hyperbola be turn'd about its Axis, 'twill form a

Solid call'd an HyperboUck Conoid^ being conftituted of an infinite

Series of Circles, whofe Diameters are the Ordinates of the Hy-
perbola.

P f f 2 KX. Th?

t
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XX. The curve Superficies of all circular Solids (viz. Cylin-

ders, Cones, Spheres, i^fc) are compos'd of an infinite Series of

the Peripheries of thofe Circles which conftitute their Solidities,

Upon thefe Definitions are grounded all the following Theorems ;

and therefore, if they were diligently compared with their re-

fpe£iive Figures, it muft needs be of great Help to the Learner,

and would render all that follows very eafy ; wherein I fhall begin

with what hath been already demonftrated, by way of introducing

the reft.
^THEOREM I.

The Ar^ of every Right-angled Parallelogram is obtained by multU
plying the Length into its Breadth,

That is, BDxFBz=ithe Are2i of the Parallelogram BDFG,
by Lemma i, compar'd with Dc- ^
iinition i.

Example.

Suppofe BD 26, and F B:=zgy
then 26 X 9 = 234 the Area.

See Prob, j. Page 339.

T H E O R E M II.

The Area of every plain Triangle is equal to half the Area of its

circumfcribing Paraljelogram. That is^ E.£y^~z=: the Area 0]^

C^B C Dy in thefollowing Figure,

2D£monffration.

Suppofe the Perpendicular C A to be divided into an infinite

Number of equal Parts, as at the

Points a^ a^ &c. and through
thofe Points there were drawn
Right Lines parallel to the Bafe

BD \ (viz. badybad^bad^kc.)
then will thofe Lines be a Series

of Terms in Arithmetick Progref-

iion beginning at the Point C (viz,

Q^b4^ 2bdy ^hdj &c. as is evident by the Figure, wherein BD
the greateft Term = and C A the Number of Terms= 2^.

a But

G
4/

a

¥ a

7 d

B A D



apply d to <^uperfiCtCjS and ^clt50. 405

But I NL— 5, by Lemma 2. And S — the Triangle's Area

by. Definition 2. Q; E. D.

jSxampIe, Let B = 26, and C = 9, as above ; then

^^^^= 117^ or «|X9==II7. Or thus, 26 x ? ~ 117, the
2

Area required. [See Pr^^J/^/w 3, P^^^ 330.]

THEOREM II?.

The peripheries of Circles are in Proportion one to another as their

Diameters are^

SDemonSrattorr,

Let the Periphery of a Circle be divided into any Number of

equal Arches by Right Lines drawn from

the Center (viz. Radii) fuppofe 'em 8,

as in the annexed Figure, wherein B
is one of them ; then, if thro' any Point

in the Radius there be drawn a concen- D
trick or parallel Circle, its Periphery

will alfo be divided into 8 equal Arches

by thofe Radii, one whereof will be a by

and theA C ^ ^ will be like toAC J
Therefore C a : ab : : C J : J B, or C a : C A : : a h : A By
confequently 2C a : 2 C A : : S a b : S J B. But 2 C a znda
the Diameter of the Circle, whofe Periphery is 8 ^ ^ ; and 2C A
'= D A, the Diameter of the Circle, whofe Periphery is SAB.
Therefore, as by the Theorem. E. D.

Example.

In Chapter 6, Part III, it was found, that, if the Diameter of

a Circle be 2, its Periphery will be 6,2831853, ^'c. Therefore,

2:6,2831853, ^c, :: I : 3,14159265, ^c. the Periphery of

the Circle whofe Diameter is i.

Corollary,

Hence it follows, that bccaufe Unity, or i, may be made the

firftTerm in the Proportion, therefore 3,14159265, &c, may be

made a conftant or fettled Factor ; which, being multiply'd into

any propos'd Diameter, will produce the Periphery of that Circle.

I^ote, Inftead of 3> 14 159265, ^c. it may be fufficient to take

only 35 1
4 16.
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Or, in whole Numbers, the Proportion may be.

As 7 : 22 : : Diam. : Periphery M ^he'-e Numbers may ferve.

Or 113: 355 : : Diam. : Periphery V 7
and are often ufed in com-
mon Pradice.

T H E O R E M IV.

TJ?e Area of any SecSior <?/* ^ Circle is 4qual to half the ReSJangle

i>f the Radius Into its Arch, That is,
^ — jj^g ^j.^^

oiJCP.
*

SDemonllrattoiT.

Suppofe the Radius C to be divided into an infinite Series of
etjuidiftant Points, as tf, e, y. Sec. and

thro' thofc Points there were drawn concen-

trick or parallel Arches, as a e yf &c.
then they will be a Series of Arches in

Arithmerick Progreflion, beginning at the

Point C (viz. o, i, 2, 3, ^ffc.) as plainly ap-

pears by the Figure, wherein the greateft

Term is JB zz and Number of Terms is

CA=lN, But { NLznS, the Sum of all

the Series, by Lemma 2, and S — the Se^iior^s

Area, by Definition 3. E. D.

Let the Radius C 12, and the Arch /f 5 zz:S, thea ^—3,
2

= 48. Or X 8 == 48. Or I X 12 CI 48, the Area of the

Sedor JCB.
THEOREM V.

2he Area of every Circle is equal to half the Re^angle of the Radius

into its Periphery. Tljat is^ according to ArchimedeSg a Circle

is equal to a Right-angled Triangle^ whofe Sides containing the

Right- angle are equals one to the Radius, and the other to the

Perimeter of that Circle. Pro. i. de Dimenfione Circuli.

The Truth of this Theorem may be eafily deduced from the

kft, thus : If we fuppofe the Jaft Sector to be one Eighth-part of a

Circle, then it follows, that
^ ^^V^CA -^^^^xC.^ will be

2

the Area of the whole Circle. But l AB — half the Circle's Pe-

wphery, and C A half its Diameter 5 therefore, ^c. as per

Theorem. ' Qi E. D.
pxampk^
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Example.

If the Diameter be Unity, or i, the Periphery will be 3> 14159265

^c. hy Theorem 3. Then 3>i4^59265 ^ « 0,78539816,

^V. (or 0,7854. for common Ufe) will be the Area of that Circle.

^ Scholium,

From hence naturally flows the following Proportion between

the Square and its infcrib'd Circle.

f As the Perimeter (viz, the Sum of the four Sides)

Proportion. < of any Square : is to its Area : : fo is the PerU
(phery of the infcrib'd Circle : to its Area.

That is, fuppofing 7/ B = Z) =: the Side of the Square, aud

the Diameter of its infcrib'd Circle ;

then 4 D the Perimeter, D Dz=. the

Area of the Square, and 3,1416 Dzz. the

Periphery of the Circle, by Theorem 3.

But4D:Z)£) :: 3,1416 2) : 0,7854!) Z)

=: the Circled Area. And if /) zz i,

then 4 Z>= 4, and D D =. ixirzi,
and the Periphery will be 3,1416. Then
4 : 1 : : I : 0,7854 &c. as in the Example

above. And from hence may be eafily

deduced the following Theorems,

T H E O R E M VI.

The Area's of all Circles are in Proportion one to another as the

Squares of their Diameters, (2. ^. 12.)

For if i)= the Diameter of one Circle, and d= the Diameter
of another Circle, thea will 0,7854 DD hQ the Area of one
Circle, and 0,7854 will be the Area of the other Circle; as

above. But 0,7854 DZ) : 0,7854 i^/: : DZ> : ^f^. Or thus, let 2>

= the Diameter, and P =. the Periphery of one Circle ; J — the
Diameter, and p ~ the Periphery of another Circle ;

Then i

And 2

« X 4

2X4
3-i>

lDx\Pz=ilDP=iA, the Area of one Circle.

idx lP^dpzua, the Area of the other Circle.

DP= 4

dp = 44
4.^

(per Jaft Theorem.

4-^
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4

But

8

9, Analogy

6 ^
— 4^

7

8

9
10

P :p Did, per Theorem 3.

i):^::ii:ti

^DDa-=z^ddA^ that Is, D DazzzddA
DD", Aw dd\ay or A:a DD -.dd— Q. E.

Hence it follows, that becaufe the Square of i is i (viz,

1X1 = 1) and 0,78539816, ^c, or 0,7854 is the Area of the

Circle whofc Diameter is i (as before) therefore it will be

J : 0.7854 : : fo is the Square of any Circle's Diameter : to its

Area. And becaufe i is the firft Term in the Proportion, there-

fore 0,7854 may be made a conftant Factor ; which, being mul-
tiply*d into the Square of any proposed Diameter, will produce the

Area of that Circle.

NotCy The four laft Theorems do plainly fhew the Reafon of
all the common or practical Problems about a Circle, which, for

the Learner's farther Satisfaction, I have here inferted together.

Suppofing as before,

cDzz, the Diameter 1

That ") ^ ~ the Periphery > of any propoCed Circle.

C ~ the Area 3

Then
1

Mxamp

I

2

Probl, I. D being given^ to find P.

I : 3) 141 6 : : D : P, per Theorem 3.

3,1416 D :zz P.

i Suppofe Z)zi32. Then 3,1416x32 i::XciOj53i2

( the Periphery^

3

Examp,
Then

3

4

Prohl. 2. D being given y to find A.

I : 0,7854 wDDiAy per Theorem 6.

0,7854 Z)I>= ^
Suppofe X) =: 32 (as before)

Z> D =: 32 X 32= 1024

0,7 854X 1024= 804,2496, the Area required.

And
2 5

ProbL 3. P being given y to find D.

P 7p.Jbecaufe^,TiT0=0,3183
3,Hi6K'itl^e^^f'o''^0'3i83P= i>.

This, being only Converfe to the firflr, needs no Exam.

2 2
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apply d to ^Uperft'CtejBt and ^Ollt)0. 4^9

2

6 -f-

4 -^

For

9 X &c.

8 uw*

12

6

7

8

9

10

II

12

13

Pr^^. 4. P being given to find

9,86965 DD — PP
PPDD=2—;— , or 0,10132 PPz=:DD

DDz=:-^, or 1,2732 y^^bz)

PP
, or 0,10132 PP = 1,2732 ^

9,86965 0,7854

PP
=r ^, or 0,07957 PP= ^

12,5664

P;-5^. 5. A being given, to find D,

jD zz i/ —3—, or D i/ 1,2732 A

Prtf^. 6. A being given, to find P.

PP =112,5664 if, or PP= ^
0,07957

P =2 v/ 12,5664 y^r, or P =: 4/
^

0,07957

Thefe fix Problems contain all the Variety that can be propofed

about finding the Periphery, Diameter, and Area of any Circle.

But if it be required to find the Area of any Segment, or Part of

a Circle cut off by a Chord, that Work will require a farther Con-
fideration.

Firji^ As to the Data there muft alvi^ays be given the Diameter ;

or, either the Periphery or Area of the Circle^ in order to find the

Diameter,

Secondly^ There muft alfo be given, either the Chord which is the

Bafe of the Segment, or the verfed Sine, which is the Height of the

Segment, That is, either EG, or A P, in the following Scheme^

muft be given, that fo the Area of theA BCG may be found. Then
it's evident (by the Figure) that, if the Area of theA BCG be taken

from the Area of the SeSfor CBAG, the Remainder will be the Area
of the Segment BAG. And if the Area of the Segment BAG be taken

from the whole Area of the Circle^ the Remainder will be the Area
of the other Segment DBG,

G g S Examr
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Example in Number

Let there be given D A 32. as in

Prob. I. and the verfed Sine A F 6 \

then \ DA — BCzia^.Azii 16, and

CA—AFzzCF~ 10. ButD^C^ U C F— DBF. Confcquently

Thus B C : Radius :

^ 5C— n 6' /^ZI i5 v/ 156~ 12,49 '= B F.

Then, by the Dodrine of plain 7rr-

angles^ tlie yfr^^ B A z=i ^ EC A may
be found in Degrees and Decimal Parts.

B F : Sine^ B C Fzz $1^^^ Degrees. And then it will always hold

in this Proportion ;

iAs
the Circle*s Periphery in I^egrees : is to its Periphery in

equal Parts (according to the Dimenlions taken) : : So ii

the Arch in Degrees (viz. B C A) : to the fame Arch in

equal Parts.

That is, 360^ ; 100,5312 : : 51,31" •* 14,3284 zn B A. Then
14,32^4 X 16 z= 229,2544, the Area of the Se<^or BCAG \ and

1 2,49 X 10 = 1 24,9, the Area of the A B CG, Their DiiFerencc

104,3544 = the Area of the Segm. BAG.
Or the Area of any Segment may be otherwife found (as moft

ufually it is) by a Table of the Segments of a Cirsle^ whofe Area h
Unity, or i. The ConflruSficn or making of fuch a Table is very

well laid down in Mr. Darie's Book oi Gauging^ Chap, 9. which he

performs in this Problem,

PROBLEM.
In a Circle whofe Area is Unity ^ and its Diameter cut hy Chord Lines

into 1000 equal Parts, to fnd the Segment to any verfed Sine pro^

pos*d, not exceeding 500 of thofe equal Paris,

1. Multiply the verfed Sine propos'd by 0,002, and fubtrafl the

ProduSi from an Unit or i.

2. This Remainder you fhall feek in the commonTable of Natural

Sines, (the Arch being divided into Degrees and Centefimals) which
being found, let hts Co-arch be doubled, and called A.

3. You muft find the correfpohdent Sine to A \ which Sine being

found, you may call 5, and then it holds 6,2831853) 0,0174532
925 A-^S [zz the Seg^nent required.

a Now
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Now this Segment being thus found, if you fubdu^l it from an

IJnit^ you have the Co-fegment^ Sic.

Note^ Notwithftanding what has been faid in the fecond Precept

of this ProbUniy it very often falls out that the Remainder there

fpoken of cannot be truly found in the Table of Natural Sines

;

therefore in this Cafe my Advice is, that you make two Opera-

tions, one with a Sine the next greater, and one with a Sine the

next lefs; and in fo doin^ you will be fure to have the Segment re-

quir'd bounded betweeni^fc Refults of thofe two Operations.

Example, Let it he propcs'd to find the correfpondent Segment to the

verfed Sine 263.

Firji^ 263 X 0)002 = 0,526, and i — 0,526 = 0,474, its

Arch is 28,29° being lefs than juft; its Complement is 61,71^,
which, being doubled, is 123,42 = A,

Then ,0174533 A = 2,154086286
zi: 0,83-1.6556 zz S the Sine of A.

6,2831853) 1,319430686 (0,209993 the Segment,

Now 1 make a fecond Work,

263 being multiplied with 0,002 is 526. and i — 5.26 = 0,474 its

Arch is 28,30° being greater than juft j and its Complement is

6*1,70°, which being doubled is 123,4 IZ A,

Then 0,0174533-^= 2,1537372— 0,8348478 ZI 5 the Sine of A

6,2831853) 1,3188894 (0,209907 the Segment.

^0 you fee by thefe two Operations that the Segment is bounded,

«nd 'tis very probable it may be 0,20995.
But to abbreviate this large FaSIor, and this large Divifor^ I

-fhall here infert two Tables of them, which will be ready for Ufey
and exa£t enough too. ^ /

Thus far Mr. Darie, which I have

here infertcd to (liew the Learnerhow^
by the Help of thcfe two Tables, and

a Table of Natural Sines, he may ea-

fily make a Taole of Segments^ whofe

Ufe fliall be fnewcJ farther on,

when 1 come to sreat of pra6lical

Gauo-in^. In the mean Time I fliall

here lay down another Method to

find the Area of any Segrmnt of a Clr-

G g s 2

Divifor. FaStor,

6,2832
1 ^0174533 I

12,5664 2 ,0349066; 2

18,8495 3 ,0523599 3
25^1327 4 ,0698132 4

3^4-159 ,0872665 5

37,6991 6 ,1047197 6

43^9^213 7 ,1221730 7,

50,265s 8 ,1396263 8

56,5487 9 ,1570796 9
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cle (very near) by a new Theorem^ without the Help either of a
"Table of Sines or Segmentsy having the fame Data as before in

Page 404.
f the Radius^ or I Diameter of the given Circle.

?7z. Let \d zz the Difference between the verfed Sine and Radius,

CC z=i half the Chord of the Segments Bafe.

^ ii^RR—i^Rd-^dd
Theorem. < ^ X C— 5, the Jrea of the Segm.

Example^ Suppofe R n B C z:z i6y d F C zr. 10, and C =
B F =2 12,49 » ^ before.

Then 2 ^ =: 597»3333- i t ^= 213,3333. </i lOO
— 3i3>3333= i i Rd+ dd

I ' 4- ^ = 34= 104,32

5? zr 34 284,0000 (8,3529. Laflly, 8,3529 X 1249
76 the Jrea of the Segment B AG^ as before,

THEOREM VII.

Squares are to the Area's of their inferihect Circles^ fo are Pa^
rallelograms to the Area's of their infcribed Ellipfes.

f As the Square of the Diameter of any Circle : is to its

That is, < Area : : fo is the Rc<Slangle of the Tranfverfe and Con-

4

gate Diameters of any Ellipfis ; to its Area,

SDemonSratioiT.

Circumfcribe any Ellipfis with a Circle ; and fuppofe an infinite

Number of Chord Lines drawn therein, all parallel to the Con-

jugate Diameter^ as thofe in the annexed Figure ; then it will

cAs (DA) the Diameter of the Circle : is to (Nn) the Con-

htK jugate Diameter of the Ellipfis : : fo is (B a B) any Chord in

L the Circle : to (b a h) its refpeSfive Ordinate in the Ellipfes,

T
For according to the Property of the Circle

it is I TS'—Ta X'^a =z n Ba
by the Property of the Ellipfis ^And

it is

I, 2

3, Hence

Confeq

That is

Put

Then

TC: NC: iT^^axTa: Q ba

qTC : n NC :: Q BA : n ha

TC : NC: : Ba : ha
2TC 12 NC ::2 Ba: 2ba
DAiNn:: BaB : bab
D = 2 rC, and^r= 2NC
D \ d \ : Chord Bab : Ordinate baby Sic.
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3

But the Sum of an infinite Series of fuch Chords^ as B a By do

coaftitutc the Area of the Circle^ by Definition 3 : and the Sum of

the like Series of their refpe^tive Ordinates, do conftitute

the Ellipfis*s Area by Definition 4. Therefore D d w Circle s Area :

EllipfiCs Area9 by Z^wmfl 6. But D : d : : D D : D d. Whence
it follows, that DD : C/rc/^'; Area ::Dd: Ellipfis's Area. E. D.
Confequently, as I : is to 0,7854 : : fo is the Re^angle or Produ6i

of the Tranfuerfe and Conjugate Diameters of any Ellipfis : to its

Example^ Suppofe = 36. and iV« =16; then 36 X 1 6= ^ 76",

and 576 X 0,7854= 452,3904 the Area of the Ellipfis,

Corollaries,

1. Hence it is eafy to conceive, that the fquarc Root of the

ReSfangle or ProduSl of the Tranfuerfe and Conjugate Diameters

will be the Diameter oi a Cir^/i? whofe Area will be equal to the

Ellipfis's Area J viz. 576 ~ 24 the Diameter of a Circle = to the

Ellipfis.

2. All Segments of an Ellipfis and its circumfcribing Circle (whofe

Bafes are parallel to the Conjugate Diameter^ and of the fame Height)

are in Proportion one to another, as their Bafes are. That is,

Bab : b a b : : Area Segment B N B : Area Segment bN B', or

TS : Nn : : Area Segment B N B : Area Segment b Nb.

THEOREM VIII.

The Area of every Ellipfis is a mean Proportional between the Area's

of its circumfcribing and infcrib'd Circles.

The Truth of this Theorem may be eafily deduced from the laft ;

for fuppofing D :=z T S^ and d =
N «, as before ; then it is already

proved, that D D i D d : l circum-

fcribing Circle's Area : Ellipfis's Area,

B^tDD:Dd::Dd:dd, There-

fore Ellipfis's Area : infcrib'd Circle's

Area \ \ D d \ dd. By Theorem 6,

Example^ Let T S :z: D 36, and Nn znd zzib^ as before

;

then D D zz 1296, znd dd^iz 2^6.

Then
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Thpn w'lll ^ 129^ XO,7854 z: 1017,8784 the great Circle's Area
1 nen wui

^ ^ 0,7854 zz 201,0624 the leffer Circle's Area.

Suppofe A the Elltpfts^s Area j then, according to the TheO'

rem, it will be, 1017,8784 : A : z A : 201,0624. j&r^f? A A zz

1017,8784 X • 201,0624 = 204657. 07401216. Confequently,

\/ 204657,07401216 zz 452,3904 = Ay the Ar4a of the Ellipjss

as before in the laft Example,

Corollary,

From hence it follows, that all Segments of an EUipfis and its /«-

fcriFd Circle, whofe Bafes are parallel to the Tranfuigfe Diameter^

and have the fame Height, are in Proportion one to another as the

Area's of the Ellipfis and Circle are. That is. Area of Circle ;

Area of : : Sesrment 6Nb: Segment B N B, Or, Nn :TS
; : Area Segment b N b i Area Segment B N B,

THEOREM IX.

7hg Solid Content of any Prtfin (what Figure focver its Bafe is of)

/; ohtaifjcd by muliiflying the Area cf its Bafe into its

Height.

For Inftance^ a Parallelopipedon (or fquare Prifm) h conftitutcd

of an infinite Series of equal SqiMres ; that of

its Baje B A being one of the TermSf and its

Height D By or G Ay the Number of all the

Terms. Confequently, the Area of B A b a X
D B zzithe Sum of all the Series (by Lemma i.)

which is the Solidity of the Parallelopipedon D B
G Ay by Definition 10.

D V

Example^ Suppofe the Side of the Bafii B A
zz 16 and the Height Z) 5 zz 42 j then will : ^ :

16 X 16 — 256 be the Area of the Bafe, and j :

X 42 = 10752 the Solid Content of the :

ParalUlopipedon D B GA. ^
I-n this Manner you may find the Solidity of all regular Polygo-

nous Prifms^ whofe Bafes (or Ends) are parallel and alike, what
Form foever they are of, that is, whether their Bafes are Trtangles

j

Pentagons
y Hexagons, or Dragons y kc.

T H E O-
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THEOREM X.

Every Pyramid is the third Part of the Prifm^ that hath the [ami

Bafe and Height with it (7. ^. i2,)

That is, the Solid Content of the Pyramid B FJ (in the laft Fi-

gure) is one Tljird of its circumfcribing Prifm D B G A,

For every Pyramid that hath a fquare Bafe {as B J b a^ in th»

laft Figure) is conftituted of an infinite Series of Squaresy whofs

Sides or Roots are continually increafing in Arithmetick Prcgrefftom^

beginning at the Vertex or Point V (See Theor. 2.) its Bafe B A Ba\
being the greateft Term {z=. L L) and its perpendicular Height VC,

or D By is the Number of all the Terms — N; but zz 5 the

.3
Sum of all the Series^ by Lemma 3, and S =: the Solid Content of the

Pyramid BVA, by Definition 1 3,

Example^ Suppofe the Side of a Pyramid^s Bafe ht B A z=z i6>

and its be /^C zz: 42. Then 16 X 16 zi 256 the Area of

its 5^/^ = a, and 11^2113 3584. Or 2il x 42 =
3 3

3584 or thus, 256X ~ = 35^4* »s the Solidity of that PyramidBVA.

Corollary^

From hence it will be eafy to conceive, that every Pyramid is

^ of its circumfcribing Prifm^ what Form foever its Bafe is of, z/izr.

whether it be a Square^ Triangle^ Pentagon^ 5cc«

THEOREM XI.

The Solid Content of every Cylinder is obtained by multiplying the Area

of its Bafe into its Height,

For every Right Cylinder is only a round

Prifm^ being conftituted of an infinite Series

of equal Circles ; that of its Bafe or End be-

ing one of the Terms^ and its Height 5 D is the

Number of all the Terms, Therefore the Area
of its Bafe B A^ being multiply 'd into D 5,
will be its Solidity, by Lemma I. viz. Let D
B A,2ind H—G A. Then 0,7854 DZ)X//
z;: ijs Solidity,

3f
1

Example,
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Example^ Let the Diameter ot its Bafe be Z) zi 16, and its Height

H = 42. Then i : 0,7854 : : 16 X 16 = 256 : 201,0624 the

Area of its Bafe. And 201,0624X42 — 8444,6208 the Solid

Content of that Cylinder D B G A,

Corollary.

Hence it is evident that every fquare Parallelopipedon is to its m-
fcrt^d Cylinder^ as I : is to 0,7854. Or in vi^hole Number as

452 : to 355 very near. And that all Prifms are in Proportion to

their infcrib'd Cylinders^ as the Area*s of their Bafes are,

THEOREM XII.

The Curve Superficies of every Right Cylinder is equal to the ReSl'

angle made of its Height into the Periphery of its Bafe,

That is, D B multiplyM into the Periphery of the Diameter

B A will produce the Curve Superficies of the lafl Cylinder D B
G A, For the Cylinder is conftituted of an infinite Series of equal

Circles (according to the laft Theorem ) Therefore its Curve Su-

perficies is compos*d of the Peripheries of thofe Circles^ bv Definition

20. But the Periphery of its Bafe B A is one of the Termsy and

its Height D B is the Nuniber of Terms, Therefore, ^ffr. as by

Lemma i. To which, if there be added the Area's of both its

Ends (or Bafes) the Sum will be the Superficies of the whole Cy
Under,

Example, Suppofe the Diameter of its Bafe to he B A 16.

and its Height Z) 5 ~ 42 ; as before, then i : 3,1416 : : 16 :

50,2656 the Periphery of its Bafe, Again, I : 0,7854 : : i6x 16

n: 256 : 201,0624 the Area of each End or Bafe,

Then 50,2656 X 42
which add 201,0264X2

Tbe Sum
whole Cylinder,

— 2111, 1552 the Curve Superficies, to

= 402,1248 both the End Area's,

2513,2800 is the Superficies of the

THEOREM Xlir.

Every Cone is the third Part of a Cylinder^ having the fame Bafe

with it^ and their Altitudes equal, [10, e, 12.)
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©cmonttraficnf.

The Truth of this Theorem may be eafily conceiv'd by only

confidering, that a Cone is' but a round Pyramid^ and therefore it

muft needs have the fame Ratio to its circumfcribing Cylinder as

the fquare Pyramid hath to its circumfcribing Parallelopipedon, viz.

as I : to 3. However, to make it yet clearer, let it be farther

confidered, that every Right Cone is conftituted

of an infinite Series of Circles^ whofe Diameters

do continually encreafe in Jrithmetick Progref-

Jion beginning at the Vertex or Point the Area

of its Baje B A being the greateft Terniy and its

perpendicular Height V G the Number of all

the Terms ; therefore the Area of the Circle

B A X i V C will be the Sum of all the Series^

by Lemma 3, w^hich is the Cone\ Solidity,

Example. Let the Diameter of its Bafe be ^

BA=i6y and its Height V C — 4.2 Then
I ; 0,7854 : : 16x16 = 256 : 201,0624 the Area of the Ba/e^

and
201,0624X42 _ 2814,8736 the Solidity of the Cone B FJ.

3

Or thus, 201,0624 x-^ —2814,8736, ^'c.

Corollary.

Hence it follows, that every fquare Pyramid is to its infcrib'd

Cone, as i : 0,7854. (Or as 452 : 355) confequently, that all

Pyramids have the fame Ratio to their infcrib'd Cones as the Area's

of their Bafes have.

THEOREM XIV.

The Curve Superficies of every Right Cone is equal to half the ReHan'
gle of the Periphery of its Bafe into the Length of its Side.

The Truth of this Theorem is felf-evident from the Definition

©f a Cone, Chap, i. Part IV, where it appears, that the Curve

Superficies of every Right Cone (as B VA) is equal to the Area of

a Senior of that Circle whofe Radius is the Side of the Cone (VB)
and its Arch equal to the Periphery of the Cone's Bafe (B A). But

the Area of any Se^or is equal to half the ReSlangle of the Radius

into its Archy by Theorem 4. Therefore, ^^c.

H b h Exam-
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Example, Suppofe the Length of the Cone's Side to be V or

^/fn 42,7551, and the Diameter of its Bafe, viz, B /f z=i 16

("as before) then will 50,2656 be the Periphery of its Bafe, and

5o,2656x42,75Si
1074,5553, ^c. the Curve of the Super-

ficies ; to which if there be added the Jrea of its Bafe, the Sum
will be the Sitperfides of the whole (viz, all the) Cone.

That is, 1074,5553

-f- 201,0624 the Area of the Bafe.

Sum 1275,6177 is the total Superficies ^ he.

Note, The Truth of this Theorem may be provedfrom the Confi-

deration of the laji Theorem and Definition 20*

Scholium,

From the roth and 13th Theorems may be eafily deduced feveral

Theorems for finding thefolid Content of any Frufium or Part^ either

of a Pyramid or Cone^ cut by a plain Parallel to its Bafe.

Suppofe a fquare Pyramid, 2.%B V A, to be

cut by a Plain at a b^ parallel to its Bafe

B and it were required to find the Solidi-

ty of the Fruftum or Part ab A B \ let there

be given D zzzB A the Side of the greater

Bafe. d zn ba the Side of the lefifer Bafe^

HzzCP the perpendicular Height.

Firft,

Then

And

Fiz. I, 2

And I, 3

4 — 5

6. Reduc,

D-^d'.H::d:~- zz VC by the Figure.
D—d

3

the whole Pyramid BVA.

By Theorem 10.

ddx\^C — the Pyramid a Fb cut off.

I
the whole Pyramid B FA.

dddH
zzi the Pyramid a F b.

3

4

5

6

7

Which in Words gives this following Theorem.

T H E O-

\ 3 Z)— 3 /
DD-^-Dd+dd X J =: the Fruftum a b A B.

DD DH—ddd H
=1 the Fruftum a b A B.
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THEOREM X\^.

tn? the ReSfangle of the Sides of the two Bafes, add the Sum of their

Squares ; thatSum^being multiply^d into one Third ofthe Fruftum'f

Height^ will give its Solidity,

Example. Suppofe the Side of the greater Bafe B A znib^ and

the Side of the lelTer Bafe (or Top) a b z=i 12 tht Height CPzz 9.

Then 16x12 = 192. 16x16 = 256. and 12X12 = 144-

Next 192 + 256-1-144— 592. and i22^ = 1776. Or 59 2X1
3~ 1776 the Content of the Frujium of a fquare Pyramid,

And if it were the hk€ Frujium of a Right Cone, it may be

found by the fame Theorem, Suppofing D zz the Diameter of the

greater Bafe, d zi the Diameter of the lefTer, and H= the

Height of the Frujium, then the Sum of all the Squares which
conftitute the Frujium of a fquare Pyramid, are to the Sum of all

the Circles which conftitute the like Frujium of a right Cone, in

the Ratio of i : to 0,7854 for of 452 : to 355) therefore it will

be I : 0,7854:: D D D d -ir dd H : o,j^s^DD +
0,7854 D d 0,7854 ^^X iHzzths Cone's Frujium, that is,

in the laft Example, i : 0,7854 : : 1776 : 1394,8704 the like

Frujium of a right Cone. Or becaufe
^
= 1,273236, l^c.

Therefore it may be made 1,273236; DD'\-d~\'ddx\H
{=z the fsLme Fru^um ; that is, 1,273236) 1776 ( 1 394,87, ^r. as

before. And if you take the Triple of this Divifor, viz. 1,273236

X 3, it will be 3,8197.) DD-^Dd-^dd: the Frujium, kc.

Again,

X zzD— d, and F ~ the Frujium.

DD-\-Dd+ dd— by the 7 th Step of the laft.

Suppofe

Then

2—3

4

5 X

3

H

xxzziDD--2Dd'\- dd

7Dd=l^~H XX

F FD d-z=. } XX, oxD d 4- I XX zz —
Dd^^.xxy.Hz=L F the Frujium ab A B.

Hence we have another eafy theorem for finding the fame

Frujium,

H h h 2 T H E O-



420 The arttl^mettcfe of ^nfimtes. Part v

THEOREM XVI.

Jo the ReSfangle of the Sides of the two Bafes^ add one third Part

of the Square of their Difference ; that Sum^ being multiply'd into

j
the Heighty will produce the Solidity,

Exarjple. Let D = i6. ^ == 12. and H =: 9, as before ;

then Dd:=L 192. D— d — ^zzx, jxxz=:^~^ = 5,3333»

and i92 + 5'3333-j97'3333- ^97' 3333 ><9 = i775>

9997 the Solidity of the Frujium of the fquare Pyramid, as before.

And 3,81968) 1775,9997 (i394>87, ^c, ihQ Vik^ Frujium oi a.

right Cone, as before.

Either of the two laH: Theorems (being rightly apply'd) will

produce the true folid Content of all Frujiums of any kind of Py-

ramids, that are intercepted between two parallel and alike Plains

or Bafes ; As above.

But if fuch Frujiums are cut through the Extremities of both

Bafes by a Diagonal Plain (as ^ in the -prb

annexed Figure) into two Parts, Jab
and J B b, calPd Hoofs ; then the 5^//-

dity of thofe Hoofs is ufually^ found by 7
jjj

dividing the middle Term D d of the

Equation D d D d -\- d d into two
Parts, and adding one of thofe Parts to the 4 b
Square of each Bafe. Thus, 5Z) + 4 D d Hznih^ great

Hoof ABb^ and dd ~ D d X t ^= the lefTer Hoof /I a b of

the -Fr^z^TW of any fquare Pyramid. Then 3,8197) DD-^-^ Ddx
//(zz) the greater Hoof of a Cone. And 3,8197) dd i Ddx
i/(=) the lefTer Hoof, &c.

Thefe are the Theore?ns made Ufe of by Mr. Darie, in his Book
of Gauging, and are pretty near the Truth, but not exadlly fo ;

for they give the Solidity of the upper Hoof Aab z. fmall Matter

too big, and the lower Hoof A B b z% much too little.

Now, in order to redify that fmall Error, I fhali here propofe

the two following Theorems, which come very near the Truth, and

are more eafily performed than thofe propos'd in the firji Impreffion

of this Book,

Firft, D D ^lDd'\'D^dxiH will be the Solidity of the

greater Hoof JBb,
Secondly,
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Secondly, dd-^-lDd -\-d— DX\Hv7\\\ give ihQ Solidity q{

the lelTer HoofJab, of the Frujium of any fquare Pyramid,

And for the like Hoofs of the Frufium of any right Cone^ \t

will be
'

Thus, 3,8197) DD-r\Dd-\>D—dy^ *H (= the greater Hoof

And 3,8197) dd-\-iDd'\-d-^Dy^ H (zz: the kffQt Hoof

Note, Iff order to avoid many Words in the following Demon-*

ftrations, let 0 ftgnify any Circle in general ; and if any two Let^

tsrs bejoin'd to it, thus, O B A, Sec, it then denotes the Area of

fuch a Circle as thofe two Letters reprefent the Radius of

THEOREM XVII.

The Superficies of every Sphere (or Globe) equal to four Times

the Area of its greateji Circle.

That Is, of a Circle whofe Diameter is the Jxis of the Sphere.

JDemonffrattoiT.

. If any Semicircle (as ATG S) be turn'd or mov'd about its

Diameter (TS) it will defcribe a folid Body calFd a Sphere^ which
will be conftituted of an infinite Scries

of concentrick or parallel Circles, whofe
Diameters are Chords, viz. Q a b, O
e d, O ef &c. by Definition 14. Con-
fequently, the Superficies of the Sphere

will be compos'd of the Peripheries of ^
thofe Circles which conftitute its 5^//-

dity, by Definition 20.

LetD= TS, thQ Axis of any Sphere,

Then, according to the Property of a

Circle, it

i\D^TbxTbi=zn ab
2 DxTb—a Tb=z ab

3 DxTbzua aT,{or nab-^-UTbzzDaT,
4 DxTd=ineT
5 Dx7f=: Uy%hQ,

* The Error is here corredlcd, which Mr. J. Rcbertfon takes Notice of in his Book,

entitled, A ComJ>leat Treatife of Menfuration, Page 160.

Hence

3/

will be

That is.

Therefore

And
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Hence *tis evident, that the Series Q aT^ O e D y &c.

are in the fame Ratio with Thy Td^ Tf^ &c. viz^ in Arithmetick

FrogreJJloH ; whence it follows, that the O a Tzz the Sum of all

the Circle's Peripheries between Tand by and O ^ 7"— the Sum of

all the Circle's Peripheries between T'and dy &c. Confequently, that

the O J Tzz the Sum of all the Circle's Peripheries included be-

tween T and C -, that is, O A Tzn the Superficies of the Hemi-

fphere. And becaufe U A C U TCzz UATy and A Czz
nT C. Therefore O A T zz 2 O AC is the Superficies of the

Hemifphere. Confequently, A C will be the Superficies of

the whole Sphere, E. D.

Example. Suppofe the Axis T 5= Z) zz 16. Then DDzz. 256,
and I : 0,7854 : : 256 : 201,0624 z= Q A for I D=i A C.

Then 201,0624 X 4 = 804,2496, the Superficies of the whole
Sphere, Or, becaufe 3,1416 is four Times 0,7854, therefore it

will always be i : 3,1416 : : D D : 3,1416 D Dy the Superficies oi

the Sphere (as before) ; and it is equal to the curve Superficies of the

right Cylindery whofe Diameter and Height are each= D the Axis

©f the Sphere, For 3,1416 D = the Periphery of the Cylinder's

Bafe, and that, multiply'd with D its Height, will be 3,1416 DD
th« curve Superficies of the Cylindery by Theorem 12, And if to this

there be added the Area of its two Bafes (or Ends) viz, 1,5708
DDy then 'tis evident, that the whole Superficies of the Cylinder

will be to that of the Sphere in Proportion of 3 to 2.

Scholium,

From the Method here ufed in proving the laft Theorem 'twill

be eafy to find the curve Superficies of any Segmenty or Part of a

Sphercy that is cut off by a Right Line or Plain, viz, fuch as the

Segment aTm\n the laft Schemey whofe curve Superficies is G ^

T (as above). Therefore (becaufe D^J^H- O T b -zi H o T)
it will be Q ^ -f- O y ^ z: the curve Superficies of that Seg»

ment.

But if the Axis T 5, and Height T by of the Segment are given,

then will it be T5x T'^ aT"; as in the third Step above :

Which gives this Proportion or Theorem j

Viz.
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f As the Axis of the Sphere : is to the whole Superficies of the

Viz. < Sphere ::fo is the Height of any Segment to its curve Su*

C perficies.

To which if there be added the Area of the Segment's Bafe» the

Sum will be the Superficies of the whole Segment.

THEOREM XVIII.

Every Sphere is equal to two Thirds of its circumfcrihing Cylinder,

That is, of a Cylinder whofe Height and Diameter of its Bafe

are each equal to the Axis of the Sphere.

SDemonifration.

According to the Work in the laft Iheorem it appears, that

ah^ O ed, O yf &c. do conftitute the

Solidity of the Sphere j and that « 7",

^ 7", T, &c. are a Series of Terms
in Arithmetick FrogreiTion^ v^T being

the greateft Term^ and TC the Number
of Terms ; therefore O A Tx i'^Czz:
the Sum of all the Series, per Lemma 2.

And becaufe a T— T ^ = « ^,

neT^-UTd^iUed, UyT—UTf
•=in yd, AT— uTCz=in AC^
tcQ. wherein T^, Td, Tf &c. are a Series of

whofe Roots T Td, Tf are in Arithmetick Progreflion, TC
being the greateft Ter?n, and T C the Number of Terms ; therefore

O TCx\TC z= the Sum of all that Series, per Lemma 3, con-

fequently, QATxi"r'C--'OTCxiTC=z the Sum of the

Series (•) ah, O e dy O y f, &c. which conftitute the Solidity of

the half Sphere A TG. Put Z) = 2 iTC the Axis of the Sphere ;

then i D= i TC, and i D= | rC. And becaufe JT~ 2

TC ; therefore Q AT— 2 qTC= 1,5708 DD, And 1,5708
DD XiD=: 0,3927 DDD,

Again, D TC x I T'Czz 0,7854 X = 0,1 309 Z)Z)Z),

then o,^gijDDD—o, 1 309 DDD=zo,26 1 8 DDD the Solidity of

theSemi-fphere ATG ; confequently,o,26i8 i)/)i)X2 =::o,5236,

DDD will be the folid Content of the whole Sphere, which is equal

to two Thirds of the Cylinder whofe Diameter of its Bafe and

\

Height z= D, For 0,7854 DDD zz the Solidity of the Cylinder,

\
hy Theorem 11. But | of 0,7854 DDZ)~ 0,5236 DZ>Z)i as be-

fore. Therefore, i^c* : as by Theorem,

2 Exam-

Squares
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Example, Suppofe the Axis Dzizib, then D DDzn^cgby and

1 : 0,5236 : : 4096 : 2144,6656 thefolid Content of that Sphere,

Corollaries,

1. Hence it appears, that the folid Content of every Sphere is

equal to its Superficies multiply'd into one fixth Part of its Axis,

For its Superficies is 3,1416 D by theorem 17. But 3,1416 X
i Z/ = 0,5236 the folid Content, as before.

2. And hence 'tis alfo evident, that there is the like Ratio or

'

Habitude between the Cube and its infcriVd Sphere^ as is betwixt

the Square and its infcriVd Circle ; and that is, as the Superficies

of any Cube : is to the Superficies of its infcrib'd Sphere : : fo is

the folid Content of that Cube : to the folid Content of the Sphere,

[See the Circle's Proportion, Page 407.] For if Z) = the Side

of the Cube, then 6 DD = its Superficies, and DDD z=. its Soli-

dity, and 3,1416 Z)D= the Sphere'^s Superficies. But 6 DD:
3,1416 DD : : DDD : 0,5236 DDD the Solidity of the Sphere-,

as above.

Scholium.

From the Proof of this I'hesrem 'twill be eafy to deduce or

raife Theorems for finding the folid Content of any Frujium or Seg-

ment of a Sphere, 7l% aTmm the laft Figure. For we there fup-

pofe the Segment aT mXah^ conftituted of an infinite Series of

Circles, which have the fame Ratio with all thofe Circles that con-

ftitute the Semi-fphere. Therefore it follows, that Q a t %l Th
— O bT b v/ill be the Sum of all the Circles intercepted

between T'and b, Confequently 'twill be the Solidity of that Seg-

ment. And becaufe ^^^-j-D 7*^ = n a T : therefore

Q ab Q Th'x 1 T'^— O T"^ X -I
^ = the fame Solidity,

Let c ~a b half the Segfne^it's Bafe h zz. T b hs Height ; and

S— the Solidity of the Segment or Frujium : Then O ^ m 3,14
16a-, and O T i» =r 3,141 6M. Confequently,

Q,i4l6ff^-j-3,i4i6/:?M 7,iA.i6hhh „ 1 •
1 v • j j^Ul ! ^ ^lL-Z 1= 5, which being reduced

2 3

wiirDecome3£'f/;4"^^^-'XO,5236 = 5. Or 1,909855) '^cch-^hhh

(zz5. for 0,5236) 1,0000 (I5909855. Which is one Theorem

for finding the Frujium^ Solidity,

'Notey
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Note^ Here we fuppofe the Height of the Segment, and the

Diameter of its Bafe to he given; but if the Axis of the Sphere,

and the He-ght of the Segment be given, then putting D == the

Sphere's Axis, h zz the Segment's Height, and c as before, 'twill be

B— hxhzzccy viz. Z) ^— hhz=i cc. Therefore '^Dhh— 2 hhh

z=. c c h -\- hhh. confequently 3!)^^

—

2hhhX0j 5236 zz
the Frujium\ Solidity. Or 1,90985) 1 Dhh — 2hhh{ r=

as before. Which is a fecond Theorem for finding the fame Fru^

Jium a Tm>

And if It be requir'd to find the middle Part am NK^ ufually

call'd the middle Zone of a Sphere, then

becaufe 'tis fuppos'd that a m =z NK, or

which is all one, that b C zz C By there-

fore it is plain, that, if twice the Segment
a Tm be taken from the Solidity of the

whole Sphere, there will remain the Mid-
dle Zone a m N K. Bur, becaufe that

Work is a little troublefome, I (hall here

ihew how to raife a Theorem for the do-

ing it.

Firft, Becaufe AC y C zz e C z=i a C TC. Therefore it

will be AC— C/= yf, UAC—U C d zz D e

n AC— a C b zz D a b, kc. Here becaufe D AC . U AC .

X2 AC^ &c. are a Series of Equals^ and Cb the Number of all

the Terms, therefore X C"^ = the Sum of^all that Series,

by Lemma i. And Cf , C d, C by Sec. being a Series

of Squares whofe Roots are in Arhhmetick Progrejfton^ beginning at

the Center or Point C, viz. o, C/, C dy C b, tzc. wherein the

greateft Term is O C b, and Number of Terms is Cb* Ergo
C ^ X i ^ ^ = the Sum of all the Series by Lemma 3. Confe-
quently, the Q JCxCb— O C bX i C b z= the Sum of all the

Series O y f » O e d , O a b^ &c. which do conftitute the So-

lidity of the half Zone am A G, And becaufe AC— n C b
= ^2 b. Ergo Q A C— O abz= O C b. Confequently Q AC
..nL O'A'C'-QaJxCF ^
X(^b = 20 yfC'-f O a bX'iCbmWhQthQ

3

Solidity of the half Zone.

FiitDz=AG=2JC,xz=iam, and HzzbBz=iiCb.
Then O A C r= 0,7854 D D . Q a b zz 0,7854 x x. And if

we turn the common Fadtor 0,7854 into the Divifor 1,27323,
1 i i and
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and then take the Triple of that Divifor, vix. 3,8197 (as before in

the Fruflum of Pyramids) the Refult of the precedent Work will

produce this following Theorem.

THEOR. XIX, -5 ?-^J^±^ :xHizj
I 3,8197 L

the middle Zone am
NK.

THEOREM XX.

Spheres are in Proportion one to another as the Cubes of their Diameters.

(18.^.12.)

SDtmonSratiott.

Suppofe D zi the Diameter or Jxis of any Sphere^ and d zi the

Diameter of another Sphere^ either greater or lefi'er. Then is

o 5236 D D D zn the Solidity of one Sphere, and Oy^2^6ddd zz the

Solidiiy of the other Sphere^ by theorem 18. D D D : ddd : :

0,52362)1)/): 0,5236^'^^. Q^E. D.

THEOREM XXF.

'the jolid Content of every Spheroid is equal to two T^hirds of its cir^

eumfcribing Cylinder.

SDfmonHration.

Suppofe the Figure NT nS N in the annexed Scheme, to re-

prefenca Spheroid, form'd by the Rotation of the Setni- Ellipfis TNS,
about its Tranfverfe Jxis TS (as by Definition 15.)

Let D zz TSy the Length of the Spheroid^ and the Axis of its

circumfcribing '6'/)Z?^r^; and d N n^ the Diameter of the greateft

Circle of the Spheroid. Then becaufe TC : \J NC :: U Jh:
n abj by Srep 3 in Theor, 7, therefore it will be D D: dd:: O
: Q a b : : O A b : O a b. Sec. But the Sum 9f an infinite Series

of fuch Circles as O ^ ^ ( whofe Diameters

are Chords) do conftitute the Solidity of

the Sphere J (as before at Theorem 18) and

the Sum of an infinite Series of fuch Cir-

cles zs O a b (viz. whofe Diameters are

Oidinates of the Ellipfis) do conftitute

the Solidity of the Spheroid, by Definiti-

on 15. Errrr) D D : dd: \ Cy^22,(^ DDD :

o,%i2^^ddD zz the Solidity of th^ Spheroid,

by Lem?na 6.



apply d to <g)a}}erfi'Cie0 ^nd ^DilD0. 427

But 0,5236^^ Z) n f of the Cylinder whofe Diameter is zz and

Height zz Z>, by Theorem 11. Qi E. D,

Now, from this Proportion between the sphere and its infcrib'd

Spheroid, 'twill be very eafy to deduce theorems for finding the So-

lid Content t'nher o{ the Segtnent or middle Zone of any Spheroid^ hav-

ing the fame Height with that of the Sphere.

C As the Solidity ofthe whole Sphere : is to the Solidity f}f the whole

For \ Spheroid : : fo is any Part of the Sphere : to the like Part of the.

t Spheroid) by the Converfe to Lemma 6.

As for Inftance ; fxppofe it were requir'd to find the middle

2one of any Spheroid: Let D zz TS, and d zz iVw, as above ; and

H— h B\ xz=z J M) as in Theorem 19, and let = ^ m. Then
2DD4-.yy^

^^j^ ^one ofthe 5/)^-?r^. And 0,5236DDD
3rBi97

2ddxH ,
XX ddX H

,

: 0^^276 ddD:: —1 XH: —^ r ttt: = the
^ 3,8197 3,bi97 3,oi97Z)I>

middle Z<7«^ of the Spheroid.

X X dd
Again, DD : dd: '.x x \ cc^ therefore zz cc. confequent-

—TsTT- X ^ = X ^> ^'^^^^ ^^^^'S ^a^-'^ inftead

of ^—^-^^Mit there will arife this following?
3,8197/)^)

THEOREM XXn. 5 2dd^cc . ^ 5 tJ^e middle Z^;;<?

I 3>8i97 tof the Spheroid

being the very fame with Theorem 19.

Note, /« /^^ y^^m^ Manner you may raife Theorems for finding the

Segment of a Spheroid, cut offat either of its Ends, &;c,

THEOREM XXni.
The Area of every Parabola is equal to two Thirds of its circumfribin^

Paralie]oo;ram.

2DcmonC:ratio;i.

Let the Figure SAB reprefent half a Parabola. Make D B
parallel to the Axis S A, and 5 d parallel to the Se?m-Ordinaie A
and fuppofe Sd to be divided into an infr.ite Series of equidiftant

I i i 2 Poitits,
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Points^ f^g. h, &c. and from thofe Points imagine a Series of pa-
rallel Lines, ^'iz.f w, g «, hp. See. to touch the Curve of the Para-
bola^ and meet the Semiordinates m a^n y 5cc. Then, according
to the Property of the Parabola, it will

be \

But

5^: ^5 : : 5^ :

9^: ^5 : : > «

: : : 5^ :
jV />, &c.

/ 5^ z: ^ Tz"". iS;' z= hp, S JzzdB
Therefore alternately it will be
J B : dB : : Cly p: hp

O A B : d B : : n e n : g n

U A B : dB : : D a mi/mykc.

In thefe Proportions D a O e n, U y p^ Sec. are a Series of

Squares whofe Roots S/^ S g, S &c. are in Arithmctick ProgreJJion^

beginning at the Point S. And becaufe the Lines Z>/>, gn.fm^ he.
have the fame Ratio^ therefore they are as fuch a Series of Squares,,

wherein, d B is the greatefl Term, and iS d the Number of T'^rw.

Confequently -— the Su?n of all thofe Lines, by Lemma 3,
3

But SJx A B — dBxSd. Therefore ^-^^^^^A?= the 5z/;72 of

3

all that of Lines ; but all thofe Lines do conftitute the Area of

the Semi-Parabola's Complement^ viz. the ^r^^ of what half the Para*

hola wants of compleating or filling up the Parallelogram S dA B,

Wherefore SAx^B— ^ SAx^B =:
iSAxAB

will be the

Jrea cfh^U th^ Parabola S A B. Confequently, jSJx^B will bc

the Area of the whole Parabola bS B, E. D.

Example. Suppofe the Bafe, or greateft Ordinate, of a Parahla
toht b B z=. 24, and its intercepted Diameter (or Axis) be 5 ^
33 ; then 2S AxbB = 66 X 24 ~ 1584 . and 3) 1584 (528 the

Area of that Parabola.

THEOREM ZXIV.

Every ParaboUd Conoid is equal to one Half of its circumfcriblng

Cylinder 0
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SDtmonfiration.

If any Semt-Parahola (as B S yf) he turn'd or mov'd about I(s

j^xis (SA) 'twill form a folid Parabolical Conoid^ conftituted of an

infinite Series of Circles y viz. O b a^ O f e^ O g &c. by Defini*

tion I J,

Now, according to the Property of every Parabola^ it will be,
1—1 ^

SAiAB: : AB , zzL^ the Latus Return.
SA

Then-J5^ X L zz U f e

LSyxLz=: ngy.kc.
Here S aX L, S eX ^ y X &c. are

a Series of Terms in Arithmetick ProgreJJion

:

therefore ^ ^, D/^, gy-, Sic. are alfo

a Series of Terms in the fame ProgreJJion^ be-

ginning at the Point 5 ; wherein \2 AB \s

the greateft T^rw, and S A the Number of all

the 7>rwj. Therefore ABxi ^ A znxhe of all the Serus

by Lemma 2. Confequently, OABxk^Azz the 5am of all the

5^r/Vj Q b a, O fe, O gy, &c. which do conftiture the SoHdity of

the Conoid. And puttingD — 1 A B^ and H'=-S A. Then 0,7854
D Dx\ti^ I>i) ii/ will be the folid Content of the Conoid^

which is juft half the Cylinder whofe ^^t/^ zz D and Height ~ H.
[See Theorem 1 1.] E. D.

This being underftood, 'twill be eafy to raife a Theorem for

finding the lower Frujium of any Paraholick Conoid. For fuppof-

ing hz=: a A the Height of the Fruflumt and p z=. S a the Height of

the Part ^ 5 ^cut ofr j then ^ + =^ S A, the //^/^g-^/ of the

whole Conoid. Confequently,
^^^^^"^ .

ABxp
^^u^ify

the whole Conoid, And the

of the Part cut off.

0^Bx^+ O /fBxp—Obayp_
Ergo

But

Confeq.

3

the Solidity of the Fnijlum,

h+ p : 5 : : /) :

h-i-p : O A B : : p : (S> ba g<

O ABxp^ O baXh-^ Obaxp A
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4— G bay.p

I X 2

6-5

5

6

7
8

O JBx^+ O ABxp—ObaXp^^F
OABxh^lF— (bhaXh
O JBxh+ O baXh:=i^ F

~ X ^ := tke Frujiwn's Solidity,

Let D AB, as before, and d-=.lba the Diameter of the

Fart cut ofF ; then we fliall have this following

THEOREM XXvJ°^^^py+^^^^X* = the

C oolidity of the trujium requir d.

Or
I
^^^i^^X ^-^~ the /r«/?ww ; for ,3927) 1,0000 (=2,5464

and becaufe 2,5464 + ^^54^4
3^8196 ; therefore it may be

made 3,8iq6) DD ^ddx i ^ (= the fame Frufum^ &c.

Noie, The Reafon why 1 have reduced this Theorem to have the

fame Divifor with thofe at the Fruftums of Pyramids^ Sec,

will hefi appearfarther on^ viz. when they all come to be apply*d
to PraSfice in Gauging.

THEOREM XXVI.

Every ParahoUck Spindle (ox Pyramidoid) is equal to eight Fifteenths of

its circumfcribing Cylinder,

SDcmonSrattoiT.

If anv acute Paraholay?^^ h S B, be turn'd or mov'd about its great-

eft Ordinate b A B, it will form a Solid qalPd a Parabolick Spindle^

conftituted of an infinite Series of O m a^ O n e^ O p y^ &c. by De-

finition 18.

Let us fuppofe the Line 5 d, parallel to A B^ &c. (as at Theorem

23) then it hath already been prov'd, that the Lines/ ?«, g h

&c. are a Series of Squares whofe Roots are in Arithmetick Progref-

fan: confcquently their Squares^ viz, Q g n, D h p, 5:c.

will he d Series of B'rqt/adrates^ whofe

Roots will he in Arithmetick Progref-

fion : which being prcmis'd, we may
proceed thus.

FiiA,

I

2

S A—fmzz m a

S A—g n zz n e

S A— bp z=. p y 3cc,

1^2
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1

2®-* 5 USA— 2S A)>ign + n gn z=. u ne
3©-''

t
^

I

SA— 2SAxh p+ Qhpzz a py.kc.

In th^fe Mauatlom the SAy 5 y^, 5 ^ being a 5«?r/Vj of

Equals^ znd JB the Number oi all the Terms; therefore it will

be O S Ax^^ B znthQ Sum of the Series, by Lemma i.

2. Becaufeyw, ^ w, ^ &c. are as a 5^rzVj of Squares where-

in 5 is the greateji Term, and AB the Number of all the Terms ;

2 5^x5y/x^i5_2n5y/x^5
therefore will be the Sumo( ail thafc

3 3

Series, by Lemma 3.

3. And the / ^ «, ^ ^> &c. will be a Series of

Terms in the i^^/i^? of Biquadrates, as above ; <5/ 5 iz 5

being the ^ reateji Term, and 5 the Number of all the Terms ;

n SAxAB . n r 11 , o .—= the dum 01 all that Series, by
5

'
therefore it will be

Lemma 5.

Whence it follows, that S A X A B ^I^IA^^H.^
SAx^B

^j^^ j^^^^ 5^r;Vi of ;7z J, « ^, />

That is,
^ P SAxAB __

^^^^ Series of
^5

m a.

8 O SAxy^B_
I

the Sumhpy D dB , &c.confequentIy,

of all the Series of Q ma. One, Q p y. Sic which do conftitute

the Solidity of half the Spindle, viz. of SAB. Therefore putting

D= 2 5 and H=: 2AB, (viz. bAB)\t will be 0,41888 DDH
zzi the Solidity of the whole Parabolick Spindle b S B, being | of

0,7854 DDH ths Solidity of its circumfcribing Cylinder. Q. E. D.
From hence we may alfo raife a Theorem for finding the Frujlum

S Apy of the laft Figure. For O S A being the greateft l^rm,
O p y the lealt Term, and y^y the Number of all the Terms or Cir-

cles included between A and y,

Therefore

1X3, 2

1

6 yf— -4- XAy the i?Ai;?z

of all the Series X2 S A, S3 w , ^ «, p y

3 0 5y/---2 5/fx/^/»+ X ^y = 3

2~ Av
0
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2, Ay

Eat

3 — 4

5 + ^^c.

Cunleq.

3

4

5

6

S J—iSJx^p^^ Upy—U^p, by 6th 5/^/^.

2nSJ+ npy'-'}n^:>P=^j^

2 O *S^-}- O py— ^ O hp xi Ay z=:z^ the Sum
of all the Series of O S Ay Q m 0 w ^, O p y^ which do

conftitute the Solidity of the Fruflum S A py. Therefore put-

ting D zz. 2 S A,, ns befor°, C =z 2 /> v, r: 2 ^ ^, and H A y^

it will be 1,5708 i>>X) 0,7854 6 C— 0,31416 ata- X y ii/= the

Fru/lum S A p y. And if *j<'e make L = 2 i?. Then

1,5708 V L> -r 0,^854 C C— 0,31416 XX X J L ^ Double of

that Fruftum^ being the middle Zone, And by turning thefc FaSlors

into one common Divifor, as in the Frujium of the Conoid at Theo-

rem 25, Page 430, there will arife this following Theorem,

{

THEOREM XXVII.

3,8196) 2 DD-4-CC— o,/\.xxxJ^ (

the middle Zone of a Parabolick Spindle,

It may be here expe£led that I ftiould now proceed to (hew how
tlie Area of any Hyperbola^ and the Contents of fuch as may be

formM by the Rotation of that Figure about its Axis^ Sec, may be

found ; but becaufe thofe Things cannot be exactly performed by

any certain or fettled Theorem^ as thefe of the Circle, EUipfiSy and

Parabola have been, I h^ve therefore omitted them, and refer the

Reader to Dr. Jfallis's Algebra^ Chap. 90, i5^c. or to the Philofoph.

TranfaSl. Numb. 34, wherein he may find the Method of forming

infinite Series relating to the fquaring of an Hyperbola^ &c. which

v^re too tedious to be fully explained and demonftrated in this fmall

Tra6l, it being only intended as an IntroduSliony the which I (hall

here conclude.

FINIS,
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APPENDIX
O F

Pradical Gauging.

TH E Art of Gauging is that Branch of the Mathematicks
called Stereometry^ or the Mcafuring of Solids, beeaufe

the Capacities or Contents of all Sorts of Veflels ufed for

Liquors, if^c. are computed as tho' they were really folid Bodies j

which any one that hath made himfelf Mafter of the 'foregoing

Parts of this Treatife may eafily underftand, without any farther

Directions.

However, beeaufe 'tis not to be fupposM that every one, who
defigns to undertake the Office or Employment of a Gauger, hath

made fo great a Progrefs in Mathematical Learnings 1 have there-

fore prefented the young Gauger with this Appendix, wherein I

have only inferted fuch Rules as are ufeful in Gauging, and have
been already demonftrated in this Treatife. But herein, I pre-

fuppofe that he hath acquired (or if not, 'tis very neceflary he
fhould acquire) a competent Knowledge both in Arithmetick and
Geometry : That is,

I. In Arithmetick he (hould underftand the principal Rules verjr

well, efpecially Multiplication and Divifion, both in whole Num-
bers and Decimal Parts, (which may be eafily learnt out of the

2d, 3d, and 5th Chapters of Part r.) that fo he may be ready at

computing the Contents of any VefTel, and cafting up his Gauges
by the Pen only, viz, without the Help of thofe Lines of Num-
bers upon Sliding Rules, fo much applauded, and but too much
pra^Stis'd, which at bell do but help to guefs at the Truth ; I mean
fuch Pocket' Rules as are but nine Inches (or a Foot) long, whofe
Radius of the double Line of Numbers is not fix Inches ; and
therefore the Graduations or Divifions of thofe Lines are fo very

clofe, that they cannot be well diftinguifh'd. 'Tis true, when the

Rules are made two or three Feet long (I had one of fix Feet)

there they may be of fome Ufe, efpecially in fmall Numbers ; al-

tho' even then the Operations may be much better (and almoft as

foon) done by the Pen : For, indeed, the chief Ufe of Sliding-

Rules is only in taking of Dimeiifions, and for that Purpofe they

are very convenient.

K k k It In
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II. In Geometry the Gauger fhould underftand not only howta

take Dimenfions (which is befl learnt by Pradice) but alfo how
to divide any irregular Figure or Superficies, as Brewers Backs or

Coolers, ^c. into theeafieft and fcweft regular Figures they will

admit of, that fo their Area's may be truly computed with the

leaft Trouble. And this may be learn'd (with a little Care and

Diligence) out of the ift, 2d, and 5th Chapters of Part III, which
the Gauger fhould be well acquainted with. Alfo he ought to have

fo much Skill in Solids, as to be able, even at fight (but this muft

be acquired by Experience) to determine what fort of Figure any

Veffel is of {vix. any Tun or clofe Cafk) or what Figures it may
be beft reduced to, fo that its Dimenfions may be truly taken,

and the Content thereof computed with the leaft Error. I fay,

with the leaft Error, becaufe 'tis very difficult, if not impoffible,

to do it exa6lly ; for there is not any Tun, or clofe Cafk, i5fc. fo

regularly made, as by the Rules of Art 'tis requir'd to be.

III. Befides the aforemention'd, the young Gauger muft know,
that all Dimenfions ufeful in Gauging are to be taken in Inches,

and Decimal Parts of an Inch ; and if they are taken in any other

Meafures, as Feet, Yards, ^ffc. thofe Meafures muft be reduced

to Inches, (fee Se£l. 4. Page. 42.) becaufe the Contents of all Sorts

of Veflels (taken Notice of in Gauging) are computed by the Stan-*

dard Gallon of its Kind, whofe Content is known to be a certain

Number of Cubick Inches : That is, the Beer or Ale Gallon con-

tains 282, the Wine 231, and the Corn Gallon 268, 8 Cubick In-

clies. [See the five Tables, ^r. in Pages 34, 35, 36, which 1 here

Tuppofe the Gauger to have learnt perfectly, by heart.] Confe-

quently, if either the fuperficial or folid Content of any Veffel, as

Back, Tun, Cafk, t3'c, be once computed in Cubick Inches, 'twill

be eafy to know how many Gallons, either of Ale, Wine, or

Corn, that Veffel will hold.

Note^ I have herefaid, the Superficial Content in Cubick Inches,

which may feem to be very improper, according to the Definition

given of a Superficies in Page 279 ; but you muft know, that, in

the Bufinefs of Gauging, ail Superficies or Area's are always un*

derftood to be one Inch deep, otherwife it could not be faid (as

in the Gauger's Language it is) that the Area of fuch a Back, or

of fuch a Circle, &c. is fo many Gallons.

Thefe Things being very well underftood, the young Gauger
will be fitly prepar'd to underfiand the following Problems^ which

are fuch as have (moft of them) been already propos'd in the 'fore-

going Parts of this Treatife, and only are here apply'd to Pra6^ice;

and therefore I fhall, for Brevity's Sake, often refer to thofe Theo-
rems and Problems. Se<S.

»
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Se6l. I. To find the Area ofany right-lined Superficies in Gallons,

PROBLEM!.
To find the Area ofany fquare Tun, Back, or Cooler, ^c. either

in Ale, Wine, or Corn Gallons.

{Multiply the given Length or Breadth (being here equal)

into itfelf, and the Produd. will be the Area in Inches

;

then divide that Area by 282, or 23T, or 268,8 and

the Quotient will be the Area requir'd.

Example. Suppofe the Side of a Square Tun, Back, or Cool«:

be 124,5 Inches, what will its Area be in Gallons?

Firft 124,5 X ^^4^5 = 15500,25 the Area in Inches.

Then 282-1 r 54596 ^V. 1 r Al: Gallons

And 231 (15500,25 J yGyiO ^c. ^ theArea'm} Wine Gallons

Or 268,8 3 ( 57,66 &c, 3 L Corn Gallons.

But if any one would rather work by Multiplication than by Di-

vifion, he may turn or change any Divifor into a Multiplicator, if

he divide Unity, or i, by that Divifor. (Vide Probl. 3, Pag. 402.)

Thus 282 •% r 0,003546 ^ r AleGallonu

And 231 ( 1,000000 ) 0,004329 ( theMuItipli. for 3 IV.Gallons,

Or 268,8 3 ^0,0037223 \C. Gallons.

Confequently 15500,25X0,003546 == 54,96 ^c. the Area in Ale

Gallons 3 as before and fo on for the reft.

P R O B L E M XL

To find the Area of any Tun, Back, or Cooler in the Form of a

Right-angled Parallelogram in Ale Gallons, ^c.

See the Rule for finding its Area in Inches, at Probl. i. P. 339,
then either divide (or multiply) that Area as above, and you will

have the Area in Gallons.

Example. Suppofe the Length of a Brewer's Tun, Back, or

Cooler be 217,5 Inches, and its Breadth 85,6 Inches, what will

its Area be in Ale or Beer Gallons, &cP

Firft 217,5x85,61=18648. Then 282) 18648 (66,12, ^c.

0118648x05003546 66,12, i^c, the Area requir'd, ^c.

K k k 2 P R O .-
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PROBLEM nr.

7o find the Area of any Triangular Tun, Back, or Cooler, in

Ale Gallons, ^f.

See the Rule for finding its Area in Inches at Prob. 3, p. 340;
then divide (or multiply) that Area as before, ^d you will have

the Area required.

Example, If the Length of the Bafe of a Triangular Cooler be

86,4 Inches, and its Perpendicular Breadth be 57 Inches, what
will its Area be in Ale Gallons ?

Firft, 86, 4X''i= 2462,4. Then 282) 2462,4 (8,73 ^c.
Or 2462,4 XO,0^3546 z=i 8j73 ^c, the Area in Ale Gallons.

Proceeding thus, you may eafily find the Area of any Tun. Back,

or Cooler, whether it be in the Form of a Rhombus, Rhomboides,

Trapezium, or any other Polygon, either regular or irregular,

in Ale or Beer Gallons, ^c, if you firft divide it into Triangles,

and then find the Area's of thofe Triangles ; (as in the 2d, 4th,

5th, and 6th Problems in Chap. 5, Part III.) the Sum of thofe

Area's being divided (or multiply'd ) by its proper Divifor (or MuU
tiplicator) as above, will give the Area requir'd.

Now, the Pradical Way of dividing any Polygonous Tun,
Back, l^c. into Triangles, is by help of a chalk'd Line, fuch as

the Carpenters ufe, and mav be thus perform'd.

Suppofe any Brewer's Tun, Back, or Cooler in the Form of the

annexed Figure A B C D FG. Let one End of the chalk'd Line

be fattened with a Nail (or otherwife) in any Corner or Angle

of the Back, as zi A ; then ftraining ^ ^
it to the Angle at C, ftrike the Dia-

gonal L'ne C, upon the Bottom of

the Back; and. {training it again to
^

the Angle Z), ftrike another Diagonal

lyine, as A Z), and fo on for the Dia-

gonal Line G /), &c. Then having ^

mark'd out all the Diagonals, the Perpendiculars may be thus

found : Faften (as before) one End of the chalk'd Line in the

Angle 5, and then, by moving it to and fro upon the Stretch,

find out the neareft Diftance between the Angle at B and the

Diagonal Line AC^ and there ftrike a Line, and it will mark out

the Perpendicular from 5 to the Line A and fo on for the

Cither Perpendiculars : Which being all m.ark'd out upon the Bofc-

pm of the Back, meafure them and each Diagonal by a Line of

z -
; IncheSi
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Inches, &c. and then the Area of that Back may be computed,

as dire£^ed above.

And here, by the Way, it may be obferved, that the Number
of Triangles will always be lefs by two, and the Number of the

Diagonals lefs by three, than the Number of the Sides of any

Right-lin'd Figure that is fo divided.

Having found (as above) the true Area of any Brewier's Back or

Cooler (which, according to the Laws of Excife, ought always to

be fix'd or immoveable) the next Thing will be to find out the true

dipping or gauging Place in that Back, that fo the true Quantity

of Worts may be computed or (caft up) at any Depth ; which may
be thus done.

1. When the Bottom of the Back is covered ?J1 over (of any

Depth) either with Worts or Liquor (viz. Water) then dip it in

eight or ten feveral Places (more or lefs according to theLargenefs

of the Back) as remote and equally diftant one from another as

you well can, noting down the wet Inches and decimal Parts of

every Dip.

2. Divide the Sum of all thofe Dips or wet Inches by the Num-
ber of Places you dipp'd in, and the Quotient will be the mean
Wet of all thofe Dips.

3. Laftly, find out fuch a Place by the Side of the Back (if you
can) that juft wets the fame with that mean Dip, and make a

Notch or Mark there, for the true and conftant Dipping-place of

that Back. Then if any Quantity of Worts (which do cover the -

whole Back) be dippM or gaug'd at that Place, and the wet Inches

fo taken be multiply'd into the Area of the Back in Gallons, the

Frodud will fhew what Quantity (viz, how many Gallons) of

Worts are in that Back at that Time, provided the Sides of the

Back do ftand at Right Angles with its Bottom.
,

ISed. 2. To find the Area of any Circular and Elliptical

Superficies in Gallons.

1. I have demonftrated in Cap. 6, Part III, and Theorem 3, 5,
6- Part V. that the Periphery of the Circle whofe Diameter is

lUnity, or i, is 3,14159265 (or for common Ufe 3,1416)
'and that its Area is 0,78539816 ^c, (or c^ySs^fire,)

2. Alfo, that the Peripheries of all Circles are in Proportion

one to another as their Diameters are i and their Area's are in

Proportion to the Squares of the Diameters. That is, as

I : 3,1416: : the Diameter of any Circle : to its Periphery. And
> * O57854 : : the Square of the Diameter: to the Area.

I Upon
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Upon thefe two Proportions depend the Solutions of all the com-
mon or pradtical Queftions about a Circle. [6"^^ Page 408, 409.]

PROBLEM IV.

The Diameter of any Circle being given in IncheSy to find the

Periphery.

Rule 5 ^"^^'Pjy Diameter with 3,1416, and thePro-

l du6l will be the Periphery requir'd. [See Prob. i. p. 408.]

Example, Suppofe the Diameter of a Circle be 54,5 Inches,
and it were requir'd to find its Periphery. Then 54,5x3,1416= 171,21, ^c. Inches is the Periphery requir'd. The Converfe
t3f this is eafy, viz, by having the Periphery given, to find the Di-
ameter. [See Prob. 3. Page 408.]

PROBLEM V.

*The Diameter of any Circle being given (in Inches) to find iii

Area in Gallons,

{Multiply the Square of the propos'd Diameter into

0,7854, and the Product will be the Area in Inches;

[See Probl. 2, P. 408.] that Area being divided by 282,
or 231, ^c. the Quotient will be the Area required,

Exa??}ple, Suppofe the given Diameter be 54,5 Inches as above,

Firft, 54,5 X 54^5 = 2970,25. And 2970,25 X 0,7854
—

2332^83 the Area m Inches

:

Then282 ^ r 8,2724 J
r JleorBeerGdWons,

And 231 ( 2332.83 \ 10,0988 C the Area in ) IVine Gallons.

Or 268,8) ' I 8,6788) ( C^?r« Gallons.

But thefe Area's in Gallons may be much eafier found without

knowing the Circle's Area in Inches, as above, by having the

Square of the Diameter of that Circle whofe Area is one Gallon;

which may be thus found, by Theorem 6, Page 407.

0,785398 : I : : 282 : 359,05 the Square of the Diameter of the

Circle whofe Area is 282 cubick Inches, viz, one Jle Gallon,

And from this Proportion will arife the following Divifors

;

f 282,000000 (3;9,05 1 C ^. G.

^
*viz. 0,785 398 "< 2 3 1

,000000 ( 294, 1 2 > will be a Di'vifir for < IV, G,

^ C. G,268,^-00000 (342,24

If
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If the Square of the Diameter of any Circle be divided by any

one of thefe conftant or fixed Divifors, the Quotient will fhew that

Circle's Area in their refpe^live Gallons. As for Inftance, in the

laft Circle, whofe Square of its Diameter is 2970,25.

Then 359,05 ] f 8,2725! _
\ A.G.I

And 294,12 >2970, 25 < 10,098^1 > the ^r^^ in< ^T. G. > as before.

Or 342,24 \
I

8,6788
J

\^'^\
Now thefe Divifors may be turn'd into Multiplicators by divid-

ing Unity or i, as in Page 435: Or rather by dividing the Area
in Inches of that Circle whofe Diameter is i.

That is, 0,785398 by 282. Or by 231, ^c.

Thus 282 1 f 0,00278^ 1 S^JIe Gal.

Ani. 231 >o,785398 < 0,003399 MheM;/////>//r<j/ffr for< Gal.

Or 268,8 I I 0,002922 I I CornGsX.

Thefe Multiplicators are the refpeiElive Area's of a Circle whofe

Diameter is i ; and therefore, if the Square of the Diameter of

any Circle be multiply'd with any of thefe Numbers, the Product

will be that Circle's Area in Gallons of the fame Name

:

Viz. 2970,25X0,002785 ~ 8,2725 the Area in J. G. as above.

And 2970,25x0,003399= 1 0,0988 the Area in W, Gal. Sic,

Thus you fee, that if the Diameter of any Circle be given in

Inches, there are three feveral Ways of finding its Area in Gal-
lons, and all equally true ; but that which is perform'd by the con-
ftant Divifors is moft generally pra£tis'd.

PROBLEM VI.

^he Tranfverfe (or longeft Diameter) and the Conjugate (or fliort-

teft Diameter) ofany Elliptical Superficies being given^ tofind its

Area in Gallons*

-.Multiply the two Diameters (vix. the Length and

\ Breadth) together, and divide their Produ£l by 359,05
Rule. J for Ale Gallons, or 294, 12 for Wine Gallons, "(^c. the

/ Quotient will be the Area requir'd. [^See Theorem 7,
I Page 412.

Example, Suppofe the longeft Diameter to be 73,5 Inches and

the ftiorteft Diameter to be 5 1,6 Inches; what will the Area be

in Ale Gallons ?

Firft 73,5x51,6 = 3792,6. Then 359,05) 3792,6(10,56
the Area in Ale Gallons. Or 294,12) 3792,6 (12,89 the Area
in Wine Gallons, ^V.



I " '' ' " ! II—— I 1 I
I I I . II , -, .t i.

440 0/ Practical cisaugmg.

Note^ The two laft Problems are of a great Ufe in Gauging of

Worts amongft Country Viduailers, who generally brew but fhort

Lengths of Ale (perhaps between 20 and 60 Gallons at a Brewing)

and cool their Worts in feveral fmall open Veflels or Tubs, whofe

Bafes or Bottoms are either a Circle, or an Ellipfis, having their

Sides but low, and are moft commorily wider at the Top than at

the Bottom*

Now a pra£llcal Way of computing the Quantity of Worts,
that are at any Time in one of thofe open Tubs, is bfiePiy thus

:

When the Tub is dry, find the true Area of its Bottom according

to its Figure (as above) and either mark that Area on the Out-
fide of the Tub (which was the Way I generally us'd to order,

becaufe the Vidtuallers did often lend their cooling Tubs one to

another) or elfe number the Tub, and enter its Area (and its

Number) into the Stock-book ; then, when any of thofe Tubs
hath Worts in it, take the Diameter of the Surface or Top of the

Worts, and find that Area, adding it and the bottom Area toge-

ther. If either the half Sum of thofe two Area's be multiply'd with

the Depth of the Worts (taken as near the Middle of the Tub as

you well can) or, if the Sum of thofe two Area's be multiply'd

with half the Depth (fo taken) the Produdl will fhew the Quantity

of thofe Worts very near the Truth.

PROBLEM Vir.

lCheTy\aTC\^tex ofany Circle, and the verfed Sine, viz. (the Height

of any Segment, being given, to find the Area of that Segment in

Gallons.

In the 410th and 412th Pages you have two Ways (and their

Examples) of finding the Area of any Segment of a Circle in

Inches ; then ifthat Area in Inches be divided by 282, or 23 1 ^c.)

the Quotient will be its Area in Gallons. But becaufe the Area of

any fuch Segment may be readily found in Gallons (without find-

ing its Area in Inches) by help of a Table of Segments, whoffi

Conftrudion is laid down in the Problem, Page4ii, cfc. I have

here inferted a Compendium of fuch a Table, which will ferve ve-

ry well for common Pradlice, not only to find the Area ofany Seg-

ment of a Circle in Gallons, but alfo to find the Number of Gal-

lons that are either drawn out, or remaining in any Cylindrick

Vefiel lying along; or of any clofe Cafk (being firft reduced to

a Cylinder) its Axis lying parallel to the Horizon, ufually call'd

the Ullage of a CafK ; as (hall be fhew*d farther on.

A Tahli
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A Table of the Segments of a Circle whofe Area is Unity on,
the Diameter being divided by parallel Chord-Lines into loo

equal Parts.

Segment. — Segment, — Segment, V.S,

—
Segment, i

.1—
1 0,0017 26 0,2066 5' 0,5127 0,8155

2 0,0048 27 0,2 I 70 52 '7*7
77 O S '76'7

3 0,0087 28 0,2292 53 0,5382 78 0,8369

4 0,0134 29 0,2407 54 0,5509 79 0,8474

0,0187 30— 0,2523 55— 0,5635 80
•

—

0,8576

6 0,0245 0,2640 56 0,5762 0,8677

7 0,0^08 3^ 0,27^9 5/ 0 '"888 82

8 0,^5375 33 0,2878 58 0,6014 83 0,8873

9 0.0446 34 0,2998 59 0,6140 84 0,8968

10 0,05 20 35— 0,31 19 60
— 0,6265 85— 0,9059

—
1

1

0,0598 36 0,3241 61 0,6389 86 0,9149
I 2 0,ODoO 37 o»33^4 62 *^!) *4 87

13 0,0764 3'^ 0,3486 63 0,6636 88 0,9320

H 0,08:; I 39 0,361

1

64 0,6759 89 0,940:2

0,0941 40— 0.3735 —
0.6881 90— 0,9480—

16 0, 1.032 41 0,3860 66 0,7002 91 o>9554

I 7 0,1 127 42 0,^086 67 0,7122 92 o,q62c

18 0,1 224 43 0,41 1 2 68 0,7241 93 0,9692

»9 0,1323 44 0,4238 69 0,7360 94 0,9755
20 0,1424. 45 "0,4365 70 0,74:7 9; 0,9813

21 0,1 526 46 0,4491 7^ 0,7^93 96 0,9866
22 0,1 63

1

47 0,4618 72 0,7708 67 0,9913

-3 0,1738 48 0,4745 73 0,7822 98 0,9952
24 0,1845 49 0,4873 74 0.7934 99 0,9983
25 o»^955 50 0,5000

(

75 0,80K 100 I ,cooo

The Ufe of this Table of Segments depends upon the following

Proportion,

r As the Diameter of any proposed Circle : is to 100 (the

viz, 3 Diameter of the tabular Circle) : : fo is the Height of any

( Segment of the propos' d Circle : to a verfed Sine in the Table.

Then, if the tabular Segment, which ftandsagainft that verfed

Sine, be multiply'd into the Circle's Area (either in Inches (r

Gallons) the Product will be the Area of the Segment requir'd

[of the fame Name] viz. If the Circle's Area be Inches, the Seg-

ment will be Inches; if Gallons, the Segment will be Gallons.

L I 1 ExampU.
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Example, Let the Diameter ofthe given Circle he D Jzn 62,

Inches, and the lleiglit of the Segment
fought be F Ji=i2C Inches ; What will

its Area be in Ale Gallons?

P'irft, the Area of the whole Circle

will be 10,8793 Ale Gallons (by Pro-

blem 5.) and the Proportion will ftand

thus, 62,5 : ICO : : 20 : 32 the ver-

fed Sine of the Table whofe Segment is

0,^:759. Then, 10,8720X0^2759= 3,

C016 Ale Gallons, being the Area of the Segment BJGF^ as

was requir'd. The like may be done for Wine Gallons, Corn
Gallons^ or Inches.

And, upon Occafion, the like Segments of any Ellipfis may be ,

eafilv found. See the Proportions in the Corollaries to the 7th.

and 8th Theorems, Page 412, i5fc. to which I here, for Brevity's

Sake, refer the Reader.

Se6l. 3. To compute the Contents of fuch Veflels (viz. Tuns, i^c.)

as are in the Form of the following Solids.

Note^ Before the young Gauger proceeds to thefe Computa- ;

tions, he Ihould be well acquainted with fuch Solids as are defined

in P. 402 and 403, and then he may eafily underftand what Sort \

of Figures are meant in the following Problems, without the Re-
]

petition of many Words.

PROBLEM VIIL

To find the Content of any Prifm whofe Sides are Parallelogranas

what Form foever its Bafe is of

That is, to compute the Content (in Gallons) of any Tun, &c.

Vvhofe Sides are Parallelograms which ftand upright, or at Right

Anj2;les with its Bottom.

Firff, find its folid Content in Inches, by Theorem 9, Page 414 ;

then divide that Content by 282, or 231, or by 268,8; the Quo-
tient will fhew the Content in their refpective Gallons, viz. in Ale,

Wine, or Corn Gallons.

Or elfe multiply the Content in Inches with 0,003546, or

0,004329, ^c. [See the Multiplicators, Page 435] thofe Produds

will be the Content in their refpective Gallons.

Or othcrwife thus

:

Find the true Area of the Tun's Bafe or Bottom, as directed in

Sed. I, P. 435; that Area being multiply 'd with the Tun's

Height (viz. Depth within) will produce the Content in Gallons,

as before. ^ ^^^^

i
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I take the Work of this Problem to be To very eafy, that it

needs no Ejcample,

P R O B L E M IX.

To find the Content of any Pyramid (in Gallons) whofe Bafe is

bounded with Right Lines-.

Every Pyramid is one Third-part of its circumfcribing Prifm,

by Theorem lo, Page 415. Therefore, if the Area of the Bafe

of any Pyramid, in Gallons, be multiply'd in one Third of its

perpendicular Height ; or if one Third of that Area be multiply'd

with the whole Height, either of thofe Produds will be the Con-

tent of the Pyramid in Gallons, ^c. But the Content of any

fquare Pyramid may be eafily found in Gallons by this Rule :

{Square the Side of its Bafe, and multiply that Square

with the perpendicular Height ; then divide that Pro-

du6t by 846 — 282 X 3 for A)e Gallons, or by 693 ==: 231

X 3 for Wine Gallons, or by 806,4 268,8 X 3 for Corn
Gallons, the Quotient will be the Content requir'd.

Or, if you m.ultiply the faid Produdl with 0)OOi'i82 for AG,
or with 0,001443 for IV G. or, kftly, with 0-001241 for C G.

the Refuk will be the Content requir'd, as before.

PROBLEM X.

STofind the Content (in Gallons) ofthe Fruftum of any fquare Pyra^
midy cut off by a Plain parallel to its Bafe.

Firft, either by Theorem 15, Page4ig,orTheorem 16, P. 420,
find the propos'd Fruftum's Solidity in Cubick Inches ; then di-

vide that Content in Cubick Inches by 282 or 231, ^c. and the

Quotient will be the Content of the Fruflum in their refpecSlive

Gallons.

But, from the forefaid Theorem 1 5, there may be eafily deduced

the following general Rule for finding the Content of thelike Fru-

ftum of any Pyramid, what Form foever itsBafes are of (fuppofing

them to be parallel) whether they are alike or unlike.

Firft, find the Area of each Bafe, [viz. the top and bot-

i tom Area's of the propos'd Fruftum ;) then find a Geo-

RuLE <
"metrical Mean between thofe two Area's (by Lemma i,

j
P^ge83;) the Sum of thofe two Area's and their Mean,

j
being multiply'd into one Third ofthe Fruftum's Height,

^ will produce the Content required.

L 1 1 2 Example,
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Example. S jppofe a Tun in the Form of the lower Fruftum of '

a Pyramid, whofe Bales are Equilateral Triangles : Let the Side

of the Top be 42 Inches, the Side of the Bottom be 63,4 Inches,

and its Height [viz. Depth] be 33 Inches; What will the Content

of that Tun be in Ale Gallons r

Firfl-, find the Area of that Bafe in Inches, by Probl. y, P. 343 ;

then find what thofe Area's are in Ale Gallons, by Probl. 3, P. 436.

Multiply ihofe two Area's together and the fquare Root of their

Product will be the mean Area, tsfc as in this Example :

f Top n r 2,71

Example, The \ Bottom C Area is 3 6,12
J.
Ale Gallons.

C Mean 3 (4^07
Their Sum 12,90

2 "2 I 2 Q
Then 1259X— ~ I4i>9» —^X33~ 141,9 the Content

3 3

required. PROBLEM XL
*To find the Content of any right Cylinder in Gallons

»

. That is, to compute the Content of any round Tun, ^c. whofc

Diameters at Top and Bottom are equal, and at Right Angles

with its Sides.

The Content of fuch a Tun may be found by Theorem ii.

Page 415 ; or otherwife by the following Rule.

^ Multiply the Square of the Diameter into the Height,

Rule 3 ^^^vide the Produ£t by 359505 (or multiply with

I
0,0027*^5) ^c. as 'n Page 439, that Quotient (or Pro-

Ldu«£l) will oe Content required.

Exam. Suppofe the Diameter be 42,5, and the Height 31,5 Inches.

Firft 42. 5X42,5 = 1806,25 And 1806,25X 31,5 =^ 56896, 875,
Then 3595O5) 56896,875 (158,46 the Content in Ale Gal. ^c,

PROBLEM XII.

T^ofind the ConteJit ofi any Cone or round Pyramid in Gallons,

Becaufe every Cone is one Third of its circumfcribing Cylin-

der, [See Theorem 13, Page 416] therefore its Content may be

truly found by the following Rule.

/-Multipiv the Square of the Diameter of its Bafe into

the perpendicular Height, then divide their Product

Rule. < by 1077,15 = 359,05 X 3 for Ale Gallons, or by

882,36 — 294,12 X 3 for Wine Gallons, ^c. and the

vQuotient will be the Content required.

Or
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Or if the faid Produd be multiply 'd with 0,000928= ^^^^^7^5^

3

or with 0,001 133= ^^-211 thofe Products will be the Content

in their rerpe£tive Gallons.

Example. Suppofe the Diameter of the Bafe be 42,5, and the

perpendicular Height be 31,5 Inches, what will the Content be

in Ale Gallons ? (as before.

Firft 42,5X42, 5 n 1 806,25. And 1806,25 X3Ij5 = 56896,875
Then 1077,15) 56896,875 (52,82. Or 56896,25 xo,000928
= 52,82 the Content in Ale Gallons. And fo on tor Wine or

Corn Gallons. PROBLEM Xill.

To find the Content ofthe lower Fruftum of any Cone inGallons,

That is, to compute the Content of any round Tun, iffc, whofe

Diameters at Top and Bottom are parallel, but unequal.

The Content of fuch a Tun may be found by the Rule at Pro-

blem 10; but from Theorem 16, Page 420, 'twill be eafy to de-

duce this following Rule.

rTo the triple Produ£l of the Top and bottom Diameters,

I add the Square of their Difference; multiply that Sum
Rule. \ into the Height (or Depth) : then divide the iaft Pro-

I du6lby 1077,15 for Ale Gallons, orby 882,36 for Wine
^Gallons ; the Quotient will be the Content required.

Example. Suppofe the Diameter at the Top to be 52,4 Inches,

the Diameter at the Bottom 45,6, and the Height 30 Inches.

Firft, 5 2,4 X 44,6=: 23 37,04 ; and 23 37,04 X 3— 7° " > ' 2 ? a j j

Alfo, 52,4— 44,6=7,8 J and 7,8 X 7»8 = 60,84?

The Height 30 X 7071,96=212158,8.
Then 1077,15) 212158,8(196,061. r> ^ u
Or2i2i58:8xo,ooOQ28= 196,96

(^''^ C~.n^/. Gallons.

And fo on for either Wine or Corn Gallons, as Occafion requires.

But if the Tun (or VelTel) be not truly circular, that is, if either

its Top or Bottom (or both of 'em) be Elliptical, whether they are

alike or unjike, it matters not, the Content of fuch a Tun may
be truly found by the general Rule at Problem 10.

PROBLEM XIV.

The Axis or Diameter of any Sphere or Globe beinggiven in Inches to

find its Content in Gallons.

Every Sphere is two Thirds of its circumfcribing Cylinder, by
Theor, 18, Page 423 5 from whence and Theor. 20, Page 426, 'tis

proved.



proved, that if the Cube of the Axis of any Sphere (taken in

Inches) be inultiply'd into 0,5236, the Product will be the Con-
tent of that Sphere in Inches. Confequently, if that Content be
divided by 282, or by 231, ^c, the Quotient will be the Content
in Gallons.

But thofe two Works of multiplying with 0,5236, and then
dividing by 282, or by 231, &c. may be contracted into one.
Thus , ^ o,ooi8c6 > -n , tit/./. r { A.G,
And 25 } °'5^34 o;eo^2^6 [ " ^"'V'^'^'" for

\ ^_ ^;

Or 0,5236 53f';/ LviIlbeai>,W«.for \ fj' ^^^^T'
I ^3^ I 44i»'7 5 I Gallons.

From hence arifes this following Rule.

f

if the Cube of the Axis of any Sphere be divided by

538,57; or multiply'd with 0,001856: or divided by

441,17; orelfe multiply'd with 0,002266; the Quotient,
or Product, will be the Sphere's Content in their re-

fpe6live Gallons.

Example. Suppofe the Axis or Diameter of a Sphere or Globe
be 2 Inches, liow many Ale Gallons may it hold ?

Here 22x22 x22 — 10648; and 538,57) 10648(19,767^^.(7.
Or 10648 X 0,0c 1856 ~ 19,76 Ale Gal. the Content required.

And fo for either Wine or Corn Gallons, as Occafton requires.

P R O B L E M XV.

To find the Content ofa Segment of^a Sphere in Gallons.

In the Scholium, P. 424, there are two Theorems for refolving

this Problem according to the Data.

1. If the Diameter of the Segment's Bafe and its Height are

given, the Content may be found by the firft of thofe Theorems,
which gives this Rule:

!To the Triple Square of half the Diameter add the

Square of theHei2;ht; then multiply that Sum into

the Height, and divide the Produfb by 538,57 for

A G, or by 441,17 for PF G, &c. as above.

2. But if the Axis of the Sphere and the Height of the Seg-

ment are given, the Content may be found by the Second of thofe

Theorems.

{From the triple PrGdu£l of the Axis into the Height,

{\iht\h£t twice the Square of the Height; then muU
tiply the Remainder into the Height, and divide that

Produd by 538,57, bV. as in the laft Problem.

1 Either
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Either of thefe Rules will produce the Content of the Segment
in Gallons.

Example, Suppofe the Diameter of the Segment's Bafe be 28
Inches, and its Height be 8 Inches^ what may it contain in Ale
Gallons ?

Firft 2) 28 (14. Then (by Rule i.) 14X 14X 3 ~. 588.

And 6 X6 = 36. Next 588 + 36 r= 624. Again 624x6 — 3744*
Laftly, 538,57) 3744 (6>95 the Content required.

Note, This Problem may be of Ufe in Gauging the Crowns of

Brewers Coppers, i^c*

Se6l. 4. The PraSi'ical Method ofGauging any fix'd Tun or Copper^

and making a Table to fiew what it will hold at every Inch deep^

ufually call'd Inchi?2g ofa Tun, &c.

Firft, you muft know, that moft (if not all) Brev/ers Tuns
are fo fix'd as to lean a little for Conveniency of cleanfmg their

Drink, which is ufually call'd the Drip or Fall of the Tun. Now
this Drip or Fall of any Tun is the Hoof of fuch a Solid as that

Tun is fuppos'd to reprefcnt, and under that Confideration it may
be found, as in Theor. 16, P. 420: But the practical (and indeed

the beft) Way is, tomeafure into the Tun (when 'tis dry) fo much
Liquor as will juft cover its Bottom ; for by that means you do not

only find the true Fall, but alfo a true horizontal or level Plain

over the Bottom of the Tun ; from which if the Depth of the Tun
(viz. the neareft Diftance from the Top of the Tun to the Surface

of the Liquor) be fet off upon every one of its Sides, you will then

have a true parallel Plain at the Top of the Tun to that of the Li-

quor. Then, if the Sides of the Tun are ftreight from the Top to

the Bottom, take as many Dimenfions in the aforefaid two Plains

as are needful to find the true Area of each ; and by thofe two
Area's and the forefaid Depth find fo much of the Tun's Content
(by the general Rule at Problem X.) as is betwixt thofe two
Plains.

Next, to inch that Tun, divide the Difference between the Top
and Bottom Area's by the aforefaid Depth, and the Quotient will

be an Addend or fixed Number; which being added to the leffer

Area, the Sum will be the Area of the next Inch ; and, being add-

ed to that Area, their Sum will be the Area of the third Inch;

and fo on from Inch to Inch, until the Area of every fingle Inch
be found; the Sum of thofe Area's (if the Work be true) will

amount (or be equal) to the Content found, as above. And if

the
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the Tun's Drip or Fall be added to the Sum of all thofe Area's,

that Sum will be the whole or full Content of that Tun.
Now, from hence it muft needs be eafy to conceive, that if i,

2, 3, or any Number of thofe Area's accounted from the Bot-

tom, be added to the Fall, that Sum will fhew the Quantity of

Liquor or Drink that is in the Tun, to fuch a Numoer of wet
Inches from the Bottom as there were Area's added together Or^
if the Sum of any NumSer of thofe Area's (i')eni2 accounted front

the Top) be fubtra£ted f'^om the Tun's whole Content, the Re-
mainder will fhew whar Quantity of Liquor or Drink is m the

Tun, when there is fuch h Number of dry Inches from the Top
as there were Area's fubtracted.

This being well confider'd, it will be eafy to make a Table

either to every wet or dry Inch of any regular Tun ("viz. whofe

Sides are ftreight from Top to Bottom) what Form foever itsBafes

are of, and whether it fland upon the greater or lefler Bafe.

But if the Sides of the Tun are irregular {viz. not ftreight from

its Top to the Bottom) then the beft and eaiieft Way will be to di-

vide or part the Tun into feveral Fruftums, each of ten Inches

deep ; and finding the Content of every fmgle F.-uftum, by taking

the Diameters in the Middle of every one of thofe ten Inches

(that is, the firft Diameter at 5 Inches from the Top ; the fecond

Diameter at 15 Inches from the Top, dffr.) and multiplying their

refpective Area's with 10, (which is done by only removing the

feparating Comma's one Place forward to the right Hand) if the

Sum of all thofe Fruftums be added to the Fall, (as before) ; that

Sum will be the whole Content of the Tun.
Notey If you take the Height of the 'forefaid ten Inch Fruftums

in the Side of the Tun, you muft allow for the Diftercnce between

the flant Height and the Perpendicular Height in every Fruftum.

Laftly, If from the whole Content of the Tun you fubtra6l the

mean Area or the firft Fruftum ten Times, and from theRem.ain-

der fubtra(5l the mean Area of the fecond Fruftum ten Times, and

from the laft Remainder fubtract the mean Area of the third Fru-

ftum, until there remain nothing but the Fall or Hoof of the

Tun, you will then by that Means have a Table that will ftiew

what Qi^antity of Drink is in theTun to any Number ofdry Inches.

And this is alfo the Method of Gauging and Inching Brewers

Coppers, viz. by firft meafuring into the Copper fo much Liquor

as will juft cover its Crown, and then dividing its perpendicular

Height into Fruftums, and its Sides into four equal Parts; that fo

Crofs Diameters may be taken in the Middle of each Fruftum:

But
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but if the Copper be much wider at the Top than at the Bottom,

and its Sides fpheroidal or arching, as generally all large Coppers

are ; then, inftead of taking thofe mean Diameters in the Middle of

every ten Inches, as above, you muft take them in the Middle of

every fix Inches, and proceed on as before.

Now the Quantity of Liquor, that would cover the Crown of

the Copper, may be found without meafuring it, as above. In

order to that, I do fuppofe the Crown to be the Segment of a Sphere,

and the lower Part of the Copper wherein the Crown arifeth, to

be the Fruftum of a parabolick Conoid ; then, if the Diameter at

the Top of the Crown, and its perpendicular Height are given,

the Quantity of Liquor may be found by this following Rule :

iFrom
the Area of the Plain at the Top of the Crown

fubtradl -j of the Area of the Crown's Height ; the

Remainder, being multiply'd into half the Height of

the Crown, will produce the Quantity or Number of
Gallons that will cover the Crown.

This Rule is deduced from Scholium^ Page 424, and Thsor^n^

15. Page 430.

Se^f. 5. To compute the Content of any clofe Cafk in Gallons,

viz. of any Butt, Pipe, Hogfhead, Barrel, ^c.

In order to perform this difficult Part of Gauging, the three

following Dimenfions of the propofed Cafk muft be truly taken in

Inches, and Decimal Parts of an Inch,

C The Bulge or Bung Diameter within the Cafk.

Viz, Either of the Head Diameters fuppofmg them both equal,

L And the Length of the Cafk within.

Note^ In taking of thefe Dimenfions, it muft be carefully obferved,

1. That the Bung-hole be in the Middle of the Cafk ; alfo that

the Bung-ftafF and the StafF ovcr-againft the Bung-hole are both

regular or even within.

2. That the Heads of the Cafk are equal and truly circular;

if fo, the Diftance between the Infide of the Chine to the Outfide

of its oppojite Staff will be the Head Diameter within the Cafk,

very near.

3. With a Aiding pair of Calipers (made on purpofe for that

Ufe) take the fhorteft Diftance at Length between the Outfides

of the two Heads ; (fuppofing them even) from that Length

fubtra(5l i i Inch (more, or lefs, according to the Largenefs of the

M m m CafkJ
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Cafk) for the Thicknefs of the two Heads, the Remainder will be

the Length of the Cafk within.

Now by thefe Dimenfions, one would fuppofe the Content of

the Cafk were perfectly limited ; but it will be eafy to perceive,

by the following Figure, that the Diameters (abovefaid) and the

Length of one Cafk may be equal to thofe of another, and yet one

of thofe Cafks may contain or hold feveral Gallons more than the

€ther.

B
As for Inflance, fuppofe the annex'd Figure A B CD G to

reprefent a Cafk; then it is plain, that,

if the outward and curved Lines ABC
and F G D 2LTe the Bounds or Staves of

the Cafk, it muft needs hold more than

if the inner ftreight or prickM Lines

were its Bounds or Staves ; and yet the

Bung Diameter BG^ Head Diameter

CD and A F, and the Length L H, are

the fame in both thofe Cafks.

Whence it plainly appears, that no one certain or general Rule

can be prefcrib'd to find the true Content of all Sorts of Cafks,

and therefore Gaugersdo ufually fuppofe every Cafk to be in Form
of fome one of thefe following Solids.

I. The middle Zone or Fruftum of a Spheroid.

IL The middle Zone or Fruflum of a Parabolick Spindle,

in. The lower Fruflums oftwo equal Parabolick Conoids.

IV. The lower Fruflums of two equal Cones.

Now the Way of Guefling at the Cafk's Form, and computing

its Content, according to its fuppos'd Form, I fhall here £hew in

their Order.

I. If the Staves of the Cafk are very much curved or arching (as

the outward Lines of the laft Figure) then the Cafk is fuppos'd to

be in the Form of the middle Zone or Fruftum of a Spheroid,

whofe Content may be computed, by Theorem 22. P^^g^ 4-7>
which gives thefe two Rules,

To twice the Square of the Bung Diameter add the

Square of the Head Diameter ;
multiply that Sum in-

RuLE I. ^ to the Length, and divide the Prod by 1077,15.
Fiz. 3, 8197x282 for Ale Gallons ; and by 882,36,

P'^iz, 3, 8197x231 for Wine Gallons. Or thus.

Rule

Viz.

\
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iTo
twice the Area of the Bung Circle, add the Area

of the Head Circle ;
multiply their Sum into one

Third of the Length, and the Produd will be the

Content in their refpe^tive Gallons.

Example i. Suppofe a Cafk in the Form of the middle Zone
of a Spheroid, whofe Bung Diameter is 31 55, Head Diameter

24,5, and its Length 42 Inches.

Firft 31,5X31,5X2=1984,5. And 24,5X24,5=600,25
Againi984,5+6oo,25— 2584,7 5.And 2584,75x42=108559,5
Then 1077,15)108559,5(100,78 the Content in Ale Gallons.

And 882,35) 108559,5 (123,03 the Content in Wine Gallons.

Or thus, by the Second Rule.

Bung Diameter 31,5 twice its Circle*s Area is 5,5270
Head Diameter 24,5 its Circle's Area is 1,67 18

The Length 42 divided by 3 is 14. 7,1988^: their Sam.
Then 7,1988X14=100,78, the Content in A. Gallons as before.

And fo the Content in Wine Gallons may be found.

II. If the Staves of the Cafk are not quite fo much curved of

arching, as was fuppos'd before, the Cafk is then taken for the

middle Fruftum of a parabolick Spindl^j* and its Content is com-
puted, as by Theorem 27. Page 432. Which gives this Rule.

"To twice the Square of the Bung Diameter add the

Square of the Head Diameter ; from their DifFerencc

fuhtra£l four Tenths of the Square of the D fference
' ^ of the Diameters; multiply the Remainder into the

j
Length, and divide the Produft by 1077,15, ^c. as

Labove.

Example 2. Suppofe the Dimenfions the fame as before. Then

3^5 X 31^5 X 2: + 24,5x24,5 = 25 84,75- And 31,5—
24,5=7. Again 7x7x0,4= 19,6. And 2584,75— 19,6x42 =
107736,3. Then 1077,15) 107736,3 (100,01 the Com. in A. G.
^c. for IF. G.

III. When the Staves of the Cafk are but very little curved or

arching, then it*s fuppos'd to be in the Form of the Fruftums of

two equal parabolick Conoids, abutting or joining together upon
one common Bafe at the Bulge, and the Content may be found

by Theorem 25. Page ^^O' which gives th^^Q Rules,

M m m 2 Rvtr
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To the Square of the Bung Diameter add the Square

of the Head Diameter ; multiply their Sum into the

Rule i. ^Length, and divide the Product by 718,08 (viz,

2,5464x282) for Ale Gallons : or by 588,22 Cx^/z.

2,5464X231) for Wine Gallons. Or thus,

f To the Area of the Bang Circle add the Area of the

Rule 2. •] Head Circle
;
multiply the Sum into half the Length,

C and the ProdutSt vi^ill be the Content required.

Example. 3. With the fame Dimenfions as before. Then

315X3I15 +24.5X2495 = 1592,5- And 1592,5X42 — 66885
And 718,08) 66885 (93,01 the Content in Ale Gallons.

Or 588,22) 66885 ( 1 13,7 the Content in Wine Gallons.

IV. If the Staves of the Cafk are ftreight from the Bulge to the

Head, as the inner prick'd Lines in the laft Figure (if fuch a Cafk

can be made) it is then taken for the lower Fruftums of two equal

Cones, abutting or joining together upon one common Bafe at the

Bulge. And its Content may be computed as at Problem 13. Page

445. or by Theorem 15. Page 419. Thus,

S

To- the Sum of the Squares of the Head and Bung Dia-

meters add their Produ£i; then multiply that Sum into

the Length, and divide the lafl: Produ6l by 1077,15.
Or by 882,36. The Quotient will be the Content, ^V.

Example 4. With the fame Dimenfions as before.

Firfl 31,5X31,5 + 24,5X24,54- 31,5x24,5 = 2364,25
And 2364,25X42=199298,5. Then 1077,15)99298,5 (92,18
the Content in Ale Gallons, and fo on for Wine Gallons.

Thus you have the Methods of computing the true Contents of

the four Solids, in whofe Form ail Caflcs

are fuppos'd to be. And by the Exam-
ples it appears, that four fuch Cafks as

have their Dimenfions all equal, and the

fame with thofe above-mention'd, their

Contents vvill be as in the Margin.

Ale Gallons.

I. 100,78
100,01

93,01

92,18

11.

III.

IV.

Differ.

7)00

0,83

From the Difproportion or Inequality of thefe DifFerences it

will be eafy to conceive, that there may be feveral Caflcs whofe

Contents cannot be truly found, according to the aforefaid fup-

pos'd Forms; and therefore, in order to rectify the faid Inequali-

ties, feme Authors (that have written upon this Subjeft) have

laid down theorems of their own Invention 3 and yet call'd them
by

\
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by thefe Names) others have propos'd Tables for the fame Pur-

pofe. But fmce it is fo, that we can only guefs at the Truth, the

plaineft and eafieft Way is to be preferr'd in Praftice; and that is,

by finding: fuch a mean Diameter as will reduce the propos'd Calk

to a Cylinder. ^

Multiply the Difference between the Head and Bung
Diameters, with 0,7. or with 0,65. or with 0,6. or with

0,55. according as the Staves of the Cafk are more or

lefs arching ; add the Product to the Head Diameter, and

j
the Sum will be the mean Diameter required. Then

Lfind the Content, as at Prob. 11. Page 444.

Example, With the fame Dimenfions as before. Then the

Bung Diameter lefs the Head Diam. is 31,5— 24>5 zzy- And
Dif.

Thus,

MD, AG.

2.39
2,3^

^.,32

Cont»

i

7X0,7 = 29,40 Its Area 2,4073X42=^: 101,10

7X0,65= 29,05 2,3504x42=^ 9S'7i

7X0,6 —28,70 2,2941x42:=: 9^j35

7x0,55 = 28,35 2,2385x42= 94^02

From thefe it may be obferv'd, that the DifFerence between
each Cafk's Content is regular, and very near equal ; which plainly

(hews, that there is not fo much Room left for Error this Way of

computing their Contents, as was by the aforefaid Forms.

Now the firft of thefe four [viz. with 0,7) is very commonly
ufed among Gaugers for all Sorts of Caflcs ; but 1 did never

gauge any Cafk that would contain quite fo much as that Rule

did make it ; and the Reafon doth appear very plain from
T^heorem 22. Page 427. being compar'd with theorem 19. Page

426. and the lall: Figure; that no (Cafk being regularly

made) can hold more than the middle Fuftrum of a Spheroid. But
I always found by Experience, that if the fecondand third ofthefe

Rules {vix. with 0,65 and 0,6) were duly apply'd, they would
anfwer very near the Truth amongft the common Sort of Cafljis 5

and the fourth R Je {yiz, with 0,55) will come pretty near the

Truth in comnutin^ the Contents of Cafks, whofe Staves are

almoft ftreight Letwixt the Head and Bung, "Jiz, fuch as Wine
Pipes, ^c.

SeSf. 6. To find what Quantity of Liquor is either drawn forth,

or remaining in any fpheroidicai Cafk, ufually call'd the Ullage

of a Cafk ; hath two Cafes.

Cafe I. To find what Quantity of Liquor is in the Cafk, when its

Axis is perpendicular to the Horizon, viz, when it Hands upright

upon one of its Heads.

In
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In order to perform this the eafieft Way, it will be convenient

to know how to calculate the Area of any Circle betwixt the Bung
and Head, whofe Diftance from the Bung or middle of the Cafk
is givert. Now that may be done by this Proportion.

^ As the Square of half the Length of the Cafk : is to the

\ Difference between the Bung and Head Area's : : fo is the

Viz, < Square of any Circle's Diftance from the Bung : to the Dif-

/ ference between the Bung Area, and the Area of the Circle,

^ viz. the Area of the Liquor's Surface.

SDcmcntlra^ion.
f H—HzU the Length of the Cafk

Let < Z)zzHalf the Bung Diameter. /

:Half the Head Diameter.

f P=the Diftance ofany Circle from

And < the Bung
L ^=:Half the Diameter of that Circle.

Then according to the common Property of the Ellipfis, Page

368, it will be,

BB:DD'..BB—H H:dd. And BB: DD:: BB^PP: aa.

^ f DDHH j,r> A J ( DDPP r,nErgo zzBB. And > .:=iBB^
^ I DD—dd I DD— aa

^ , , cDDHH DD^aa
Confequently,

{
zz:—

This T^quation, being brought out of the Fra£lions, will

becomeDDHH— a a HH=^DD PP ddP P, which gives this

AnalogyHH DD —ddw PP \ DD—aa. Then DD-^aa^
being fubtradted from -D-D, will leave But Circles Area's

are in Proportion to the Squares of their Diameters, by Theorem 6,

Page , Therefore, bfc. Q^E. D. Then, from the Bung
Area fubtradl one third Part of the aforefaid Difference, viz, be-

tween the Bung Area and the Area of the Liquor's Surface ; mul-

tiply the Remainder with the Liquor's Diftance from the Bung,

and the Product will fl^ew what Quantity of Liquor is either above

or under half the Content of the Cafk.

Example. Let us fuppofe a Cafk of the fame Dlmenfions with

that in the firft Example^ Page 451, and let it be required to

find what Qiiantity of Liquor is in it (of Ale Meafure) when
there is but 9 Inches wet. Here half the Length of the Cafk is 21

z Inches,
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Inches, whofe Square is 441, and the Liquor's Diftance from,

the Bung is 21 — 9 = 12. Its Square is 144. The Difference

between the Bung and Head Area's is 1,0917 (=2,7635^

—

1,6718.) Then 441 : 1,0917 :: 144: 0,3564.
And 2,7635— 0,3564 = 2,4071 the Area of the Liquor's

Surface.

Again 3) 0,3564 (0,1188. And 2,7635 — 0,1188 = 2,6447
Then 2,6447X 12 = 31,7364, what the Cafk wants of being

half full. Confequently 50,39— 31,7311:18,66 will be the

Quantity of Liquor in the Cafk at 9 Inches wet in Ale Gallons.

And if the Cafk had wanted but 9 Inches of being full then

50,39 4- 31,73= 82,12 would have been the Quantity of Li(^or

in the Calk.

Note^ becaufe the two firfl: Terms (viz. and 1,0917) in

the Proportion are fix'd, viz. continue the fame forany Diftance,

'twill be very eafy to calculate the Area's of all the Circles betwixt

the Bung and Head to every Inch, and by that Means to make a

Table that will fhew what Quantity of Liquor is either drawn out

or remaining in the CaHc at any Depth.

Cafe 2. To find what Quantity ofLiquor is In any Cafk, when its

Axis is parallel to the Horizon, viz. when it lies along.

There are Variety of Tables to be found in Books of Gauging
for this Purpofe; but I always obferved, that the following Me-
thod of computing the Ullage, by a Table of the Segments of a

Circle, came very near the Truth in all Sorts of Calks, which is

thus perform'd :

1. By the Bung and H!ead Diameters, find fuch a meafl Diame-
ter as you judge will reduce the proposed Caflc to a Cylinder, by
the Method laid down in Pc^ge And then find its full Con-
tent, as in thofe Examples.

2. From the Bung Diameter fubtra£l the mean Diameter and

half the DlfFerence, {viz. divide it by 2.)

3. From the wet Inches of the propos'd Ullage, fubtradl the

faid half Difference, and call it.*-; then obferve this Proportion.

f As the mean Diameter : is to lOO (the Diameter of the

Fiz. < tabular Circle) : : fo is the laft Difference (viz. a-J : to a

Cverfed Sine in the Table. (P^^^44i.)

Then if the tabular Segment, which ftands againft tjiat verfcd

Sine, be multiply'd into the Content of the Cafk, the Produ«il will

fliew the Ullage, viz. what Q^iantity of Liquor is either in the

Cafk, or drawn forth.

Examplf
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Example i. Let the Calk be that of the fecond Sort, in Page

453. viz. whofe Bung Diameter is 31,5 Inches, mean Diameter

29,05, and the Content 98,71 Ale Gallons; and fuppofe there

were 10,5 Inches wzl in it, it is required to find the wet and dry

Gallons I

Here 3 1,
5—29,05=12,45; its halfis 1,12. And 10,5—1,22=9,28

Then 29,05 : loc : : 9,28 : 0,3193: V. Sine ; its Segm. is 0,2748
And 98,71X0,274811:27,12 the Number of wet Gallons.

Again 31,5—10,5=21 the dry Inches; and 21—1,22=19,78
Then 29,05 : 100 :: 19,78 : 0,68 ; its Segment is 0,7241
And 98,71x0,7241=71,48 the Number of dry Gallons.

Proof 71,48^- 27,i2zz98,b the Contents of the Cafk very near;
"which plainly fhews the Truth of this Method.

Thus far may fuffice concerning Gauging of Backs or Coolers,

Tuns, Coppers, and Cafks, ^r. To which I fliall only add, that

as the Contents of all Brewers Utenfils are to be computed by the

Ale Gallons, fo the Contents of all Diftillers Utenfils (viz. all

their Wafh-Backs, Stills, and Cafks, ^c.) muft be computed by
the Wine Gallon.

And in gauging of Malt (upon which there is now a Duty of

four Shillings per Bi-'flipl; you muft obferve, That a Corn or

Malt Eufhtl doth contain 2150,42 cubick Inches; [See Page 42.)

and therefore in gauging of Malt-Cifterns, or other Vefiels,

2150,42 will be a conlrant or fixed Divifor for finding the Area's

of right-lin'd Figures in Bufhels at one Inch deep, and 2738
will be a conftant or fix'd Divifor for finding the Area's of circular

Figures.

I have omitted the Bufinefs ofgauging Mafh-Tuns, and taking

an Account of the Goods or Grains, in order to eftimate what

Qaantity of Worts were produc'd from them, i^c. becaufe I

could never find (by all my Obfervations) any Certainty thcrem ;

nor is it poffible there {hould be any, by Reafon of the great Dif-

ference that is in Malt (and its Grinding too) for the beft Malt

(well ground) will yield or produce the moft Worts, and leaft

Grains; on the contrary, bad Malt (being ill ground) yields the

Icaft Worts and moft Grains,

A SUP
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THE

PREFACE.
if'

HE Mathematich formerly received confiderabk

Advantages 'yjirjl^ by the Introdu^lion of the In- ^
dian CharaSlers^ and afterwards by the Jnventioji of fl

'Decimal Franions \ yet has it fince reaped at leajl as
"

7nuchfrom the Invefition ofLogarithms^ asfrom both the

other trco, "The Ufe of thefe, every one knows^ is of the

greatefl Extent^ and runs through all Farts of Mathe^

maticks. By their Means it is that Numbers almoji

infinite^ and fuch as are otherwife i?npra£iicable, are

managed with Eaje and Expedition, By their Affiflance

the Mariner feers his Fefel, the Geometrician invefii^

gates the Nature of the higher Curves^ the Ajlronomer

determines the Places of the Stars ^ the Philofopher ac--

cou7its for other Fhcjemmena of Nature \ and lajlly^ the

TJfurer computes the Fiterejt cf his Mo7iey,

"The Suhjedl of the following 'Trcatife has been cidti-

vatedby MoAhemaiicians ofthefirjlRank ^ fome ofwhom^

taking in the whole Doctrine^ have indeed wrote learn-

edly^ butfcarcely intelligible to any but Mafiers, Others^

again^ accommodating thcmfelves to the Apprehenfion of

Novices^ have /elected out fome of the mojl eafy and ob-

vious Properties of Logarithms^ but have left their

Nature and ?nore intimate Properties untouched. My
Defign therefore^ in the following Tra^y is to fupply

what feemedJiill wanting^ viz. to difcover and explain

the Doclrine of Logarithms^ to ihofe who are not yet

gQt biyofid the Elements ofAlgebra and Geometry,
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The wonderful Invention ofLogarithms we owe to the

Lord Neper, who was thefirft that conjirii^ed andpub-

lipped a Canon thereof at Edinburgh, in the Tear 1614,

^his was very gracioufy received by all Mathematicians^

who were immediately fenfible of the extretne Ufefulnejs

thereof. And tho it is ufual to have various Nations

contending for the Glory of any notable Invention^ yet

Neper is univerfally allowed the Inventor of Logarithms

^

and enjoys the whole Ho7ioiir thereof without any Rival.

Thejame Lord Neper afterwards invented another

end more commodious Form ofLogarithms^ which he af-

terwarJs communicated to Mr, Heniy Briggs, Profefjor

of Geometry at Oxford, who was hereby introduced as a

Sharer in the completing thereof: Euf^ the Lord Neper

dyings the whole Btfinefs remaining was devolved upon

Mr. Briggs, who^ with prodigious Application^ and an

unconmofi Dexterity, compafs d a LogarithmicCanon, a-

greeable to that new Form for thefirjl twenty Chiliads

of Numbers (or form i to 20000) andfor eleven other

Chiliads, s'vz.jrom 900008/^? joiogo. For all which

Numbers he calculated the Logarithms to fourteen Places

of Figures. This Canon was publiJlSd at London in

the Tear 1624.

Adrian Vlacq publijljedagain this Canon at Goudae in

Holland in the Tear 1628, with the intermediate Chi-*

Uads before omitted, filled up according to Briggs^f Pre-

fcriptions ; but thefe Tables are not jh ufeful as Briggs*^,

hecaufe the Logarithms are continued but to 10 Places

of Figures.

Mr. Briggs alfo has calculated the Logarithms of the

Sifjes and Ta?igents of every Degree, and the hundredth

Parts of Degrees to 1 5 Places of Figures, and hasfub-
joined to them the natural Sines,

.
Tangentsy and Secants,

N n n 2 t9
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to Places of Figures. The Logarithms of the Sines

and Tangents are called Artificial Sines and TangentSy

but the Sines and Ta?tgents themfelves are called naturaL

Thefe TableSy together with their Confirudiion and life,

were publijh'd after BriggsV Deaths at London, in the

Tear 1633, by Henry Gellibrand, and by him called

Trigonometria Britannica.

Since then^ there have been piiblifljed^ infeveral Pla^

ceSy compe?2dious Tables^ wherein the Sijies and Tan^

gents, and their Logaj^ithmSy confifi of but feven Places

of FigureSy and wherein are only the Logarithms of the

Numbersfrom i to 100000, which may befufiicientfor

mofi TJfes.

The beft Difpofition of thefe Tables^ in my Opinio)!^ is

thafy firfi thought of by Nathaniel Roe, of Suffolk

;

andy with fome Alterations for the bettery followed by

Sherwin in his Mathematical Tables piiblifjed at London
in 1705; wherein are the Logarithmsfrom ito i o 1 000

confijling of7 Places ofFigures, To which arefubjoined

the Difierences and proportional Parts^ by Means of
which may beJoimd eafily the Logarithms ofNumbers to

10000000, ohferving at thefame Time that thefe Lo-
garithms confijl only of 7 Places of Figures. Here are

alfo the SineSy Tange?itSy and Secants^ with the Loga-
rithms and Differences for every Degree a?2d Minute of
the ^adranty with fome other Tables of life in praC"

iical Mathematicks.

THE

4 I
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THE

CONSTRUCTION
O F

LOGARITHMS.
THESE moft excellent and ufeful Numbers were firft in-

vented by the famous and never to be forgotten Lord
Neper^ Baron of Merchijion in ^cotland^ aforefaid) Ann,

1614.) whoingenioufly contriv'd to perform Multiplica-

tion and Divifion of Natural Numbers, by only adding or fub-

tracling certain Artificial Numbers, which he called Logarithms^

and the Extra(Stion of Roots by dividing the Log. by 2 for the

Square : by 3 for the Cube : by 4 for the Biquadrate, b'c.

This Invention of his (no doubt) proceeded from a mature Con-
fideratvpnof the Coherence that is betwixt Numbers in Geometri-

cal Proportion and thofe in Arithmetical Progredion.

As in thefe following :

y. ( I . 2 . 4 . 8 . 16 . 32 . 64 . 128, Geometrical,

to. I. 2. 3. 4. 5. 6. 7, ^c. Arithmetical.

It is very perceptible, that, as the Numbers in the Geometrical

Proportionals are produced Multiplication or Divifion^ thofe in the

Arithmetical Progreflion are produced by Addition or Subtraciion:

As doth appear in this Example :

F/V i 4X32 = 128 \ \ 128 ^ 32= 4Geometr.

12+5=7 J^^i 7—5 = 2 Arithmet.

. . 5 I • 10 . 100. 1000 . 10000 • 100000, ^r. Geometr.
°'C0.i.2. 3. 4 . 5, err. Anthmet.
The fame Coherence is betwixt thefe latter, as was between the

two firft Ranks.

y-^ S 1000x10=10000 7 5 iooooo-f-iooo=iooGeoraetr.
'(3 + 1=4 J 5 — 3 2 Arithmet.

Either of tht^fe Examples do fufficiently fhew the Reafon and very

Ground of Logarithms.

And from the latter of thefe it was, that the prime Logarithms
orChara<!^ er ftics were firft afli2;ned.

As
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As in this Table

:

Natural Num, Logarithms,

I O5OOOOOOO
10 1,0000000

100 2,0000000
1000 3,0000000
10000 4,oocooco

100000 5,0000000

Having laid tliis Foundation, the next Work was to find out

the Logarithms of the intermediate Numbers fituated betwixt i

and 10, viz. of 2, 3, 4, 5, 6, 7, ^c, and of thofe betwixt 10 and

100, viz, of II, 12, 13, 14, 15, and fo on for the reft. This

was a Work of fome Difficulty, and very laborious.

The firft Step in order thereunto (as I conceive) was to find out

a Rank of continual Means betwixt 10 and i, fo as that the laft

(and lead thereof) might be a mixed Number lefs than 2, and fo

near i, as to have fuch a Number of Cyphers before the fignificant

Figures thereof, as was intended the Places of Logarithms in the

Table fhould confift of. Which Means are to be found, by ex-

trading thefquare Root of 10 (having firft annexed a competent

Number of Cyphers thereunto ;) then extracting the Root of that

Root, and fo by a continued Extraction of Root out of Root, until

there be a Root fo qualify^d as before- mentioned : Which, to make
a Table to feven Places in the Logarithm, will require twenty-five

feveral Extra<Etions, the laft of which will produce this Number,
1,00000006862238.
The next Step was to find out a Number betwixt (1) and (0)

in Arithmetical Progreffion, that might truly correfpond with the

Mean before found (betwixt 10 and i) fuch a Number muft con-

fequently be its Logarithm. And this may be found by a continual

bifeCting (or halving) of i, fo often as was the Number of tlie fore-

.going Extractions (to wit, twenty-five) the laft of which BifeCti-

6ns will produce 0,000000029802322, ^c, the true Logarithm of

1,00000006862238.
For as 1,00000006862238 by twenty-five continued Involutions

{viz. firft into itfelf, then that Produd into itfelf, and fo on fuc-

ccfSvely) will produce 10; fo will 0,00000002980232, by the

like Number of Doublings and Redoublings, produce i.

This Mean for Number) audits Logarithm being thus found, it

will follow by Proportion, As the fignificant Figures of this Mean
: are to the fignificant Figures of its Logarithm : : fo are the figni-

ficant
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ficant Figurts of any Mean^ betwixt any given Number and i :

(having (even Cyphers before fuch Figures, as this hath^^ to the fig^

nificant Figures of its Logarithm, To which muft be prefixed fe-

ven Cyphers to complete it. After which, being doubled, and re-

doubled according to the Number of Extractions required to produce

its correfponding Mean, will at laft difcover the true Logarithm

of the given Number. For the clearing of this, take an Example.

Suppofe it were required to find the Logarithm of the Number 2,

to feven Places. Firft, by a continued Extraction of Root out of

Root, beginning at 2, find fuch a Mean, or Root as before, betwixt

2 and r, as will have feven Cyphers before its fignificant Figures

;

which, after twenty-three feveral Extractions, will be this Number
1,00000008262958. Then, according to the foregoing Proportions,

it will be 6862238 : 2980232 : : 8262958 : 3588557. To
which prefix feven Cyphers, as before directed, then will

1,00000008269958 have for its Logarithm, ,00000003588557 ;

which being doubled and redoubled, as abovefaid, will produce

0,30102997958658, the true Logarithm of 2 ; which being con-

tracted to feven Places, according to the firft Defign, and agreeable

to the feven Places of Cyphers, then it will become 0,30 10299: But,

in all the Tablesthat I have feen, the Logarithm of 2 is 0,30 1 0300 :

1

conceive the Reafon is, becaufe the remaining Figures 7958658
come fo near Unity of the laft Place in the retained Figures.

And, by the fome Method that this Logarithm of 2 is made, may
the Logarithm of any other Number be found. But when once

the Logarithms of a few of the prime Numbers, viz. of 3. 7. 11. 13.
i^c, (that is, of fuch Numbers as cannot be produced by the mul-
tiplying of two Integer Fadtors) are obtained, the reft may be eafily

compofed by Addition and SubtraSiion only. For as 3x2 = 6
fo Log. of 3 4- Log. of 2 z: Log. of 6. And as 10 -f- 2 = 5
foLog. of 10— Log. of 2 =z Log of 5. The like of all Numbers
that have aliquot Parts (that is, fuch Integer Numbers as may be

divided by Integers.) And indeed the Logari^ms of feveral of the

prime Numbers may alfo be obtained by Addition or Subtraction^ as

might eafily be (hewed, and is not difficult to conceive by any

one, who but duly confiders the Nature and Defign of Loga-
rithms, ^c, of which I fhall forbear faying any thing in this

Place, and keep to my firft Defign herein, which was to give a

briefAccount of the ingenious Author's Method, as I conceive it, of
making the fame : who undoudtedly found it a very difficult Work,
by Reafon there are required fo many feveral Extractions of Roots
out of Roots which muft needs render it both troublefome and la-

borious. Then to propofe a different Method of raifingthe Loga-

2 rithms-
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rithms of fuch prime Numbers before-mentioned, which require

the Extraction of Roots to obtain their refpe£live Means, with one

tenth Part ofthe Trouble and Time required by the foregoing Me-
thod. And not only fo, but moreexadi ; for, by our prefent Me-
thod of converging Series, the Root of any Power, how high fo-

ever it be, is eafily found at one fingle Extra6lion : and thereby

the Errors which would arife by extracting a ^urd Root out of a

Surd Root^ efpecially when often repeated, are avoided; and con-

fequently fuch a Mean, as may be required betwixt any Number
and Unity, is thereby more exactly found.

Now, how this may be performed, I here intend to fhew, as

briefly as I can. In order thereunto, take this as a Model.

Let^7— the Root,or Mean required betwixt anyNumber andUnity

;

Then ^ «^ . =l U a'^ . a^^ = a^"-

And fo on fucceflively with the Indices in Geometrical Progreffi-

on, until the Power of a be made equal to fuch a Term in that

Progreflion, as that the Root, or Value of a may have, bet vixt U-
iiity and its fignificant Figures, fo many Cyphers, as are the in-

tended Number of Places in the Logarithms.

For Inftance, let it be required to find the Mean between 10 and
I, then the Power of a muft be a J^Jsi+j^ — this Index 5?55+434

being the 25th Term in Geometrical Pregreflion, which may be

thus determined.

Let r, theCharaCteriftic or Logarithm of 10, be divided by fuch a

Term in Geometrical Progreflion, as will caufe fuch a Number of

Cyphers to be before the fignificant Figures in the Quotient, as are

required to be before the Figures of the Rooter ; fuppofe 7, as before.

Then i, ~ 33554432 = ,00000002980232, ^c, which is the

true Arithmetical Mean (as before found, by a continual bife£ting

of i) correfpondent to that fignify'd by a ; and therefore the Value
of a found by extracting the refpeCtive Root of 10 a 3355443*^111

be the Mean required; viz. 1,00000006862238 whofe Log. is

,00000002980232. Thefe, being found, are the Foundation of the

reft, as before.

Then fuppofe it be required to find the Logarithm of any of the

prime Numbers ; if you pleafe, that of two. In order thereunto,

let a zz the Root or Mean fought betwixt 2 and i, as before ; then

muft a be continually involved, as by the above Model, until its

Index be equal to the greateft Term in Geometrical Progreflion,

whofe Number of Places of Figures are to be equal to the Number
of required Cyphers before tf, to wit 7. According to which, the

Power
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Power oia will be a ^5^^^^^ z= 2 (this 8388608 being the 23d Term
in Geometrical Progreffion) confequently the refpedive Root of

2 n ««3836o8 ^iii jjjg jyjg^j, required.

Example,

Let r ^ zi:

•then will r^3886o8 8388608 r^^sseoj ^

+351^4367894528 r^3886o6^^_-.^83886o6->2

Suppofe r = I

Then i + 8388608^+3*^ iS4367894528^^i=:2
That is 8388608^+35184367894528 eezni

Each Part being divided by the Co- efficient found prefixed to ee^

viz. 351843, ^c, then it will become
}Oooooo23^+^^=,0000000000000284 =1 D

Confequently^
,00000023 + e

5OOOOOOOOOOOOO284 = D
,00000023 248 (,00000008 zi e

+ « rz 500000008

Divifor ,00000031
Fjrft r = I,

~+ ^ = 5OO0OOO08

36

New r = 1,00000008
which being duly involved, in the fame Order as the Model de-

notes, and multiplied into the refpedive Co-efficients, will then

produce thefe Numbers,

Viz* 1,9563638967 + i64iii68f'+688334i6o66289^^—

2

Then 16411168^ + 68833416066289^^ =: ,0436361033
And ,0000002384^+^^ ZZ3OOOOOCOO000000063393

c D
Confequently ^ —;

—~ e
'' t ,0000002384 -|-^

5OOO00000000000063393 = D
5O000002384 480 (,00000000263= ^

+ g z= ,0000000026

^. .

' 15393
Divifor ,000000240 14400

Divifor ,0000002410 9330
7230

O o o Lafl
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Laft r = 1,00000008
4- # == ,00000000263

Ncwrzi 1,00000008263

I take only 1,0000000268 rz r ; the which being involved, and

ordered as before, will produce thefe following Numbers, viz.

1,999503684867 -f 16773028^ 4- 7035 1 267454084 rz2
Then 16773028^4' 70351267454084 ,000496315133
,00000023841 86^ -|- = 00000000000000000705481443— 2^

)nfequently \ ~—

—

^ ^ L ,0000002384186 -f-

^

,00000000000000000705481443 zz D
,0000002384186 47686 (50ooooooooo295z:«

4- ^ ,0000000000295

t)iviror ,oooooo23§43

Divifor ,000000238447

Divifor ,0000002384481*

Here I defift forming a new
Divifor and make ufe of the

Abridgement.

2286214
2146023

14019143
11922405

*2096738o

19075848

891532
1669136

222396
214596

(^79=/

Lafl r m i ,0000000826

-^ ezz ,0000000000295879

a zz 1,0000000826295879

This Va"lue of <2 zr 1,0000000826295879 is the Geometrica!

Mean betwixt 2 and i, as was required; (agreeable to that before

found, by twenty- three feveral Extradions.) And by this Method

of proceeding, ma^y be found the Mean betwixt 10 and i, viz.

1,00000006862238, or betwixt any other of the (before-men-

tioned) Prime Numbers and Unity, as might eafily be fhewed. But

for Brevity Sake, I lhall omit giving more Examples thereof, this

one being fufficient (efpecially to the Ingenious) if well confidered>

and but once underftood, to fhew the Nature of, and Manner

feow to proceed on the like Occafion, of finding any propofcd

2 Mean.
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Mean. The next Thing will be to find the Logarithm of the

Number from whence fuch Mean was produced, which may be

thus performed :

Firft, find its correfponding Arithmetical Mean, or Logarithm,

by Proportion (as in Page 462.) Then multiply that'correfponding

Mean, fo found, into the Index Number of fuch Power as the

Geometrical Mean was produced from; that Product will be the

Logarithm of the given Number (without a continued Doubling

and Redoubling, as before.) For the clearing of this, let it be re-

quired to complete the Logarithm of 2.

Having firfl found 1,00000006862238, the proper Geometri-

cal Mean betwixt 10 and i ; alfo its correfponding Logarithm

5OOOOOO02980232 (as before directed) with them and the Mean
betwixt 2 and r, laft found, viz. 1,0000000826295879; make
ufe of the above-mentioned Proportion (as in Page 463.) viz.

6862238 : 2980232 : : 826295879 : 35B855729
To which prefix feven Cyphers to complete it (as before.) Then
it will become ,0000000358855729. This Number being mul-
tiplied into the Power of a (what that is, fee Page 465.) will pro-

duce the Logarithm of 2.

viz, 0000000358855729 X 8388608 = 0,30103000391352
But according to the firft Defign, it is required to have but feven

Places, viz, 0301300; which is the true Logarithm of 2 without

any Defedl.

Thus I have prefented you with a new and expeditious Method
of making Logarithms ; which if they were required to fourteen

or fifteen Places (I can modeftly fay) they might then be made
with one twentieth Part of the Time and Trouble required by the

fkft Method.

O 00 1 ;f. T H O D
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METHOD III.

A New "iahle of Logarithms. Composed by Mr, Long.
Finding the Logarithm by Divifion only^ and the Natu-

ral Number belonging to a Logarithm, by Multiplication

cnly^

Log, Nat. Num. Log, Nat. Num,

^>9 7.943282347 0,00009 1.000207254
0,8 <^'309?73445 0,00008 1.000 1 84224
0,7 5.011872336 0,00007 I .OC0161

1 94
c,6 3.981071706 o,cooo6 1.0001 38165

3.162277660 0,00005 1.000 1 15 1 36
0 - t I i •> 7 o.nOnnA I .ooono? 106

0,3 1.995262315 0,00003 1.000069080
0,2 1.584893:93 0,00C02 1.000046053
0,1 I. 258925412 0,00001 1 .000023026

0,09
0,08

i.23026"77i 0,000009 1.000020724

1.202264435 0,000008 I.OOOOI842I
c,07 1. 174897555 0,000007 I.0000I6I 18

0,06 1.148153621 c,000006 1.0000
1
38 1

6

0,05 I.I 22018454 0,000005 1.0000 1 15 13
* is. / 0 1 UL"

0,03 1.071519305 0,000003 1 .000006908
0,02 1.047128548 0,000002 I .OOC004605

0,01 1.0232:^2992 o,oocooi I.C00002302

OjOog 1.020939484 0,0000009 1 .000002072
0,008 1.018591388 0,0000008 1.000001842
0,007. I.O1624G694 0,0000007 1.000001 6 1

1

0,006 1.01391 I 381; 0,0000006 1 .000001381

0,005 1.011579454 0,0000005 I.e.00001 15 1

0,004 I .009252886 0,0000004 1 .000000921

0,003 1-00593 1669 0,0000003 I .OOOOC0690
0,002 1.004615794 0,0000002 1 .000000460
C,OOI 1.002305238 OyOOOOOOl / .000000230

0,0009 1.002074475
1 .001843766

0,00000009 1.000000207
o,coo8 0,00000008 I .OCOOOOl 84
0,0007 1.00161 3 1 09 0,00000007 I.COOOOOI61
0,0006 1.0013S2506

1.001 151956

0,00000006 I.OOOOOOI38

0,0005 0,00000005 I .oooocoi
1

5

0,0004 1.000921459 0,00000004 1 ,000000092
0,0003 1.00069 101

1.000460625
0,00000003 I .OOC000069

0,0002 0,00000002 1 .0OOOOCO46
0,0001 [ .0002 7.028^ o,oooocooi 1 .00000002;^

This
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This Table I fometimes make ufe of for finding the Logarithm

of any Number proposed, and vice verfa. Suppofe I had Occafion

to find the Logarithm of 2000. I look in the firft Clafs of my
Table (the whole Table confifts of 8 ClafTes) for the next lefs to 2,

which is 1.995262315, and againft it is 3, which confequently is

the firft Figure of the Logarithm fought. Again, dividing the

Number propos'd 2, by i.995262315 the Number found in the

Table, the Quotient is 1.002374467 ; which being looked for in

the fecond Clafs of the Table, and finding nenher its Equal, nor a

Leffer, I add o to the Part of the Logarithm before found, and

look for the faid Quotient, 1.002374467 in the third Clafs^ where

the next lefs is 1.002305238, and againft it is i, to be added to

the Part of the Logarithm already found ; and dividing the Quo-
tient 1.002374467, by 1.002305238, laft found in the Table,

the Quotient is 1.000069070 ; which being fought in the fourth

Clafs gives o^ but being fought in the fifth Clafs gives 2, to be

added to the Part of the Logarithm already found ; and dividing

the laft Quotient by the Number laft found in the Tabic, viz.

1.000046053, the Quotient is 1.000023015, which, being fought

in the fixth Clafs, gives 9 to the Part of the Logarithm already

found ; And dividing the laft Quotient by the new Divifor, viz,

1.000002072, the Quotient is i.000000219, which being greater

than 1.C00000115 (hews that the Logarithm already found, viz,

3.3010299 is lefs than the Truth by more than half an Unit;

wherefore adding i, you have ^r/g-^j's Logarithm of 200c, Z'/z,

'?.?0I0?00.

If any Logarithm be given, fuppofe 3,3010300, throw away
the Charatleriftic, then overagainft thefe Figures 3 . . . 0 . . i . . o
* . o, you have in their refpetSliveClafles 1,995262315 o

I5O02305238 o I5O00069080 . ... o ... o which
multiply'd continually into one another, the Produ6l is

2.000C00019966, which, by reafon the Charadteriftic is 3, becomes

2,000,0000
1
9^66, ^c, that is, 2000, the Natural Number defired.

I fhall not mention the Method by which this Table is fiam'd, be-*

caufe you will eafily fee that from the Ufe of it.

It is obvious to the intelligent Reader, that thefe Clafles of

Numbers are no other than fo many Scales of mean Proportionals!

in the firft Clafs, between i and lo; fo that the laft Number
thereof, viz. 1,258925412 is the tenth Root of 10, and the reft in

crdcr afcending are the Powers thereof. So in the fecond Clafs, the

lail Number 1,023292092 is the hundreth Root of 10, and the

rertin the fame Manner are Powers thereof. So 1.002305238, in

tile third Clafs, is the tenth Root cf the laft of the fecond, and

1
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the reft its Powers, ^c. Or, which is all one, each Number, in

the preceding Clafs, is the tenth Power of the correfponding Num-
ber in the next following Clafs : Whence 'tis plain, that to con-

flrudl thefe Tables requires no more than one Extraction of the HI
fifth or furfolid Root for each Clafs, the reft of the Work being

clone by the common Rules of Arithmetick.

METHOD IV.

Their Conftrudlion, according to the common Rules, given by

many Extradions of Roots, is tedious \ the beft Way yet known
n this which follows.

To make a Table o/* Logarithms.

FlrJI^ Put for the Logarithm of I a Cypher for the Index, and

a competent Number of Cyphers for the Logarithmj according to

the Number of Places you would have your Logarithms confift of

;

for 10 and Unit, with the fame Number of Cyphers; for lOO, 2>

with as many Cyphers; for looo, 3, with as many Cyphers, ISc,

Secondly^ Find the Difference between fome two Logarithms

above 1000, or rather above loooo, that differ by Unity; thus

multiply the two Numbers together, and that Product you muft

multiply again by 43429448 190325 183896 * which laft Product

divided by the Arithmetical Mean between both Numbers, the

Quotient is the Difference fought.

Suppofe we would find the Difference between the Log. 10000,
and 1 000 1 , the Produd of thefe two Numbers is i .000 1 0000. which

multiplied by 4343 produced 4-2434343; this divided by 10000.5,
quotes 4343. Now if to the Logarithm of 10000, which is

4.0000000, you add the Difference before found, to wit, 434, the

Sum 4.0000434 is the true Logarithm of 1000 1 to 7 Places.

Thirdly
y Having thus found the Difference of any two Logarithms

differing by Unity, and confequently fome of the Logarithms by

dividing the Difference found by the Arithmetical Mean, between

any two Numbers differing by Unity, you fhall have the Diffe-

rence of the Logarithm of thofe two Numbers.
Thus to find the Difference betwixt the Logarithm of 274, and

275. ; divide 4343, the Difference of the Logarithm of 10000, and

1000 1 by 2745 the Quotient 15821, is the Difference fought.

Fourthly^ Having by this Means found a few of the prime Lo-

garithms, the reft are made by Addition and Subtraction, and hav-

ing

* V'^lich is thi Suhtangcr.t of the Curve ex^vfjjlrg Briggs'j L<^arhhmi^ See Kcil'i Irig,

135, 14c, £r<-.
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ing made the Canon upwards, above looo to looco, by Confe-

quence it is made for all inferior Numbers.
The prime Numbers to which Logarithms mufl be found, ia

the firft Place are thefe, 2 . 3 . 7 . ii . 13 . 17. 19 . 23 . 29 . 31 *

37 .41 .43.47 . 53. 59 • ^7 -71 • 73- 79 • ^9 • 97> ^^^^

the fame Numbers with Cyphers.

But fince it was very tedious and laborious, to find the Loga-
rithms of the prime Numbers, and not eafy to compute Logarithms

by Interpolation, by firft, fecond, and third, ^c. Differences,

therefore the great Men, Sir Ifaac Nevjton^ Mercaior^ Gregory^

Wallisy and laftly, Dr. Halley^ have publifhed infinite converging

Series, by which the Logarithms of Numbers to any Number of
Places may be had more expeditioufly and truer : Concerning
which Series, Dr. Halley has written a learned Tra^t, in the Phi-

lofophical Tranfa^ions^ wherein he has demonftrated thofe Series

after a new Way, and ihews how to compute the Logarithms b^^

them. But I think it may be more proper here to add a new
Series, by Means of which may be found, eafily and expeditioufly,

the Loo;arithms of lars;e Numbers.
Let 2 be an odd Number, whofe Logarithm is fought ; theft

(hall the Number z— i and z -f- i be even, and accordingly their

Logarithms, and the Difference of the Logarithms will be had,

which let be called y : Therefore, alfo the Logarithm of a Number
which is a Geometrical Mean between z— i and z-\- 1 will be
given, viz. equal to the half Sum of the Logarithms. Now the

geries>x-^+—,+ -7^ +--^+ -^.Cff.. fhall
4z 24%^ ' 36cz5 15120Z7 25200Z5

be equal to the Logarithm of the Ratio, which the Geometrical
Mean between the Numbers z— i and z 4- i> has to the Arith-

metical Mean, viz, to the Number z.

If the Number exceeds 1000, the firft Term of the Series ~ is

fufficlent for producing the Logarithm to 13 or 14 Places of Fi-

gures, and the fecond Term will give the Logarithm to 20 Places

of Figures. But if z be greater than 10000, the firft Term will

exhibit the Logarithm to 18 Places of Figures ; and fo this Series

is of great Ufe in filling up the Logarithms of the Chiliads omit-
ted by Briggs, For Example ; It is required to find the Logarithm
of 20001. The Lojziarithm of 20000 is the fame as the Log;arithm

of 2, With the Index 4 prefix'd to it ; and the Difference of the Lo-
garithms of 20000 and 20002, is the fame as the Difference of the

Logarithms of the Numbers 10000 and ioooi,^^/z. 0.000^434.272

7687. And if this Difference be divided by 4^, or Scoo4i the
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Quotient ftiall be 0. ooooo 0000542814

And if the Logarithm or the Gecmetri- 4. 30105 17 09 30241

6

cal Mean be added to the Quotient, the •

Sum will be the Logarithm of 20001. 4. 30105 1709845230
Wherefore it is manifeft, that to have

the Logarithm to 14 Places of Figures, there is no Neceffity of

continuing out the Quotient beyond 6 Places of Figures. But if

you have a Mind to have the Logarithm to 10 Places of Figures

only, as they are in Vlacqh Tables, the two firft Figures of the

Quotient are enough. And if the Logarithms of the Numbers
above 20000 are to be found by this Way, the Labour of doing

them will moftly confiil in fetting down the Numbers. Note^ This

Series is eafily deduced from that found out by Dr. Halley ; and.

thofe who have a Mind to be inform'd more in this Matter, let

them confuk his abovenam'd Treatife.

Mr. IFARB's Eafy Method of making the Canon of

^inc0, SCangeufs, &c.

.

FIRST, let me premife two Things, that the Periphery of a

Circle, v.-hofe Radius is Unity or i, is 6.283185, &c. and
that the natural Sine of one Minute doth fo infenfibly differ from
the Length of the Arch of one Minute, that it may be taken for

the fame.

{As the Periphery in Minutes : is to the Peri"

phery in equal Parts of the Radius : ; fo is

one Minute : to the Parts agreeing to that

Minute,

That is, 21600' : 6,283185 : : i' : 0,000290888 == the Na-
tural Sine of one Minute ; which agrees with the largeft Table of

Sines I ever faw.

Flaving thus got the Sine of one Minute, its Co-fme may be

thus found ;

Suppoft



Making of %im% &c. 473

N A

Suppofc R Azz R S the Radius ofany Circle, 5iV— the Sine ofthe

Archly/. Then is the Co-

Sine of that Arch. ButGRS— G
S N zz O R Ny confequently

\/ ^ 5 — S~N"-=2 R N,
That is, From the Square of the

Radius, iubtracl 'the Square of the

Sine of i\ the fquare Root of the

Remainder will be the Co-Sirie of

1^, per Chap, g. Prop. i. In Num-
bers, the Sine of is 000290885, its

Square is 0,000000084612; and i

— 0,000000084612= o,999q999 15388, the Square Root there-

of is ,99999995 — the Co-Sine required.

The Sine and Co-Sine of one Minute being thus obtain'd, all

the reft of the Sines in the Quadrant may be gradually calculated

by Mr. Michael Dary^s Sinical Proportions ; which I (hall here in-

fert, to the fame EfFe£t as they are in his Mifcellanies ; and thert

explain and demonftrate the Truth of thofe Proportions.

If a Rank of Arches be equi-different ;

As the Sine ofany Arch in thai Rank : is to the Siim of the

Sines ofany two Arches equally remote from it oh each Side : :

Then s fo is the Sine ofany other Arch in the faid Rank : to the Sum
of the Sines of two Arches next it on each Side

;
having the

fame common Dijiance.

Immediately after thefe Proportions, he lays down the following

^Equations

:

Three Arches equi-difFerent being propofed ; if (faith he) you
put Z ~ the Sine of the great Extreme, y ~ the Sine of the lefler

Extreme ; M:=. the Sine of the Mean ; m zz the Co-Sine thereof

;

D the Sine of the common DifFerence ; d zz the Co-Sine thereof ^

and R = the Radius.

rr, r, t 1 Md r^, ry 1m D,
I. Then Z -[-j —

—

-— I hen Z — yR " R

3. Then Z^zz MM—DD. 4. Then
m D.

y Md—Md
,

From the foregoing it is evident (faith he) that if two Thirds^

'vi'z., either the former or latter 60 Degrees, or the former 30
Degrees, and the latter 30 Degrees of the Quadrant be completed

with Sines ; the remaining Part of the Quadrant may be completed

by Addition, or SubtratSlion only.

Ih
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Thus far is from the ingenious Mr. Dary^ concerning thefe ex-
cellent Proportions; the

Truth whereof I fhall

thus demonftrate.

In the annexed Cir-

cle DAzn da are Dia-

nieters,yh-=Lha-=.ah zz.

hcy are equal Arches.

Draw/ T* parallel to D
D A \ then will ISl e zz

L f. And xhQAda
like the A ^> being

both right-angled at c

and and /fd"^ Z.^
becaufe fubtended by
the equal Arches aczz.

fa.
Therefore :dc wGf: Ge*

Confequently \da \ dc \ \\Gf\Ge, But Hh G/, whenceHM
"Zi^Gf^ and j ^« = the Radius, dpn\dc. Therefore it will be^

Radius :2dpzz:', HM=z iG/:GN+Ne=zGN+ Lf. That
is, as the Radius : is to twice the Sine dp : :{o is the Sine HM: to

the Sum of the two Sines GA^and FL =ifL. E. D.
I fhall now explain thefe Proportions, and (hew how they may

be applied in Practice : Having the Sine of one Minute, and its

Co-Sine as before ; let the Radius be made the mean or middle

Term between thofe two Extremes ; then the Proportions will run

As the Radius : is to the double Co-fine of one Minute : : fo is

the Sine of one Minute : to the Sine of two Minutes^ and of
Thus/ oo' : andfo is the Sine of if \ \ to the Sum of the Sines of 3^

and i' : : and fo is the Sine of ', to the Sum of the

Sine of 4' and if

.

Andfo on in a fucceffsoe Order ^ from Minute to Minute,

And then, if from the Sum of the Sines of 3' and be taken

the Sine of i'', the Remainder will be the Sine of 3' : And the like,

ir, from the Sum of the Sines of 4^ and 2', be taken the Sine of 2'

there will remain the Sine of 4% i5fc.

Proceeding on by this Method, all the Natural Sines in the Qua-
drant may be eafily calculated by Addition, and Subtradtion only.

For the Radius, or Firft Term in the Proportion, being 1,0000000
or

1:



Plane Crigonometr^< 475

or Unity, Divifion is wholly avoided : And becaufe the fecond

Term in the Proportion varies not, if a TarifFa, or fmall Table be

made thereof, to all the nine Digits, then Multiplication is alfo

avoided. For, by the Help of that TarifFa, the whole Work may
be performed by Addition and Subtraction, until all the Sines arc

gradually made.

Thus you have an eafy Way of making the Canon of Sines

;

which being once done, the Tangents and Secants may be found

by the following

P tl i ^ '^^^^
'

''^
'^^^ ^ '^^^ '^^^^

'

*

^ i fo is the Radius : to the Tangent of the fame Arch,

That is, by the firji Scheme of this Prohlem<,

RNiSN:: RJ :7J. And RNiRSiiRJ: RTz^thtSt'
cant of that Arch.

plane Crtsonomctrr-
Definitions,

I. A Circle is fuppos'd to bedi-

JTjL vided into 360 equal Parts,

called Degrees ; and each Degree

into 60 equal Parts, called Mi-
nutes; and each Minute into 60
equal Parts, called Seconds, ^c.

Any Portion of whofe Circumfe-

rence is called an Arch, and is jy\

meafured by the Number of De-
grees it contains.

2. A Chord or Subtenfe is a

ftraight Line, connecting the Ex-
tremities of an Arch ; as BE is the

Chord of the Arches BAE, BDE.
3. A Sine (or Right-fine) is a ftraigbt Line drawn from one End

of an Arch perpendicular to that Diameter palling thro' the other

End; or it is half the Chord of twice the Arch j fo BF is the Sine

of the Arches BA, BD, And here it is evident, that the Sine of

90 Degrees (which is equal to the Radius or Semi-Diameter of the

Circle) is the greateft of all Sines, the Sine of an Arch greater than
a Ql>adrant being lefs than the Radius.

4. The Difference of an Arch from a Quadrant, whether it be
greater or lefs, is call'd its Complement ; fo H B is the Complement
of the Arches BA, BD; BI is the Sine of that Con^plemenr,

P p p 2 and

H 3C/

\
c P

J
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and therefore it is called the Co-fine, or Sine- Complement of the

Arches BA, BD.
5. The Secant of an Arch is a ftraight Line drawn from the Cen-

ter thro'ofK Lnd of the Arch till it meet with the Tangent, which

is a {h«igh: Line touching the Circle at the Extremity of that Dia-

meter which cuts the other End of the Arch •, fo CG is the Secant,

and AG the Tangent of the Arches BA, BD : And CK is the Co-
fecant, and HK the Co- tangent of the faid Arches.

6. A Verfed Sine is the Segment of the Diameter intercepted be-

tween the Arch and its Sine : Thus FA is the Verfed Sine of the

ArchBA, and FD of the Arch BD.
7. Whatever Number of Degrees an Arch wants of a Semi-

Circle is called its Supplement.

8. That Pare of the Radius which is betwixt the Center and Sine

is equal to the Co-fine ; thus CF is zi IB.

9. If an Arch be greater or lefs than a Quadrant the Sum or

Difference of the Radius orCo-fme is equal to the Verfed Sine.

In a Triangle are fix Parts, viz. three Sides and three Angles:

Any three of which being given, except the three Angles of a Plain

Triangle, the other three may be found either Mechanically, by the

Help of a Scale of equal Parts and Line of Chords, or by an Arith-

metical Calculation, if, fuppofing the Radius divided into any Num-
ber of equal Parts, we know how many of thofe equal Parts are in

the Sine, Tangent, or Secant of any Arch proposed : The Art of

inferring which is called ^rlgonometryy and it is either Plane or

Spherical.

p/^'r.e Trigonometry is folv'd by the Help of four fundamental

Propofitions call'd Axioms,

Axiom I.

In a Right angled Triangle ABC,
if one Leg of the Right- angle, as AB
or CB, be made the Rauius ofa Circle,

then fball the other Leg CB or AB he

the Tangent of the Angle oppf>fite to

if, and the Flyporhenufe AC (or Side

oppofite to the Ritzht-anele) its Secant

(by Dehnition 5.) 2;
But if the Hypothenufe AC be :

made the Radius of a Circle, then ;

wili the Legs (or Sides including the

Right-angle) to wir, CB and AB be

the Siaes of the Angles cppofuc (by Definition 3')

Upon
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Upon this Axiom depends the Solution of the feven Cafes of

]^ight-angled Plane Triangles.

Note^ That the three Angles of a Plane Triangle make two
Right' Angles, or i8o Degrees, by 32. i EucL

For the more eafy making the Proportions for the Solution of

Right-angled Triangles, obferve, that as different Sides are made
Radius, fo the other Sides require different Names, which Names
are either Sines, Tangents, or Secants, and arc to be taken out of

your Table.

To find a Side, any Side may be made Radius : Then fay, as the

Name of the Side given is to the Name of the Side required; fo is

the Side given to the Side required.
*

But to find an Angle, one of the given Sides muft be made Ra-
dius ; then, as the Side made Radius, is to the other Side ; fo is the

Name of the firft Side (which is Radius) to the Name of the fecond

Side ; which fourth Proportional muft be found among the Sines or

Tangents, ^c, to be determined by the Side made Radius, and
againft it is the Angle required.

. The Proportions for the Solution of feven Cafes of Plane Right-

angled 1

Given.

^riangles

Reqd.

[See ihe next foregoing

Proportions.

Fig.]

Rad. Cafe.

AB
A and

C
BC

Cofi. A : Si. A : : A B : B C.

R :Tan.A: : AB : BC.
Co-t,A: R ::AB:BC.

AC
AB
BC

I

AB
A 3nd

C
AC

Cofi. A: R ::AB:AC.
R : Sec. A : : AB : AC.

Tan. A : Cofe. A : : A B : A C.

AC
AB
BC

2

AB

BC

A
and

C

AB: BC :: R : Tan. A.

Complement is C.
BC: AB :: R : Tan. C.

Complement is A.

AB

BC 3

AB
BC AC

AB : BC: : R : Tan. A^ then

Cofi. A : R : : AB : AC, or

i/rQAB-f-QBC : =; A C ('/>^r 47. i.

Eucl.

AB
AC

4

AB
AC

A and

C
AC : BC : : R : Cofi. A.

AB : AC : : R : Secant A.

AC
AB

5

AB
AC BC

AC : AB : : R : Cofi. A) then

R:Tan. A: :AB:BC, or

V^iDAL—aAB : z= BC.

AC
AB 6

AC
A and

C
AB

R : Cofi. A : : AC : AB,
Sec. A : R : : AC : AB.
Cof A :Cot. A : : AC : AB.

AC
AB
BC

7
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Axiom II.

In any Triangle the Sides are proportional to the Sines pf the

oppofite Angles,

P

C A D
Produce the lefier Side of the Triangle ABC, to wit AB to F,

making AF= EC : Let fall the Perpendiculars BD, FE, upon the

Side CA producM if Need be ; then will FE be the Sine of the An-
gle A, and BD the Sine of the Angle C, to the Radius BC = AF.
Now the Triangles ARD and AFE, having the ^ A common

to them both, and the^ D zz ^ E = to a Right- Angle, are fimi-

lar ; wherefore (by 4. 6 Eucl Elem.) AF (BC) : AB : : FE : BD ;

: : Si. A : Si. C. £. D. Otherwife thus j by Ax, I. AB :

R : : BD : Si. A, and BC : R :: BD : Si. C; therefore AB X Si.

A (= R X BD) zz BC X Si. C 5 wherefore AB : BC : : Si. C : Si.

A. ^ E. D.
Axiom III.

The Sum of the Legs of any Angle of a Plane Triangle is to

their DiflFerence, as the Tangent of half the Sum of the Angles op-

pofue to thofe Legs is to the Tangent of half their Difference.

SDimonUraftoit.

In theTriangle ABC
produce CB, the lelTer A
Leg of the Angle B, till

BD becomes= BA, the

greater Lt:g, and then

bifed CDin E ; join A
D and bift^cl it alfo in

F \ draw BF, which (by

8. I EucL El.) will be

perpen. to AD; and C B E
draw EF, which (bv 2 6 EucL Elem,) will be parallel to AC, Then
will the Angle ABF ~ FBD zn I ABD, which external Angle

A8D is (by 32. I EucL Elem) = BAC + C, that is to the Sum of

the oppolite Angles required.

Draw then BG paralk! to AC, fo will the Angle GBA be (by 29.

) jai to its Alternate one BAC i and if from half the

Sum

F
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Sum of the oppofite Angles you take the lefler Angle, /. e. If from

/_ ABF you take the /_ GBA, there will remain ^ GBF = half

the Difference of the oppofite Angles : And fo alfo, if from CE half

the Sum of the Legs, you take CB the lefler Leg, there will remain
BE equal to half the Difference of the Legs. And then fince the

AABF is Right-angled, if BF be made Radius, AF will be the

Tangent of ABF (i, e. the Tangent ,of half the Sum of the op-
pofite Angles) ; and in the littleA GBF, FG will be the Tangent
of the /.GBF (i. e. the Tangent of half the Difference of the oppofite

Angles) : But the Segments of the Legs of any Triangle cut by Lines
parallel to the Bafe, being (by ^chol, to 2. 6 Eucl. EL) proporrionai ;

EC : EB : : FA : FG ; that is in Words, half the Sum of the Legs is

to half their Difference, as the Tangent of half the Sum of the op-
pofite Angles is to the Tangent of half their Difference : But Wholes
are as their Halves ; wherefore the Sum of the Legs is to their

Difference, as the Tangent of half the Sum of the Angles oppofite is

to the Tangent of half their Difference. ^ E, Z>.

Jxiom IV.

The Bafe or greateft Side of any "A

Plane Triangle is to the Sum of y \
the Legs, as the Difference of the

Legs is to the Difference of the Seg-

ments of the Bafe made by a Per- .

pendicular let fall from the Angle
oppofite to the Bafe. ^ -

SDemonflrafion. if
From the / B, on the Bafe AC,

of the A ABC, let fall the Per-

pendicular BD ; on B, as a Center, with the greater Leg BC, as a
Radius, defcribe the Circle hxCyZ; and produce AB to x and
and CA to 2. Then by the 35. 3 EucL Elem. Av x A^c is = AC
XAZ ; viz. : BC—BA : X : BC + BA : = AC X ' DC — DA
therefore AC : BC+ BA : : BC— BA : DC— DA. E. D.
Otherwife, let the Difference of the Squares of the Sides BC and
AB be taken and divided by the Bafe AC, the Quotient ftall be
the Difierence of the Segments of the Bafe aforefaid : Or, fquare
all the 3 Sidesj and dedud the Square of one of the lefs Sides out
of the Sum of the other two Squares, divide half the Remainder by
the longeft Side, the Quotient is the Alternate Segment of the Baft-.
The Proportions for the Solution of the fix Cafes of Plane obli-

que Triangles. {Ses the lajl Fig.]

Given

'
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Given. \
Reqd.

\

Proportions, Axy
[
Cafe.

AB : BC : : Si. C : Si. A.

AB
BC

and C
^

N. B, jjly If the given Angle be Obtufe, the other two Angles then are each Acute.
zd/y. If the Side oppofite to the given Angle is longer than the Side oppofitc to the

Angle fought, then is the Angle fought Acute j but if fliorter, then is the faid Angle
doubtful, and may be either Acute or Obtufe, becaufe both the Sine and its Complement
to two Right-Angles are the fame : Wherefore to be certain of what Quality the Angle
oppofite to the greateft Side is : Take the Sum and Difference of the greateft Side and
Middle (or leaft) and their Logarithms, if the Half of them be equal to the Logarithm of

the third Side, the Angle oppofite to the greateft Side is a Right-Angle j but if the Lo-
garithm of the third Side be greater than the Half, it is Acute, if lefs, it is Obtufe: Or,
without Logarithms, multiply the faid Sum by the Difference abovefaid^ and extra£!: the

Square Root,

r Equal to 1 r Right

which if ^ Gr^arer than >the third Side, then is the greateft Angle Obtufe

I Lef<! than J / Acute

r Right 7
Obtufe >

t Acute 3

AB
BC AC

and C

A, C AB
andBC
B
AB
BC A and

C

B
A B AC
BC
AB
BC A
AC B

C

A B : B C : : Si. C : Si. A.
Hence, by Subtradlion, the ^ B will be

known.
Si. A : Si. B : : BC : AC.

Si. A : Si. C: : BC : AB.

BC+ AB : BC— AB : : Tan. i Sum of

the /_s ©ppofite : Tan. i Difference of

the oppofite. Then t Sum
Difference z= greater ^ A ; and I Sum— ^ Difference — leffer ^ C.

Firft, find the Angles by the laft then

Si* C : Si. B : : AB : AC.

AC: BC+BA: :BC—BA:DC—DA:
Then i AC 4- t DC— i DA - DC.
And ^ AC— i ^DC— tDA:=DA.
Then AB : AD : : R : Cofi. A. i

And CB : DC : : R : Cofi. C. i

And i8o°— ^ A— /.C =:^B.
Or more readily at one Operation.

From half the Sum of the Sides fubdudl each particular Side, and let the Surti of the

Logarithm of the half Sum and Difference of the Side fubtending the enquired Angle be

fubdudled from thf Sum of the Log. of the other Difierence and the d<Mible Radiu?, half

the Remainder (hall be the Log. of the Tangent of half the enquired Anpk.
j^greeable to this Axiom in Geilibrsnd's Trig. Britannica, p. 46.

the RcBan^le of half the Sum of the Sides atid the Dijferer.ce hetivcen tha' ta/f SufH

and theSide obboJite to the Angle r-qtiiredf is to the F.eciaKglc of the other tiuo Rrrcai.'.ders j

fo is the Si^varc of Radius to the Square j the Targ nt of haf the Argle fought.

Ex Ana^iilis JaferOy nel ex la^erihus Ar.gulos & TKixtim in Triargu/is t£,m piaris qucm

Sf^haricis nfj'ccui, Sujr.m.i Gloria Mathcmatici eji : Sic trim Ccelum ^ Titrras CiT Ma-
riafdiei & adtniiando calculo tr.erfurat. iim. Vieca,

F I N I S.
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78

29J
349
286

z

how drawn

2,

35
143

— no
112

- 1 14
115,227

Alternate Segmerit — 323
Altitude of a Figure — 289
Amblygonium — — 288
Analogies or Proportions 193
AnglejRightjObtufej Acute 284

Averdupois Weight
Axiom, what
Axioms — —=

Axis of a Cone —
—— of a Sphere '

•

>

—— of a Spheroid —

•

B.

Back, its Area gauged

Barrel, how gauged —
Bartering Commodities

Bafe of a Triangle

of a Cone — —
oF a Pyramid —

——: of a Fruftum —

—
- 395

• 32
'— 291
146, 301— 362—

. 403— ibid.

Beer Meafure — —
Binomial — — —
Biquadrate — — —
Qjiq Biquadrate

435
449
104
288

362
418
ibid,

35
155
124

I
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Page.

Blquadrate its Root extraded

Body. See Solid,

— — 449Butt Gauged
C.

Calipers Aiding — —
Carra£ls ofGold and Silver

Calk gauged — •

Cathetus —
- — —

Center of a Circle —

449
118

449
288
286

364of an Ellipfis —
common particular ibid.

Change of Order in 1 hings 82
Chord of a Circle 287

Circle — — — 286
its Properties — 315

^ how divided — 356
its Area found — 406

. tire fame gauged 438
Circumferenee of a Circle 286

defer ibed through three

Page.

Cube Geometrical — 402— its Content found 414
Cubicle. See Equation.

Cylinder — — — 402
its Content found 415
its curve Superficies 416
its Content gauged 444

Cypher —
. — — — 3
D.

Decagon, how formed 299
infcribed in a Circle 345
its Area found 346

Decimal. See Fra£lions.

Decimal Tables — — 70
Demonftration — — 291
Denominator — — 48
Diagonal of a Trapezium 290

. its Property in a Circle 316
Diameter of a Circle — 286

of an Ellipfis —'<

363

Points— how found
295

347
144
31
166

375
431
3^1

417

CoefHcient — —
Common Meafure 52.

Compafies Elliptical —
Cooler, how gauged —
Cone and its Sections—- its Content found

its Curve Superficies ibid.

its Content gauged 444
Conjugal Hyperbolas — 394
Conjugate Diameter — 364
Conoidr See Parabolick Conoid.

Confequent — 78, 187
Conftru£tion of Equations 324

Digit

Dimenfions — — 2,

Dired Rule of Three —
Dividend — — —

3
123
85
21

ibid.

56
65

Copper how gauged —
Corn Meafure — —
Corollary or Confe(Slary

Cube Arithmetical ~r-—— its Rwt extracted

448
36

291

Divifion of Integers —
of Vulgar Fractions

. . of Decimals —

. ofAlgebraick Integers 1 53

. of Algebraick Fradions

199
of Surds — — 173

Divifor — — — 21

Dodecagon, how formed 269
infcribed in a Circle 346

. its Area, how found 347
Drip or Fall of a Tun 447

E.

Ellipfis — — — 363
its Properties —

: 367
its Parameter found 369
its Focus found — 370

Ellipfis hpw defcribcd — 372
Ellipfis,



INDEX.
Ellipfis, Its Area found— the fame gauged

Elliptical CompafTes —
Englifli Corn — —
Equation — — —— Quadratick folved

the fame conftru6^:ed

Page.

412

439
375
3^

^75

19+
324

Equations, Cubick, Biquadra-

tick, &c. folved 237, 337
Equations how turned into Ana*

logics — —
Equilateral Triangle —
. defcribed — —
. • infcribed in a Circle

its Area found —
Evolution, or Extra£lion— of Algebra!ck

• of Fra6lions —
Exchange of Coins —
Exponent. See Index.

Extream — —
F.

Fa£lors — —
FellowOiip Single —— Double T— —
Figure in Arithmetick

in Geometry —
Fra£lion Vulgar — —

Decimal — —
Algebraick —

Freehold or real Eftate,

purchafed — —
Fruftum of a Cone found 418

19^
288

296

342

343
123

Integers

160

170
105

73

144

99
lor

3
285

48

57
H5
how
282

ment.

G.
Gauging pradical •

Geometry
Globe. See Sphere.

Golden Rule Single —
Double

PI.

Harmonical Proportion

Heptagon

Hexagon -

Page.

433
2

85

94

189

290
ibid.

how both are formed 299
Hogfhead, how gauged — 449
Hoofs of Pyramids or Cones,

their Contents found

Hoofs, how gauged —
Hyperbola

its Properties —
its Parameter found

its Focus found

how defcribed —
its Afymptotes

Hyperbolas conjugal

Hyperbolick Conoid

Hypothenuie

L
mperfe£l Cone

the fame gauged— of a Pyramid found

the fame gauged
- of a Conoid found——• the fame gauged

Fruftum of a Pyramidoid.

Zone.

Fry flu qi of a Sphere, See Seg-

445

443
429

452
See

nching a Tun, &c. —
nchning Lines — —

their Property —
ndices of Powers

nfinites, thcii*

nteger Numeral
Algebraick

ntereft Simple

Compound
nteife6^ing Lines —
nverfe Rule fmgle

double

Involution

420

447
364
3? 6

388
3^*9

390
drawn

395
394
4^3
288

3''

2

447
284
302
124

Arithmetick

397

M7
245

253
302

— — 91
— 95

124
Involution

I



INDEX.
Page.

Involution of Algebra ick Inte-

gers

of Fra<^ions —

-

of Surds — —
Irrationr^lity —
Jfofceles Triangle

K.

Kerfcy's lEm^i

Latus RecSupi
—— of a Parabola

r—- of a Hyperbola

Leafes inReverfions

Leniina

Line Pvight, &c.

how hi felled —
how any Way

155
170

174
144
288

231

llipfis 364

366— 27

1

291

283

.
293

divided

- 34
- 37
- 33

Page,

Notation or Numeration 6
Notation of Decimals 57

' of Integral Quantities 144
of Fradlional Quantities

163
Number
Numerator

O.

Liquid Me^fure -fr- —
Load of Ore — —
Long Meafure -—r—

r

' ' M.
Mathernaticks — — I

Mean — — — — 73
M^an proportional Line how

found r— '— — 313

33
50
14

15

55
61

Oblate Spheroid — —
Oblique. See Triangle.

Oblique or Scalene Cone
Obtufe. See Angle.

Obtufe Triangle —
its Property .

—

O6iagon •— —
. how formed —
• infcribed in a Circle

• its Area how found

Oppofite Angle -— —
Ordinate — —
Oval ^

—

Outward Angle — —
Oxygonium

Meafures — —
Mixed Numbers — —
Multiplicand — —
Multiplication, of Integers

~— of Vulgar Fra6^ions

- of Decimal —
r of Algebraick Integers

150
pf Algebraick Fradions

168
' of Surds ~- — 173
Multiplier — —

• 14
Mufical Proportion — i8g

N.
Negative. See Quantity.

Node. See Focus,

P.

Parabola 1

—

its Properties —

3

4^3

362

288

319
290

299
344
345
304.

364
363
3-4
288

364
380

its Parameter found 381
its Focus found

. how defcribed —
. its Area found —
Parabolick Conoid —

its Content —
the fame gauged

Parallel Lines — —
r- how drawn —

their Property —
Parallelograms — —

, how forrned —
their Property —
Their Areas found

the fame gausred

Para,lleIopipedon — —

3^
384
427
4^3
429
452
284.

294
303
289

297

317
404
435
402

Paralle-



INDEX.
P^^llelopipedon its

Page.

Content

4H— how gauged — 444
Parameter Right — 364
Pensions in Arrears computed

at Simple Intereft — 248
at Compound Intereft 266

Penfions their prefent Worth
computed at Simple Interell

251

^ at compound Intereft 268

290

299
343
344
326

407
6

126

Page-

Problem ' . 29

1

Product ' 14
Progiefllon Arithmetical 73

Geometrical 76
- . *?6

Golden

Pentagon — — —— how formed —
infcribed in a Circje— it3 Area found —

Perimeter of a Triangle—— of a Square —
Periods of Numbers —

of Powers —
Periphery. See Circumference.

Proportion Continued

Disjun£l. See

Rule.

Proportion Compound —r- 94
Duplicate and Triplicate

192
Proportional Line, third how

found rrr-^ 3I3

403
415
443
403
430
308

Fourth how found

Pyramid

Perpendicular

how let fall

how raifed

28s
294
ibid.

its Content found

the fame gauged

Pyramidoid —r-

its Content found

Pythagorick Theorem

Quadrangle '

Quadrant

Pipe, how gauged — 449
Plane Geometrical — 285
Jn Piano, to defcribe an Ellipfis

372
a Parabola — 384

?- a Hyperbola -rr- 390
Point Geometrical — 283
Points, todefcribe an Ellipfis by

374
r; a Parabola —

a Hyperbola —

Quantity —
Simple and

Polygons regular

how defcribed —
r—:
— their Areas found

Polygon irregular —
Powers — — —
Prime Numbers — —
Prifm --r

rr-— its Content found

3

385
392
290

299
341
290
123

402

4H

- 316
- 287
- — 2
Compound

144
Affirmative and Negative

Queftions limited and unlitnited

176, 227
Q^iotient — — — 21

R.
Radius —- — -

—

Ratio -—
Reciprocal Proportion

Rectangle Arithmetical

Geometrical —

286

76
91
187

308

43Reduction Defcending —
Afcending — — 45

Redudion of Fra£tions 51
Redu(Stion of Equations 177
Regiftring^ Sic* — ' 145
Refidual > - . 150

Jleverfions



INDEX.
Page.

Rcverfions — — 271
Rhombus and Rhomboidcs 289—— their Areas found 339
Right-angled Triangle 288— its chief Properties 308,

310
Right Cone — — 362
Right-line — — — 283—- how cut into Extream and

Mean Proportion 320
Right Parameter. See Latus

Rectum.

S.

Scalcnous Triangle — 288
Scholium — — — 291
Sedor of a Circle 287

L - . its Area — — 406
Segments of a Bafe — 319
Segment of a Circle — 287—- its Area gauged 444
Segment of a Sphere — 424— the fame gauged 446
Segment of a Spheroid 427
Semicircle — — — 286

its Property 307
Signs Algebraick 4,5, 144, and

227
—— Geometrical — 301
Similar Triangles — — 310— their Properties 318
Sines Natural, calculated 356
Sliding Rule — — 433
Solid 2

Specifick Gravity — — 117
Sphere 403

its Superficies —r- 42 r

— its Content — 423
its Content gauged 445

Spheroid — — — 403
its Content — 426

Spindle Parabolick. See Pyra-

midoid.

Page.

Square Arithmetical — 1 23
its Root extracted 126,

234
Square imperfe£i, compleatcd

197
Square Geometrical — 289

how formed — 296— defcribed about a Circle

298
Standard for Gold and Silver

118
Sterling Money '— — 31
Steps. See Regiftring, &c.

Subtend — — — 305
Subtenfe or Chord — 331
Subftitution 194
Subtraction of Integers i r

' of Weights and Meafures

of Vulgar Fradions 54
of Decimal Fraftions to
of Algebraick Integers

148
of Algebraick Fradlions

168

ofSurds — — 172-

Subtrahend — — — 13
Superficies or Surface — 285
Surd — — — — 128

Firft Surfolid Root extracted

i35> 236
Second Surfolid Root extracted

T.
Tangents Natural calculated

356
Tangent drawn to an Ellipfis

376
to a Parabola — 385
to a Hyperbola — 393

TarifFa — — — 19
Theorem — — — 291

Time,
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Page. ^
Time, its Meafure • 37 Vertex of a Cone —
Tranfverfe Diameter — 34 Vertical Angle — —
Tranfverfe Axis — — 365 U.
Trapezium — — 290 Ullage of a Cafk —

infcribed in a Circle 316 Unciae of Powers, how found
Triangle 287
• how formed — 296 Unity ^ —. 1

including a Circle 298 Unlimited Queftions ^ 227
theSumof its Angles 304 W.
infcribed in a Circle 316 Weights
its Area 404 Wine Meafure — — \a— its Area gauged 436 Y,

Triangulate — — 341 Year Julian — — _ ^7
Troy Weight — — 31 2.
Tun, how gauged. — 447 Middle Zoae of a Sphere 425

V. ofa^Spheroid — 427
Van Culen's Circle's Circum- this gauged — Jro

ference —— 355 of a Pyramidoid 431
Variation, Sec Change. the fame gauged 45 x
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